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هاته  الس نوات ال خيرة ، أ صبحت حماية هذه الهياكل من  الهياكل المدنية وتعرض سلامة الناس للخطر. في    ن تدمرا  الطبيعية مثل الزلازل أ و الرياح  كوارثلليمكن  

ل  ظواهرال الهيكلية  الاهتزازات  في  للتحكم  مختلفة  تقنيات  باس تخدام  الهيكلية  السلامة  لضمان  مكثف  بحث  الظواهرموضوع  هاته  خطورتها  من  يكون لحد  حيث   .

 الهدف الرئيسي هو حماية هذه الهياكل وتوفير السلامة لشاغليها. 

جراء تحقيقات لهذا النوع من التحكم على العديد من الهياكل لاإثبات فعاليتها في الحد من الآثار الزلزالية ، باس تخد  في هذه  ام ثلاثة قوانين تحكم مثل: الدراسة ، قمنا باإ

LQR   وPID    وFractional Order PIDمن الزلازل.  . أ ظهرت هذه الدراسة أ ن هذا النوع من التحكم هو حل موثوق به لحماية الهياكل 

آخر من هذه الدراسة ، قدمنا   ذا كانت التربة الموجودة أ سفل قاعدة  SSI)  التربة   بنية  تفاعل   تا ثيرفي جزء أ ( في اس تجابة الهياكل الخاضعة للرقابة. وقد أ ظهر هذا أ نه اإ

دخال تا ثير التفاعل من أ جل العثور على ا   .لسلوك الحقيقي للهياكلالهياكل ذات قابلية عالية للتشوه ، فمن المهم جدًا اإ

 

Résumé  

Les catastrophes naturelles telles que les tremblements de terre ou les vents peuvent endommager les 

structures civiles et mettre en danger la sécurité des personnes. Ces dernières années, la protection de ces 

structures contre les risques naturels est devenue un sujet de recherche intensive pour assurer la sécurité 

structurelle en utilisant différentes techniques de contrôle des vibrations structurelles pour réduire les 

vibrations structurelles. Où l'objectif principal est de protéger ces structures et d'assurer la sécurité des 

occupants humains. 

Dans cette étude, nous avons investigué ce type de contrôle sur plusieurs structures afin de démontrer son 

efficacité à réduire les effets sismiques, en utilisant trois lois de contrôle telles que : les contrôleurs LQR, PID et 

PID d’ordre fractionnel. Cette étude a montré que ce type de contrôle est une solution fiable pour protéger 

les ouvrages contre les séismes. 

Dans une autre partie de cette étude, nous avons introduit l'effet de l'interaction sol-structure (SSI) dans la 

réponse des structures contrôlées. Ceci a montré que si le sol sous la base des structures a une grande 

déformabilité, il est très important d'introduire l'effet d'interaction afin de trouver le comportement réel des 

structures. 

Mots-clés : Contrôle hybride, LQR, Contrôleur PID, Contrôleur PID d'ordre fractionnaire, Interaction sol-structure 

(ISS). 

Abstract 

Natural hazards like earthquakes or winds can damage civil structures and risk people’s safety. In recent 

years, protecting these structures against natural hazards has become a subject of intensive research to 

ensure structural safety by using different structural vibration control techniques to reduce structural 

vibrations. Where the main goal is to protect these structures and provide safety to human occupants. 

In this study, we made   investigations of this type of control on several structures to demonstrate its 

effectiveness in reducing seismic effects, by using three control laws such as : LQR, PID and Fractional Order 

PID controllers. This study has shown that this   type   of   control   is   a   reliable   solution   for   protecting   

structures   to  earthquakes. 

In another part of this study, we introduced the effect of soil-structure interaction (SSI) in the response of 

controlled structures. This has shown that if the soil beneath the base of structures have a high deformability, 

it is very important to introduce the effect of interaction in order to find the real behavior of structures. 

Key-words : Hybrid control, LQR, PID Controller, Fractional Order PID Controller, Soil-structure interaction (SSI). 
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General Introduction 
 

 

arthquakes and strong winds are a natural geological activity. They cause 

significant destruction and can damage civil structures and risk people’s safety. In 

recent years, protecting these structures against natural hazards has become a 

subject of intensive research to ensure structural safety and to prevent the collapse of these 

structures. Where the main goal obviously is to protect these structures and provide safety to 

human occupants [1-3]. 

Earthquakes have always represented a significant challenge for construction 

engineering, which has always aimed at the implementation of safe and economic structures. 

The damage observed after several strong earthquakes such as El Centro 1940, Northridge 

1994, Loma Prieta 1989, Kobe 1995, Athena 1999, Boumerdes 2003, and recently Mila 2020, 

showed the great importance of seismic design, but despite intense efforts in code design and 

construction resistant to winds and earthquakes, the structures are always vulnerable to the 

excitations of high intensity. Traditionally, structures are designed to be totally dependent on 

their own stiffness and their low damping rate to withstand the earthquake excitations and 

dissipate vibration energy. But since these structures have limited capacity of energy 

dissipation, they cannot adapt to every external environmental excitation, such as earthquake 

excitations or strong winds. 

The introduction of structural vibration control devices is currently a solution of choice 

when it comes to protecting, improving, or reinforcing structures against the destructive 

effects of earthquakes [4][5][6]. Appearing at the end of the 80s and more and more 

widespread nowadays, these devices provide additional damping and dissipate more seismic 

energy by adding devices and systems to the structure in order to increase its strength to 

resist against natural hazard specially earthquakes. By implementing these vibration control 

devices our structure will be called “Smart structure”. This recent technology is becoming of 

subject of intensive research to improve structure’s safety and the lifetime [7-14]. 

Generally listed according to their modes of operation, these control systems can be 

classified as four categories: passive, active, semi-active and hybrid control systems [4].  

In general, passive control systems are using the principle of distributing energy 

between the building and the system without the need for an external energy source, and as a 

result, the control system consumes a huge part of the vibration energy caused by the 

earthquake [5]. 

E 
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Passive control systems are considered to be less adaptable to frequency content 

excitations variable such as earthquakes. As an example of passive control, we have base 

isolators devices, which considered to be one of the widely used devices for structural 

vibration control. Those devices are placed and installed between the building and the 

foundation of the building, Base isolators can be implemented in many different building 

structures or bridges, they can be formed with the use of sliding bearings or elastomeric 

bearings. Under high intensity excitations, these devices can undergo a large deformation. 

active for the systems of damping control controllable by an external energy source 

and hybrid for devices combining the two, which can be controlled but with a low input 

external energy. 

Even if active control systems are introduced to avoid the inability of passive control 

systems to adapt to different operating conditions and powerful seismic excitations [9]. 

However, active control systems still have two main disadvantages. First, the need for an 

external source of power to operate, and second, active control devices (actuators) are very 

expensive. Therefore, Hybrid control systems are invented [10]. 

The hybrid vibration control system is a type of control that combines both passive 

control systems and active control systems, where the objective is to obtain the advantages of 

both the passive control system and the active control system, which is the passive system’s 

robustness and reliability and the active system’s adaptability [11][12]. 

This work consists of four chapters, the content of which will be briefly presented 

below: 

The first chapter : in this chapter we will cite the different methods of structural vibration 

control as well as a historical overview of these methods. 

The second chapter : is devoted to the mathematical development of the active and passive 

control of the seismic response of structures, we will present the analysis model of actively 

controlled structures, by control systems, using equation of motion and state-space 

representation as well. 

The third chapter : In this chapter simulation results and numerical results are presented, In 

the first section a comparative study is done between a classical none tuned PID controller 

and an LQR controller, in the second section an optimized PID controller using grey wolf 

optimization is compared to a classical PID controller. In the fourth section an optimized 

Fractional-Order PID is compared to an optimized classical PID controller, the performance 

results will be evaluated using a hybrid vibration control to reduce the response of a 5-story 

building. 
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The fourth chapter : We end with a fourth chapter in which we will study the hybrid control 

with the effect of soil-structure interaction (SSI) in order to bring reality closer to the 

behavior of structures under seismic stresses. 
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CHAPTER 1 PRINCIPLES OF VIBRATION CONTROL SYSTEMS 

1.1 Introduction 

Civil engineering structures, such as skyscrapers, buildings, bridges, or towers, can be 

damaged severely or collapse when subjected to powerful earthquake or strong winds. For 

civil engineers, designing structures to withstand seismic damage is still difficult. Structures 

are still susceptible to severe winds or seismic excitations despite extensive efforts to create 

wind and earthquake-resistant designs in code development and construction. Also, due to 

the insufficiency of the proper damping of the structure, devices are added to the structure to 

increase its energy dissipation capacity. These structures are called "smart structures", which 

they don’t rely only on its own characteristics to resist seismic excitations but also on 

embedded devices or systems. These smart structures technology has become an interesting 

alternative to increase security and functionality structures because it can greatly improve the 

seismic performance of structural systems [13-19].  

Tuned liquid dampers (TLDs) or tuned mass dampers (TMDs) are passive control systems 

[20], In general, passive control systems are using the principle of distributing energy 

between the building and the system without the need for an external energy source, and as a 

result, the control system consumes a huge part of the vibration energy caused by the 

earthquake [21]. 

Traditionally, vibrations have been passively reduced. This takes advantage of the physical 

properties of the structure. Vibrations can be attenuated by manipulation of mass, stiffness or 

geometric properties of structure, vibration isolation, Helmholtz resonators, shock absorbers, 

and many other techniques. Unfortunately, these methods lead to increased weight, poor 

response, and detection of low vibration energy. In this context, active control methods 

appear a priori more appropriate. 

Even if active control systems are introduced to avoid the inability of passive control systems 

to adapt to different operating conditions and powerful seismic excitations [22]. However, 

active control systems still have two main disadvantages. First, the need for an external 

source of power to operate, and second, active control devices (actuators) are very expensive. 

Therefore, Hybrid control systems are invented [23]. 

The hybrid vibration control system is a type of control that combines both passive control 

systems and active control systems, where the objective is to obtain the advantages of both 
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the passive control system and the active control system, which is the passive system’s 

robustness and reliability and the active system’s adaptability [24-25]. 

In this chapter, we will present the basics of seismic response control of structures 

from their equations of motion then, the state of the art of various research that have been 

carried out in this line of research is given. Afterwards, we will explain the different control 

systems and methods, which are passive, active, semi-active and hybrid (as shown in figure 

1.1). 

Excitation Structure Response

(a) structural system

PED : Passive Energy Dissipation devices

Senors Controller Sensors

Control
Actuators

Excitation Structure Response

(c) Active Control (d) Hybrid Control

PED

Excitation Structure Response

Excitation Structure Response

Senors Controller Sensors

Control
Actuators

(b) Semi-active Control

Excitation Structure Response

Senors Controller Sensors

Control
Actuators

PED

PED

 

Figure 1.1 : Different vibration control types 

1.2 History 

The addition of systems to structures for vibration suppression has a long story. Passive 

dampers emerged in the 1900s. An application recent use of these shock absorbers in the field 

of civil engineering has been found in towers with elevated water reservoirs [26]. Passive 

dampers were available in the trade since the 1970s and have been widely applied for the 

suppression vibrations in automobiles, aircraft and civil engineering structures. The modern 

control technologies and adaptive systems are also mature in the mechanical and electrical 
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industries. However, structural technology intelligent in civil engineering, for controlling the 

response to the wind and earthquakes, was not done until the 1950s [27] because it is a very 

difficult to develop control systems for large structures importance.  

 

Figure 1.2 : Water tower with damping devices 

The concept of controlling the seismic response of structures originated in the 1950s with the 

Japanese researchers Kobori and Minai [28]. They found a result important regarding the 

seismic response control that must be done on the extremity of the reception of the response 

of the structure. While Yao [29] found that in such structural system, earthquakes and winds 

are not only countered by structural members, but also by an external controlling force. 

Remarkable progress has followed these initial concepts in controlling the seismic response of 

structures.  

Japan has taken the lead in the practical application of control systems for structures. In 1985, 

tests on the control system were started to progress towards practical applications. In 1989, 

an active mass damper granted (Active Tuned Mass Damper, ATMD) was installed in a 

building to reduce its seismic response. The ATMD system has been verified by real-time 

observation and numerical simulation [30]. 

In the United States, under the direction of the NSF (National Science Foundation), following 

support large number of different earthquake control research projects, a group of American 

experts in structural control research was officially established, and a 5-year research 

program was launched in 1992 for the safety, performance, and risk mitigation [31]. 
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1.3 Different control systems 

1.3.1 Passive control 

Passive damping techniques, structural vibrations, use the integration or addition of 

materials or systems, possessing properties damping, coupled to the structure in such a way 

that the vibrations of the structure are damped passively, i.e. without any external 

intervention additional and without energy input from outside [32]. Mainly, there are two 

categories of passive systems: the first is base-isolation systems (such as base-isolators) and 

the second is Passive energy dissipation systems (such as TMD, TLD, friction dampers, 

viscous fluid dampers…) [33]. 

1.3.2 Base-isolation systems 

1.3.2.1 Introduction 

Base-Isolation system is a well-known application of the passive control approach. These 

systems consist of placing, between the foundations and the superstructure, they have very 

high horizontal deformability and a very high vertical stiffness. These devices make it possible 

to decouple the movement of the ground from the superstructure whose purpose is to reduce 

the forces transmitted to it, as shown in Figure 1.3.  

 

Figure 1.3 : Base isolation system 

The isolators absorb inelastic deformations and filters high frequency accelerations from such 

that the insulated superstructure essentially moves in a rigid mode undergoing low 

accelerations and almost no deformations [34]. Thus, the insulation of the base is an effective 

tool to ensure the seismic protection of rigid structures because they are characterized by 

high frequencies (see figure 1.4). 
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Figure 1.4 : Principle of operation of para-seismic bearings 

Several types of para-seismic bearings exist. Some have already been used, while others have 

remained at the stage of theoretical studies. According to their mode of operation, they can be 

classified into several categories: 

• Deformation supports. 

• Sliding supports. 

• Deformation and sliding supports. 

1.3.2.2 Elastomeric Bearings 

Elastomeric bearings are made from natural rubber, their properties and performance were 

improved later on with adding plates made with steel, known also as steel shims. Adding this 

steel shims can reduce greatly the vertical deformation of the elastomeric bearings, compared 

to using only pure rubber, and it can also preserve the rubber layers from being laterally 

bulging. Figure 1.5 represents an elastomeric bearing with steel shims. The natural rubber 

layer width can be between 3 to 7.5 inches, while the steel shims thickness is approximately 1 

inch [16,35-37]. 

 

Figure 1.5 : Elastomeric bearing with steel shims 
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Synthetic rubbers, such as neoprene, can be used as an alternative to natural rubber during 

the manufacture of the bearings. The two types of rubber properties are very stable and do 

not show long-term creep under load. The elastomeric bearings have been used successfully 

in buildings and other structures such as bridges. They have worked well for over 50 years of 

service. 

Due to the flexibility of the rubber and the long elastic deformation distance of the shear, the 

critical damping of elastomeric isolators only varies from 2% to 3%. By Therefore, 

elastomeric isolators are also called low damping isolators [16,36,38]. 

Elastomeric bearings are easy to manufacture, and the cost of manufacturing and 

maintenance is relatively low compared to other types of isolators. In addition, their 

mechanical properties are independent of temperature and aging. However, due to the low 

damping critically, elastomeric isolators have little service load resistance, and additional 

damping devices is needed to control large sideways movements [16,37]. 

1.3.2.3 Lead Rubber Bearings 

The disadvantages of elastomeric bearings being weak can be solved by inserting a lead bar 

into the layers of the insulator. 

A pre-formed hole, slightly smaller than the lead bar, is usually located in the center of the 

elastomeric bearing. Once the lead bar is fitted in the made hole, the two parts become a unit 

and form a lead bar rubber insulator (LRB-Lead Rubber Bearing) as shown in Figure 1.6. 

The performance of LRB isolators depends on the imposed lateral force. If the lateral force is 

small, the movement of the steel plates are restrained by the lead core and the support 

presents high lateral stiffness. When the lateral force becomes larger, the steel plates force 

lead core to deform or yield, and hysteretic damping is developed with the energy absorbed 

by the lead core. Therefore, the lateral stiffness of the insulator is scaled down. The equivalent 

damping of LRB isolators ranges from 15% to 35%. A bilinear model or non-linear is generally 

used to describe the mechanical properties of LRB isolators [39-42]. 



PRINCIPLES OF VIBRATION CONTROL SYSTEMS | Different control systems 

11 
 

 

 

Figure 1.6 : Lead Rubber Bearing 

1.3.2.4 High-Damping Rubber Bearings 

Another effective method for increasing the damping of elastomeric bearings is to modify the 

composition of the rubber (either natural or synthetic). For example, the addition of carbon 

black or other types of rubber additives alter the properties of the rubber and gives higher 

damping results. 

An elastomeric insulator with a high damping rate is composed solely of a layer of rubber and 

steel, but it has the flexibility and energy dissipation capacity necessary. Figure 1.7 shows an 

elastomeric bearing with a high damping rate [43,44]. 
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Figure 1.7 : (a) High-Damping natural rubber bearing (b) a section cut 

1.3.2.5 Friction Pendulum Bearings 

Friction bearings have flat sliding surfaces. The imposed lateral force is countered by the 

product of the coefficient of friction and the vertical load applied to the bearing surfaces [45]. 

The major disadvantage of the friction bearing with flat sliding surfaces is that the structure is 

unable to return to its original position after an earthquake. This is due to the fact that once 

the imposed lateral force is less than the resistance generated by friction, the movement of the 

structure stops and causes a certain distance of the structure from the center of the insulator 

[45,46]. 

After the initial shaking may force the building to move from the stationary position and even 

further from the original position. As a result, building movement can exceed the surface of 

the insulator and cause its failure. 

To reduce the distance to the center of the isolator after an earthquake, a friction isolator with 

a spherical or concave sliding surface has been developed. This type of insulator is called 

friction pendulum bearing and is shown in Figure 1.8 [16].  

The spherical sliding surface is usually coated with teflon with a coefficient offriction of about 

3%. The imposed lateral force pushes the bearing in both horizontal and vertical directions 

and a Once the lateral force disappears, a restoring force is generated [47]. A component of 

the vertical load applied along the tangential direction to the surface spherical helps the 

bearing move towards the center. The movement stops when the friction is equal to or greater 

than the applied vertical load component. 
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A notable feature of the pendulum friction bearing, called static friction, is that the lateral 

force required to initiate sliding is greater than that required to maintain the slide [16,46]. 

 

Figure 1.8 : Friction pendulum isolator 

The pendulum friction bearing has the advantage of low maintenance. Teflon coated on steel 

stainless steel effectively protects the sliding surface against corrosion. as the insulator only 

slips during an earthquake, the Teflon coated can last the life of the insulator. In In addition, 

the effects of aging and temperature variations seriously affect the mechanical properties of 

the bearing [48]. 

A double concave surface friction bearing has recently been developed. Figure 1.9 shows 

schematically this type of insulator. Comparing to friction pendulum bearing with only one 

concave surface. The use of double concave surfaces can result in the same distance of 

horizontal movement with an insulator surface this is due because the horizontal movement 

is provided by the upper and lower sliding surfaces [49,50]. 

 

Figure 1.9 : Friction pendulum bearing with double concave surface 
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1.3.3 Passive Energy Dissipation Systems 

1.3.3.1 Introduction 

Passive energy dissipation systems have the same basic principle as that of seismic isolators 

when incorporated into the structure: they can absorb a portion of the external excitation 

energy. Additionally, they can reduce substantially the differential movement between the 

elements of the structure and by consequently reduce the damage of the latter [51-53]. In 

recent years, efforts seriously have improved the concept of energy dissipation systems, and 

several devices have been installed in structures all over the world. In general, they are 

characterized by their ability to dissipate vibrational energy from the structure or convert to 

another mode of vibration or another form of energy [54,55]. The main systems are: 

• Metallic Yield Devices 

• Friction Dampers. 

• Viscoelastic Dampers. 

• Viscous Fluid Dampers. 

• Tuned Mass Dampers (TMD). 

• Tuned Liquid Dampers (TLD). 

1.3.3.2 Metallic Yield Devices 

In the 1970s, researchers initiated conceptual and experimental work on metallic devices, 

since the inelastic deformation of metals can be a perfect mechanism for energy dissipation, 

this concept led to the idea of installing metallic hysteresis behavior devices separated in a 

structure to absorb seismic energy. Metal hysteretic damper devices generally exhibit stable 

hysteretic behavior, low cycle fatigue, long term reliability and relative insensitivity to 

ambient temperature [56, 57].  

Conceptual and experimental works on metallic hysteretic devices were initiated by Kelly et 

al. [2], Skinner et al. [58]. 

A widely known model is the ADAS device (Added Damping and Stiffness) is illustrated on 

Figure 1.10. This system consists of several X-shaped steel plates, and the deformation occurs 

along the entire length of the device. Rigid boundary elements are used in such a way so that 

the X plates are deformed in double curvature. The implementation of shock absorbers metal 

hysteresis for large-scale structures started in New Zealand in the 1970s. 
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Since then, various metallic hysteretic damper devices have been used to improve the seismic 

design of new structures or to upgrade the seismic capacity existing structures Aiken et al. 

[59], Aiken et al. [60], Martinez-Romero [61]. The devices of Metallic hysteretic dampers 

typically exhibit hysteretic behavior stability, low cycle fatigue, long term reliability and 

relative insensitivity to ambient temperature. However, they cannot absorb more energy 

during their initial elastic behavior. Energy dissipation occurs after a large inelastic 

deformation. In addition, metallic yield dampers behave non-linear way; they increase 

structural strength, in addition to damping. This behavior complicates analysis and requires 

an iterative design process. 

 

Figure  1.10 : Typical types of metallic yield dampers: (a) Tyler’s yielding steel bracing system and (b) added 

damping and stiffness (ADAS) device. 

 

1.3.3.3 Friction Dampers 

These devices use the friction created by sliding between two surfaces to dissipate the energy 

of seismic vibrations. Their friction is based on a hysteresis loop. Most of these devices 
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produce rectangular hysteresis loops. The friction of these shock absorbers resembles that of 

Coulomb. 

Generally, these mechanisms have a better performance, and their behavior is less sensitive to 

frequent loadings, to the number of loading cycles and to temperature variation [62,63]. In 

addition, these mechanisms have a high resistance to fatigue. 

Several friction devices have been applied to many constructions to improve seismic 

protection. 

 

Figure  1.11 : Friction Damper, (a) Sumitomo-type friction damper [59] and (b) its installation [60]. 

1.3.3.4 Viscoelastic Dampers 

Viscoelastic dampers commonly use polymeric or rubbery materials. Viscoelastic materials 

used in structural application to absorb energy when subjected to shear deformation. 
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Figure 1.12 shows a viscoelastic device which consists of two layers of polymer sandwiched 

between a central plate and two outer plates [64]. Once the device is installed in a structure, 

shear deformation, and therefore energy dissipation, respectively. Shear deformation occurs 

and energy is dissipated when the structural vibration induces relative motion between the 

outer steel flanges and the center plate. Applications of VE dampers can be found in 

References [13] and [65]. 

These systems are particularly effective at high and low frequencies, in particular to protect 

buildings subjected to strong winds or earthquakes of medium intensity. 

Studies have shown that these devices not only add damping to the system but also stiffness, 

thereby increasing the natural frequency of the structure [66]. 

 

Figure  1.12 : Viscoelastic (VE) damper: (a) damper detail, (b) installation as chord, and (c) installation as 

diagonal bracing. 

 

Moreover, the properties of the damper (modules of conservation and losses analogous 

respectively to a constant spring and damper) depend on the frequency and the temperature 
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of the environment. However, research shows that these properties remain fairly constant 

with deformations of less than 20%, for a fixed temperature and frequency [67]. 

Due to temperature dependence, these devices cannot be effective in structures where the 

climate is not continuously controlled [68]. 

Viscoelastic dampers were first applied in the Twin Towers of the World Trade Center in New 

York in 1969 in an attempt to reduce movement under wind loads. 

In Japan, these dampers have also been installed in several constructions, such as the Seavans 

tower in Tokyo (1991) and the Goushoku Hyogo distribution center (1998), for which the 

viscoelastic dampers make it possible to reduce the seismic response by half [69]. 

 

Figure 1.13 : Twin Towers of the World Trade Center in New York 

1.3.3.5 Viscous Fluid Dampers 

These devices are widely used in the aerospace field (satellites) and for military applications. 

They are characterized by linear viscous damping over a wide frequency band and 

insensitivity to temperature [70]. 

Fluid viscoelastic devices, which work by shearing viscoelastic fluids, have behaviors that 

resemble those of solid viscoelastic devices, except that fluid viscoelastic dampers do not 

exhibit stiffness when static loads are applied [71; 72]. These devices can be modeled with 

Maxwell's model (Figure 1.14), which consists of a spring and a damper mounted in series [71 

-73]. 
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Figure 1.14 : Maxwell Model [71]. 

 

The most promising viscous fluid damper design is shown in Figure 1.15. A simple design is 

achieved with a conventional damper and dissipation occurs by converting kinetic energy into 

heat as the piston moves and deflects a highly viscous fluid. The fluid viscous damper was 

manufactured by Taylor Company and used as a component of Hüffmann seismic isolation 

systems [74]. Relative movement of the damper piston toward the damper housing drives 

viscous damper fluid rearward through the orifice. The energy is dissipated by the friction 

between the fluid and the orifice. 

 

Figure 1.15 : Example of Viscous Fluid Damper 

If the fluid is purely viscous (Newtonian), the force of the damper is directly proportional to 

the speed of the piston. However, for a wide frequency band, the damper has a viscoelastic 

behavior. The simplest model to represent this behavior is that of Maxwell. Other researchers 

like Makris and Constantinou (1991) [75] have developed another more general model than 

that of Maxwell which can be expressed in the following form: 

 𝑓 + 𝜆𝑟𝐷𝑟[𝑓] = 𝑐0 + 𝐷
𝑞[𝑥] (1.1) 

Where: 

• 𝑓: is the external force. 

• 𝜆𝑟: is the relaxation time. 

• 𝑐0: is the damping constant. 

• 𝑥: is the displacement of the piston. 

• 𝑞: is the material constant. 
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𝐷𝑟[𝑓] and 𝐷𝑞[𝑥] are fractional derivatives and if r = q = 1, the model is equivalent to the 

Maxwell's model. 

A viscous damping system has been developed by construction company Sumitomo in Japan 

which is called “viscous damping walls”. This device has been used in several constructions. 

By using these viscous damper walls, significant reductions, between 33% and 75%, were 

observed in acceleration responses during earthquakes [76]. 

 

Figure 1.16 : a) Cylindrical container fluid damper, b) the viscous damping wall [77] 

 

1.3.3.6 Tuned Mass Dampers (TMD) 

In recent years, to control the vibrations of structures, several control devices have been 

developed. Among these devices, Tuned Mass Dampers (TMD) which are most commonly 

used in various fields of application in civil engineering such as buildings and structures, 

allowing the reduction of oscillations caused by earthquake or other causes [78]. This is 

attached to the structure to reduce the dynamic response of the structure. The damper is 

"tuned" because its frequency is tuned to a particular value such that when the frequency is 

excited, the damper will resonate out of phase with the movement of the structure, thereby 

absorbing energy on the structure [79]. The research efforts started by Frahm (1911), 

Ormondroyd et al. (1928) and Den Hartog (1947) are among the first application studies of 

this device to different mechanical systems. 

Tuned Mass Dampers (TMD) are widely used nowadays for passive control. They have been 

developed in many fields of application such as automotive, aeronautics, ships, buildings, and 

engineering structures [80]. 

TMDs are widely used in industry or generally in mechanical systems. The application of a 

tuned mass damper in building structures is more complex because the structures are very 
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heavy such as bridges and buildings. The vibrations of the main structure can cause the 

movement of the TMD, part of the energy transfers to the vibration energy of the TMD. The 

damping of the TMD dissipates its vibration energy, and vice versa, the vibrations of the 

structure are attenuated by TMD damping [80,81]. 

TMD is a simple, effective, inexpensive, and reliable device for suppressing undesirable 

structural vibrations caused by earthquake excitations or strong winds. Its effectiveness 

depends on the mass ratio, the frequency ratio, and the damping ratio of the AMA [82]. 

The first construction equipped with an TMD is the CN Tower in Toronto (Canada). 

TMDs can be designed mainly in two forms, the best known of which is that formed by a mass 

attached to the main structure using a spring and a damper (mass-spring-damper). We can 

cite the vertical TMDs installed under the deck of the Millennium footbridge in London 

(Figure 1.17) in order to correct the effect of excitations induced by pedestrians. 

A second type of TMD is that with a pendulum tuned mass (Figure 1.18). The best-known use 

of this type of shock absorber is that of the 730-ton pendulum in the Taipei Tower in Taiwan. 

 

Figure 1.17 : Vertical TMDs installed under the deck of the Millennium footbridge in London 
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Figure 1.18 : The Taipei 101 skyscraper with the tuned mass damper 

 

Figure 1.19 : The  mechanism of a TMD 

Generally, the wind excites the low frequency modes. This is how Mansfield (2004) [83] 

developed the design of an TMD reducing the motion of the structure at low frequency. 

McNamara (1977) [84] studied the effectiveness of an TMD under wind excitation, placing 

this type of damper in the City Corp Center building at a height of 278 m. 

A large number of AMAs have been installed in skyscrapers and chimneys in order to reduce 

the vibration responses of structures subjected to dynamic excitations. 

There are also various constructions equipped by TMDs in the USA. The 67.5 m Washington 

airport control tower and the 241 m John Hancock airport control tower in Boston. In Japan, 

the first TMD was installed in the “Chiba Port” tower. 
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Figure 1.20 : Sydney Tower (center point)   Figure 1.21 : Citicorp Center New York 

    

Figure 1.22 : Control Tower (Washington Airport)  Figure 1.23 : John Hancock Tower (Boston) 

 

Figure 1.24 : Chiba Port Tower (Japan) 
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1.3.3.7 Tuned Liquid Dampers (TLD) 

The Tuned Liquid Damper is another type of dynamic absorber for reducing structural 

vibration. Water or another liquid acts as the moving mass in a TLD, while gravity produces 

the restoring force. The TLD is shaken by the structural vibration, which also causes the liquid 

within the container to move. Structural vibrational energy is absorbed by the turbulence of 

the liquid flow and the friction between the liquid and the container, which turns fluid 

dynamic energy into heat. Note that neither a TLD nor a TMD have sophisticated mechanisms; 

rather, they all work on the same basic principle to absorb the energy of structural vibration. 

The distinction is that the liquid supplies all of the auxiliary system properties of a TLD, 

including mass, damping, and stiffness [85]. 

TLDs were first used on ships, and in the 1980s, they were also used to regulate vibration in 

civil engineering constructions [86,87]. Figure 1.25 depicts two common TLD kinds. The 

sloshing damper inserts meshes or rods into the liquid to offer damping capability, and the 

liquid's depth or container size are used to modify the damper's natural frequency. The air 

pressure and column shape are used to modify the natural frequency of the turbulence 

created by the column damper at high flow rates through the orifice. To lessen structural 

vibration in all directions, cross-tube containers can be fitted with the TLD column [88]. 

 

 

Figure 1.25 : Tuned Liquid Damper working principle 

Similar to TMD, TLDs have been utilized to reduce wind-induced vibrations in thin structures 

like skyscrapers and airport towers [89,90]. TLDs offer two benefits. The water used for TLD 

can have a dual purpose by serving as part of the supply for building fire prevention in 

addition to being effective in any direction of lateral vibration. TLDs, however, have two 

disadvantages. Liquids have a lower density than TMD materials like concrete or steel, 

therefore they take up more room. Due to sloshing, TLDs also exhibit a strong no response 
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linear. The design and analysis processes for TLD systems are made more difficult by this 

system's innate nonlinearity. 

There are two primary types of tuned liquid dampers (TLDs), known as tuned sloshing 

dampers (TSDs) and tuned liquid column dampers, and they can be used as active or passive 

devices (TLCDs). 

 

Figure 1.26 : TLDs types 

TSD: Tuned Sloshing Damper, TLCD: Tuned Liquid Column Damper, LCVA: Liquid Column 

Vibration Absorbers, DTLCD: Double Tuned Liquid Column Damper, HTLCD: Hybrid Tuned 

Liquid Column Damper, PTLCD: Pressurized Tuned Liquid Column Damper. 

 

Figure 1.27 : Tuned Liquid-Column Damper (Comcast building in Philadelphia). 



PRINCIPLES OF VIBRATION CONTROL SYSTEMS | Active control 

26 
 

Figure 1.27 (a) In Philadelphia, Pennsylvania, the Comcast Building towers over the cityscape 

at a height of about 305 meters (1000 ft). Due to earthquake activity and shifting winds, the 

top floors might sway back and forth at this altitude. Figure 1.27 (b) An illustration of a tuned 

liquid-column mass damper with a 300,000-gallon water reservoir built at the top of the 

Comcast building is shown above. Its purpose is to dampen oscillations. 

1.4 Active control 

Due to the limits of the passive control systems, like being insufficiently adaptive to 

earthquake excitations, and some of them, like tuned (mass/liquid) dampers can be only 

effective to reduce the structural vibrations with one dominant mode. Some systems, such as 

TMDs and TLDs, are only effective in a narrow band of frequency because they are designed 

on the frequency of the first mode of the structure. These systems can be applied to the 

vibration suppression of structures under the excitations whose first mode dominates the 

response, but they lack the ability to control the seismic response in the case where several 

modes are important. The intelligent structures using passive systems have limited 

intelligence as they are unable to adapt to the excitation and the overall structural response. 

From where the appearance of active control. 

For all previous mentioned reasons, a more adaptive and powerful system is needed, this 

system is called an active vibration control system. Active control uses special devices, called 

actuators, to control and reduce the responses of the building. Different sensors are mounted 

on different floors to collect the structural responses (displacement, velocity, and 

acceleration), later on, this data will be sent to a computer (controller). The computer will 

generate a controlling signal and send it to the actuators, this last one is known as the control 

force. This control force is directly applied to the building. Control algorithms are very 

important to control structural responses, many control algorithms have been proposed by 

scientists and researchers, and their performance and efficiency have been proved by 

different studies and experiments [91,92]. 

Active control emerged in the 1930s and was developed with advances in microprocessors. In 

recent years, there has been a growing interest in active control in civil engineering, making it 

possible to reduce the effects of external forces on structures such as buildings, bridges and 

control towers, external forces such as earthquakes, strong winds or even traffic. An active 

control system can be defined as a system that generally requires a significant source of 

energy for the operation of electro-hydraulic or electro-mechanical actuators that provide 
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control forces to the structure [93-95]. This system has the basic configuration shown in 

Figure 1.28. 

(b) Active control

Actuators
External

Excitation
Response

Structure

sensors

Controller

  

Figure 1.28 : Schematic diagram of an active control system. 

Control forces are developed based on feedback from sensors that measure the excitation 

and/or response of the structure. Structural response feedback can be measured at locations 

other than the location of the active control system. The generation of control forces by 

electro-hydraulic actuator requires a significant source of energy, which is of the order of tens 

of kilowatts for small structures and can reach several megawatts for large structures [93, 

94]. 

An active control system requires, on the one hand, a network of sensors in order to know the 

vibratory state, and on the other hand, a set of actuators to act on the structure to be 

controlled by applying forces on it. according to a control law. To ensure proper operation, 

these actuators use a significant source of external energy. 

Active control systems include active mass dampers (AMD), active tuned mass systems 

(ATMD), active tendon systems, active bracing systems, and active variable stiffness systems; 

some of which we will present in what comes. These systems have been successfully used for 

aircraft, spacecraft, mechanical devices and various structures over the past two decades. 

Active systems are more complex than passive systems [95-96], since they rely on computer 

control, motion sensors, feedback mechanisms, and moving parts that may require service or 

maintenance [94]. The general idea of active control is revolutionary. It has the ability to 

elevate structural concepts from a static and passive level to a dynamic and adaptable level 

[97]. Studies carried out on the application of active control systems in civil engineering have 

shown their effectiveness in reducing structural responses. The advantage of an active control 
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system is that it achieves excellent control results. However, there are many disadvantages to 

using this system: They are very expensive systems to design and are expensive to operate 

due to the large amounts of energy they require. Also, they tend to take up more space than 

passive monitors. 

1.4.1 Active Tendon Systems 

The active tensioner system generally consists of a set of prestressed tensioners (cables) 

whose tensions are controlled by electro-hydraulic servomechanisms [98,99]. Active 

tensioner control has been studied analytically in connection with the control of slender 

structures, tall buildings, bridges and offshore structures [100]. 

Figure 1.29 shows a schematic of a tendon controller. It consists of four cables and a hydraulic 

actuator. The cables are attached to the upper floor by one of their ends while the other ends 

are attached to a rigid horizontal frame by four pulleys. The structure is connected to the 

piston rod of a hydraulic actuator whose movement is controlled by a servo valve 

proportional to the difference between the analog signal and the actual displacement of the 

piston/rod. In this way, the cable tensions are actively modified, and produce horizontal 

control forces on the structure [101]. 

 

Figure 1.29 : Active tendon system. 
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1.4.2 Active Brace Damper 

The active bracing system can make use of existing structural elements and thus minimize 

extensive additions or modifications to a built structure. This is attractive, for example, in the 

case of retrofitting or reinforcing an existing structure [16,102,103]. 

The control system allows the longitudinal expansion and contraction of the struts by 

hydraulic actuators. Inserted between the bracing elements and forming an internal part of 

the bracing system. The control system also includes hydraulic power force, analog and digital 

controller and analog sensors [104]. 

This system uses existing bracing elements to install an active control device on the structure. 

There are three types of bracing systems, either diagonal, K or V. A hydraulic actuator, is 

mounted above the bracing system and attached to the floor, is capable of generating a large 

control force. Figure 1.30 shows this system, which includes a servo valve, hydraulic actuator, 

external energy, sensors and control computer with a predetermined law. The sensors 

measure the movement of the structure due to seismic excitation. The control computer uses 

the control algorithm to process these measurements to generate the control signal. Then, the 

servo valve uses the control signal producing a pressure difference between the two 

chambers of the actuator. 

 

Figure 1.30 : Active bracing system with hydraulic actuator [16]. 
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1.4.3 Active Tuned Mass Damper (ATMD) 

Active Tuned Mass Dampers (ATMD) are widely used today for active control. They have been 

developed in many fields of application such as automotive, aeronautics, ships, buildings, and 

engineering structures. 

The ATMD active tuned mass damper evolved from the TMD with the introduction of an active 

control mechanism. It is known that TMD dampers are only effective in structural response 

control when the first mode is dominant, such as wind-induced structural vibrations. The 

development of ATMDs focuses on the search for the control of the structural seismic 

response with a wide frequency band. 

According to the literature, structures equipped with an active ATMD demonstrate increased 

efficiency compared to structures equipped with a passive TMD. 

ATMD dampers were proposed in the early 1980s and were studied by Yang et al. [105], 

Nishimura et al. [106]. A conceptual model of an ATMD-controlled structure is shown in 

Figure 1.31, with a schematic comparison of ATMDs and TMDs. An actuator is installed 

between the primary system (structure) and the system (TMD). The movement of the 

secondary system can be controlled by the actuator to increase the efficiency of the device. 

 

Figure 1.31 : An active tuned mass damper system [16]. 

The analytical study aims to know how to operate the actuator to attenuate the response of 

the primary system most efficiently with the optimal control law to find the appropriate 

feedback gain of the ATMD Chang and Soong [107]. 
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Researchers have also conducted extensive shake table testing of ATMD dampers for seismic 

response control and their full-scale implementation Soong T.T et al. [108], Soong and 

Spencer [14], Chung et al. [109], Aizawa et al. [106]. 

The actuator in an ATMD is used to drive the auxiliary mass, while the actuator in other active 

systems usually acts directly on the structure. However, the controlling effectiveness of an 

ATMD is felt primarily at the fundamental frequency and less at higher Yang frequencies 

[105,110]. 

1.5 Hybrid control 

Hybrid systems were developed in the early 1990s to overcome the main shortcoming of 

passive and active systems [111]. The term "hybrid control" generally refers to a combination 

of a passive and active control system [97,112,113,114]. Since part of the control goal is 

accomplished by the passive system, the active control effort is less, implying less energy 

requirement [115]. 

Like active systems, hybrid systems are computer controlled and information on the behavior 

of the structure is given by a set of sensors distributed throughout the building. Generally, 

they reduce the energy required, improve reliability, and reduce cost when compared to fully 

active systems. 

Hybrid control strategies have been studied by many researchers. Yang and his collaborators 

have proposed the use of a hybrid system which consists of an elastomeric support and an 

active or passive mass damper. They showed that the combined system could become very 

efficient. Reinhorn et al. provided an extensive experimental study of the performance of 

active tendon and active shock absorbers. Tadjbakhsh and Rofooei as well as Luco et al, 

performed the computer simulation of the performance of hybrid systems. The application of 

hybrid vibration control of aerospace structures has been reported by Lee Glauser et al. 

These studies have clearly shown the possibility of using a combination of passive and active 

control systems for optimal performance. 

Research in the field of hybrid control systems has mainly focused on two categories of 

systems: 

• hybrid mass damper systems. 

• hybrid base insulation. 
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1.5.1 Hybrid Base Isolation 

A class of hybrid control systems has been studied by several researchers. Given, an active 

base isolation system, consisting of a passive base isolation system combined with a control 

actuator to complement the effects of the base isolation system. Basic insulation systems have 

been applied worldwide on civil engineering structures for many years due to their simplicity, 

reliability, and efficiency [116]. 

Excellent articles on basic insulation systems are presented by Kelly, Buckle and Mayes, as 

well as Soong and Constantinou. However, basic isolation systems are passive systems and 

are limited in their ability to adapt to changing demands for reduced structural response. 

With the addition of an active monitoring device to a base isolated structure, a higher level of 

performance can possibly be achieved without a significant increase in cost, which is very 

attractive from a practical point of view. 

Since the base isolation by itself can reduce the relative displacement of the stories and the 

absolute acceleration of the structure at the expense of the large displacement of the base, the 

combination with active control is able to achieve both low displacement and at the same 

time, to limit the maximum basic movement with a simple set of control forces. 

Several small-scale experiments have been performed to verify the effectiveness of this class 

of systems in reducing structural responses. Reinhorn and Riley performed analytical and 

experimental studies of a small-scale bridge with a hybrid slip isolation system in which a 

control actuator was used between the sliding surface and floor to complete the basic 

insulation system. 

1.5.2 Hybrid Mass Damper 

The hybrid mass damper (HMD) is the most common control device used in large scale civil 

engineering applications. It is a combination of a tuned mass damper (TMD) and an active 

mass damper (AMD) [117,118]. The ability of this device to reduce structural responses relies 

primarily on the normal movement of the TMD. And its effectiveness depends on the forces of 

the control actuator. The forces of the control actuator are used to increase the efficiency of 

the HMD and to increase its reliability to changes in the dynamic characteristics of the 

structure. A typical HMD system requires less energy to operate than a fully active mass 

damper [113,116,119]. 
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As depicted in Figure 1.32, they combine a TMD with an AMD. An AMD is linked to a TMD 

rather than the structure so that it can be small; its mass is between 10% and 15% of the 

TMD's. HMDs' ability to decrease vibration is its key feature. 

A successful example of the execution of the HMD system is the Sendagaya INTES building in 

Tokyo in 1991. As shown in Figure 1.33, the HMD was installed at the top of the 11th floor and 

consists of two masses to control the movements transverse and torsion of the structure, 

while the hydraulic actuators provide the possibilities of active control. 

 

Figure 1.32 : Schematic of hybrid mass damper [16] 

 

Figure 1.33 : Sendagaya INTES building (Tokyo, Japan) 

1.6 Semi-Active control 

Despite the challenge of applying vibration control in the field of civil engineering, particularly 

promising semi-active control strategies have emerged. 
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They offer the reliability of passive devices and the adaptability of active systems, without 

requiring a large source of energy. Semi-active control is able to develop suitable control 

forces using modern algorithms, using excitation measurement and/or response. Semi-active 

systems fall into three categories: 

• With variable stiffness, 

• With variable damping, 

• With variable mass. 

Some examples of semi-active control algorithms are: 

• Semi-active LQR algorithm. 

• Semi-active generalized LQR algorithm. 

• Lyapunov algorithm. 

• Bang Bang algorithm. 

• Maximum Energy Dissipation Algorithm. 

• Ground-hook algorithm. 

• Skyhook algorithm. 

• Variable stiffness algorithm. 

 

1.6.1 Magnetorheological and Electrorheological Dampers 

The discovery of the two fluids dates back to the end of the 1940s. The important property of 

these fluids is their ability to reversibly change their viscosities when they are exposed to 

variations in an electric field (case of the ER fluid) or magnetic field (case of MR). These 

dampers have shown efficiency in civil engineering applications and their applications are 

numerous and are still a subject of research [16,120-122]. 

Magneto-rheological dampers use smart MR fluid, which is a magnetic analog of ER fluid and 

typically consists of magnetically polarizable, micro-sized particles dispersed in a viscous 

fluid, such as silicone oil. When MR fluid is exposed to a magnetic field, the particles in the 

fluid become polarized and the fluid exhibits viscoelastic behavior, thus providing resistance 

to fluid flow. MR fluid is also characterized by its ability to undergo a reversible change from a 

linear viscous fluid to a semi-solid fluid in milliseconds when subjected to a magnetic field. By 

modifying the strength of the magnetic field according to a predefined algorithm, the control 

force generated by the MR damper can be adjusted accordingly. Compared to ER fluids, MR 
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fluids offer advantages of high yield strength (in the range of 50 to 100 kPa), insensitivity to 

contaminants and stable behavior over a wide range [123]. 

 

Figure 1.34 : Schematic of ER damper [16] 

 

Figure 1.35 : Schematic of MR damper [16] 

1.7 Conclusion 

A classification and citation of the different vibration control mechanisms for civil engineering 

structures have been presented in this chapter. Passive, semi-active and active are given in 

detail specifying their advantages and disadvantages. The choice of system control must be 

done according to a well-defined objective considering the cost of each system. 

Passive systems seem efficient and less expensive but with certain limits of performance. The 

limitations of passive systems can be overcome by adding an active system. The latter 

requires a source of energy for its operation. The equation of the control with the different 

mechanisms will be the subject of the next chapter. 
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In this chapter we have discussed the basic concepts and configurations of structural 

vibration control systems using passive, active, hybrid or semi-active systems. Smart 

structures that use active vibration control systems are fully adaptive against external forces 

like earthquakes, as they have a complete sensing and actuation system working together. 
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CHAPTER 2 MATHEMATICAL FORMULATION AND CONTROLLING 

ALGORITHMS 

2.1 Introduction 
For each control system, mathematical models and equations governing dynamic 

motion are required to simulate each system. In this chapter a presentation of the different 

dynamic equations and the different control systems ranging from structures without control 

to structures equipped with hybrid control systems are provided. 

This chapter also aims to present the essential control algorithms that are commonly 

used in active vibration control. The first subsection presents a brief reminder of the basics to 

describe the principle of feedback control. These methods are often referred to as position or 

velocity feedback (ie. the system simply uses a fixed gain multiplied by the position, velocity, 

or acceleration signal to calculate an input signal, which is in turn provided to actuator). In 

this chapter more advanced control strategies are presented, such as the linear quadratic 

control (LQR), the proportional integral derivative (PID) and the fractional controllers, which 

are very commonly used in all areas of engineering, including active vibration control. 

2.2 Equation of motion and mathematical representation 

2.2.1 Structure without control 

Most multi-story buildings can be modeled as multi-degree-of-freedom (NDDL) systems as 

shown in Figure 2.1. In this case, it is assumed that:  

• the mass of the structure is concentrated at floor levels. 

• the beams have infinite stiffness. 

• the axial force in the columns does not cause the deformation of the structure. 

The equation of motion for this MDOF system can be presented as follows [29]: 

 [𝑀]{𝑥̈(𝑡)} + [𝐶]{𝑥(𝑡)}̇ + [𝐾]{𝑥(𝑡)} = −[𝑀]{𝑟}{𝑥𝑔̈} (2.1) 
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Figure 2.1 : Multi-story shear building structure. 

The equation of motion of the system is given by: 

{
 
 
 
 

 
 
 
 
𝑚1𝑥̈1 + 𝑐1𝑥̇1 − 𝑐2(𝑥̇2 − 𝑥̇1) + 𝑘1𝑥1 − 𝑘2(𝑥2 − 𝑥1) = −𝑚1𝑥̈g
…
𝑚𝑖𝑥̈𝑖 + 𝑐𝑖(𝑥̇𝑖 − 𝑥̇𝑖−1) − 𝑐𝑖+1(𝑥̇𝑖+1 − 𝑥̇𝑖) + 𝑘𝑖(𝑥𝑖 − 𝑥𝑖−1) − 𝑘𝑖+1(𝑥𝑖+1 − 𝑥𝑖) = −𝑚𝑖𝑥̈g
𝑚𝑖+1𝑥̈𝑖+1 + 𝑐𝑖+1(𝑥̇𝑖+1 − 𝑥̇𝑖) − 𝑐𝑖+2(𝑥̇𝑖+2 − 𝑥̇𝑖+1) + 𝑘𝑖+1(𝑥𝑖+1 − 𝑥𝑖) − 𝑘𝑖+2(𝑥𝑖+2 − 𝑥𝑖+1) =

−𝑚𝑖+1𝑥̈g
…
𝑚𝑛−1𝑥̈𝑛−1 + 𝑐𝑛−1(𝑥̇𝑛−1 − 𝑥̇𝑛−2) − 𝑐𝑛(𝑥̇𝑛 − 𝑥̇𝑛−1) + 𝑘𝑛−1(𝑥𝑛−1 − 𝑥𝑛−2) − 𝑘𝑛(𝑥𝑛 − 𝑥𝑛−1) =

−𝑚𝑛−1𝑥̈g
𝑚𝑛𝑥̈𝑛 + 𝑐𝑛(𝑥̇𝑛 − 𝑥̇𝑛−1) + 𝑘𝑛(𝑥𝑛 − 𝑘𝑛−1) = 𝑚𝑛𝑥̈g

 (2.2) 

The preceding equations can be written in matrix form as follows: 

[
 
 
 
 
 
 
𝑚1                    
    𝑚2                
        …            
            …        
                …    
                𝑚𝑛−1    
                    𝑚n]

 
 
 
 
 
 

[
 
 
 
 
 
𝑥̈1
𝑥̈2
𝑥̈3
⋮

𝑥̈𝑛−1
𝑥̈𝑛 ]

 
 
 
 
 

+

[
 
 
 
 
 
 
𝑐1 + 𝑐2 −𝑐2 …

−𝑐2 𝑐2 + 𝑐3 −𝑐3
−𝑐3 ⋱ ⋱

⋮ ⋱
𝑐𝑛−1 + 𝑐𝑛 −𝑐𝑛
−𝑐𝑛 𝑐𝑛 ]

 
 
 
 
 
 

[
 
 
 
 
 
𝑥̇1
𝑥̇2
𝑥̇3
⋮

𝑥̇𝑛−1
𝑥̇𝑛 ]

 
 
 
 
 

+ 

[
 
 
 
 
 
 
𝑘1 + 𝑘2 −𝑘2 …

−𝑘2 𝑘2 + 𝑘3 −𝑘3
−𝑘3 ⋱ ⋱

⋮ ⋱
𝑘𝑛−1 + 𝑘𝑛 −𝑘𝑛
−𝑘𝑛 𝑘𝑛 ]

 
 
 
 
 
 

[
 
 
 
 
 
𝑥1
𝑥2
𝑥3
⋮

𝑥𝑛−1
𝑥𝑛 ]

 
 
 
 
 

=

[
 
 
 
 
 
−𝑚1

−𝑚2

−𝑚3

⋮
−𝑚𝑛−1

−𝑚𝑛 ]
 
 
 
 
 

𝑥̈𝑔 (2.3) 

It is the same form as the previous equation (1), this representation is well known in the field 

of structural dynamics. 
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2.2.2 Structure with control 

2.2.2.1 TMD parameters 

Many researchers have developed different equations to obtain optimum values of the TMD’s 

parameters using different methods or approaches. In this particular study we used the one 

given by R.Rana and T.T.Soong as a reference [124-126], The detailed literature survey for the 

passive TMDs was also presented by Elias and Matsagar [127]. where the following expression 

are used: 

 

𝑚𝑎𝑡𝑚𝑑 = 𝜇 ×𝑀𝑇  

𝑓𝑎𝑡𝑚𝑑 =
𝑓𝑠

(𝜇 + 1)2
 

𝑘𝑎𝑡𝑚𝑑 = 𝑓𝑎𝑡𝑚𝑑 ×𝑚𝑎𝑡𝑚𝑑  

𝑐𝑎𝑡𝑚𝑑 = √
3𝜇

8(𝜇+1)3
 ) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

Where: 𝑀𝑇 = (𝑚𝑏 + ∑ 𝑚𝑗)
𝑛
𝑗=1  represents the base-isolated building total mass, 𝑚𝑎𝑡𝑚𝑑 and 𝑚𝑏 

represents the active tuned mass damper and the base isolators mass, respectively, 𝜇 is the 

mass ratio of the structure, 𝑓𝑎𝑡𝑚𝑑  and 𝑓𝑠 are the ATMD frequency and building’s first frequency, 

𝑐𝑎𝑡𝑚𝑑 is the damping of the ATMD, while 𝑘𝑎𝑡𝑚𝑑  is the stiffness of the ATMD. 

2.2.2.2 Building equipped with base isolators (LRB) 

In this study an LRB (Lead Rubber Bearing) base isolation system is used, The LRB (Lead 

Rubber Bearing) system behaves like a hysteretic damper and the mathematical model is 

given in figure 2.3. 

The basic principle of the base isolation system is to isolate the structure from the effect of 

ground excitation by installing a soft behavior isolator between the foundation and the 

superstructure. By using insulators, the superstructure behaves like a rigid body while the 

insulator experiences a relatively large deformation [128,192]. 
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Figure 2.2 : Mathematical model for base isolation system [129]. 

mn

mn-1

xn

xn-1

m1

x1

Base isolators

Earthquake 
excitation

 

Figure 2.3 : Building structure with base isolation system. 
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Figure 2.4 : 1DOF building structure with fixed and isolated base. 

The equation of motion of the LRB system is given as follows [129]: 

 
𝑚𝑏(𝑥̈𝑏 + 𝑢̈𝑔) + 𝑐𝑒𝑞𝑥̇𝑏 + 𝑘𝑒𝑓𝑓𝑥𝑏 = 0 

𝑚𝑏𝑥̈𝑏 + 𝑐𝑒𝑞𝑥̇𝑏 + 𝑘𝑒𝑓𝑓𝑥𝑏 = −𝑚𝑏𝑢̈𝑔 

(2.8) 

(2.9) 

 

The equation of motion for a base-isolated building shown in Figure 2.3 can be written as: 

[𝑀] =

[
 
 
 
 
 
 
𝑚𝑏                    
    𝑚1                
        𝑚2            
            …        
                  
                𝑚𝑛−1    
                    𝑚n]

 
 
 
 
 
 

                                           (2.10) 

 

[𝐶] =

[
 
 
 
 
 
 
 
𝑐𝑏 + 𝑐1 −𝑐1 …

−𝑐1 𝑐1 + 𝑐2 −𝑐2
−𝑐2 ⋱ ⋱

⋱ ⋱ ⋱
⋮ ⋱ ⋱

𝑐𝑛−1 + 𝑐𝑛 −𝑐𝑛
−𝑐𝑛 𝑐𝑛 ]

 
 
 
 
 
 
 

  (2.11) 
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[𝐾] =

[
 
 
 
 
 
 
𝑘𝑏 + 𝑘1 −𝑘 0 0 0 … 0
−𝑘 𝑘1 + 𝑘2 −𝑘2 0 0 0 0
0 −𝑘2 ⋱ ⋱ 0 0 0
0 0 ⋱ ⋱ ⋱ 0 0
⋮ 0 0 ⋱ ⋱ 0 0
0 0 0 0 0 𝑘𝑛−1 + 𝑘𝑛 −𝑘𝑛
0 0 0 0 0 −𝑘𝑛 𝑘𝑛 ]

 
 
 
 
 
 

   (2.12) 

 

Where [𝑀], [𝐶] and [𝐾] are (𝑛 + 1) × (𝑛 + 1) matrices of mass, damping and stiffness of the 

system. 

2.2.2.3 Hybrid control (ATMD on the top floor + base isolation) 

An earthquake-excited n-story shear building structure equipped with an ATMD at the top 

floor is shown in Figure 2.5. 
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Figure 2.5 : A shear building structure equipped with an ATMD at the top floor 

The mass of the ATMD adds one more Degree of Freedom to the system, which means that the 

relative displacement of the ATMD with respect to the top floor displacement is given as 

follows: 

 ∆𝑑(𝑡) = 𝑥𝑑(𝑡) − 𝑥𝑛(𝑡) (2.13) 

And then the system becomes an (𝑛 + 1) order, that means the displacement vector will be 

defined as: 
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 {𝑥(𝑡)} = [𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡), 𝑥𝑑(𝑡)]
𝑇 (2.14) 

 

The equation of motion of the system is given by: 

 

{
 
 
 
 

 
 
 
 
𝑚1𝑥̈1 + 𝑐1𝑥̇1 − 𝑐2(𝑥̇2 − 𝑥̇1) + 𝑘1𝑥1 − 𝑘2(𝑥2 − 𝑥1) = −𝑚1𝑥̈g
…
𝑚𝑖𝑥̈𝑖 + 𝑐𝑖(𝑥̇𝑖 − 𝑥̇𝑖−1) − 𝑐𝑖+1(𝑥̇𝑖+1 − 𝑥̇𝑖) + 𝑘𝑖(𝑥𝑖 − 𝑥𝑖−1) − 𝑘𝑖+1(𝑥𝑖+1 − 𝑥𝑖) = −𝑚𝑖𝑥̈g
𝑚𝑖+1𝑥̈𝑖+1 + 𝑐𝑖+1(𝑥̇𝑖+1 − 𝑥̇𝑖) − 𝑐𝑖+2(𝑥̇𝑖+2 − 𝑥̇𝑖+1) + 𝑘𝑖+1(𝑥𝑖+1 − 𝑥𝑖) − 𝑘𝑖+2(𝑥𝑖+2 − 𝑥𝑖+1) =

−𝑚𝑖+1𝑥̈g
…
𝑚𝑛−1𝑥̈𝑛−1 + 𝑐𝑛−1(𝑥̇𝑛−1 − 𝑥̇𝑛−2) − 𝑐𝑛(𝑥̇𝑛 − 𝑥̇𝑛−1) + 𝑘𝑛−1(𝑥𝑛−1 − 𝑥𝑛−2) − 𝑘𝑛(𝑥𝑛 − 𝑥𝑛−1) =

−𝑚𝑛−1𝑥̈g
𝑚𝑛𝑥̈𝑛 + 𝑐𝑛(𝑥̇𝑛 − 𝑥̇𝑛−1) + 𝑘𝑛(𝑥𝑛 − 𝑘𝑛−1) = −𝑢d −𝑚𝑛𝑥̈g

 (2.15) 

Including the ATMD the motion equation will be as follows: 

 𝑚𝑑𝑥̈𝑑 + 𝑐𝑑(𝑥̇𝑑 − 𝑥̇𝑛) + 𝑘𝑑(𝑥𝑑 − 𝑥𝑛) = 𝑢𝑑 −𝑚𝑑𝑥̈𝑔 (2.16) 

 

The two previous equations () and () can be condensed into matrix form as: 

 [𝑀]{𝑥̈} + [𝐶]{𝑥}̇ + [𝐾]{𝑥} = −[𝑀]{𝑟}{𝑥𝑔̈} − {𝑑}𝑓(𝑡) (2.17) 

 

Where [𝑀], [𝐶] and [𝐾] are (𝑛 + 1) × (𝑛 + 1) matrices of mass, damping and stiffness of the 

system, {𝑑} of (𝑛 + 1) × 1 is the location matrix of the ATMD control forces, and {𝑟} of (𝑛 +

1) × 1 is the coefficient vector for the seismic earthquake ground acceleration 𝑥̈g(𝑡). 

 

[𝑀] =

[
 
 
 
 
 
 
𝑚𝑏                    
    𝑚1                
        …            
            𝑚𝑛−1        
                    
                𝑚𝑛    
                    𝑚atmd]

 
 
 
 
 
 

   (2.18) 

 

 

[𝐶] =

[
 
 
 
 
 
 
 
𝑐𝑏 + 𝑐1 −𝑐1 …

−𝑐1 𝑐1 + 𝑐2 −𝑐2
−𝑐2 ⋱ ⋱

⋱ ⋱ ⋱
⋮ ⋱ ⋱

𝑐𝑛 + 𝑐𝑎𝑡𝑚𝑑 −𝑐𝑎𝑡𝑚𝑑
−𝑐𝑎𝑡𝑚𝑑 𝑐𝑎𝑡𝑚𝑑 ]

 
 
 
 
 
 
 

      (2.19) 
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[𝐾] =

[
 
 
 
 
 
 
 
𝑘𝑏 + 𝑘1 −𝑘 …

−𝑘 𝑘1 + 𝑘2 −𝑘2
−𝑘2 ⋱ ⋱

⋱ ⋱ ⋱
⋮ ⋱ ⋱

𝑘𝑛 + 𝑘𝑎𝑡𝑚𝑑 −𝑘𝑎𝑡𝑚𝑑
−𝑘𝑎𝑡𝑚𝑑 𝑘𝑎𝑡𝑚𝑑 ]

 
 
 
 
 
 
 

          (2.20) 

 

And since the ATMD is installed on the top floor, The vector where the control forces are 

applied equals: 

 {𝑑} = [0,0, … ,0,1]𝑡 (2.21) 
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2.2.2.4 Hybrid control (ATMD on the first floor + base isolation) 
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Figure 2.6 : A shear building structure equipped with an ATMD on the first floor 

In this case the matrices [𝑀], [𝐶] and [𝐾] will be presented as follows: 

 

[𝑀] =

[
 
 
 
 
 
 
𝑚𝑏                    
    𝑚1                
        …            
            𝑚𝑛−1        
                    
                𝑚𝑛    
                    𝑚atmd]

 
 
 
 
 
 

   (2.22) 
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[𝐶] =

[
 
 
 
 
 
 
 
𝑐𝑏 + 𝑐1 + 𝑐𝑎𝑡𝑚𝑑 −𝑐1 … −𝑐𝑎𝑡𝑚𝑑

−𝑐1 𝑐1 + 𝑐2 −𝑐2
−𝑐2 ⋱ ⋱

⋱ ⋱ ⋱
⋮ ⋱ 𝑐𝑛−1 + 𝑐𝑛 −𝑐𝑛

−𝑐𝑛 𝑐𝑛
−𝑐𝑎𝑡𝑚𝑑 𝑐𝑎𝑡𝑚𝑑 ]

 
 
 
 
 
 
 

 (2.23) 

 

 

[𝐾] =

[
 
 
 
 
 
 
 
𝑘𝑏 + 𝑘1 + 𝑘𝑎𝑡𝑚𝑑 −𝑘 … −𝑘𝑎𝑡𝑚𝑑

−𝑘 𝑘1 + 𝑘2 −𝑘2
−𝑘2 ⋱ ⋱

⋱ ⋱ ⋱
⋮ ⋱ 𝑘𝑛−1 + 𝑘𝑛 −𝑘𝑛

−𝑘𝑛 𝑘𝑛
−𝑘𝑎𝑡𝑚𝑑 −𝑘𝑎𝑡𝑚𝑑]

 
 
 
 
 
 
 

    (2.24) 

 

And since the ATMD is installed on the first floor, The vector where the control forces are 

applied equals: 

 {𝑑} = [0,1, … ,0,0]𝑡 (2.25) 

 

2.3 State-space representation 

2.3.1 Introduction 

In control engineering, a state space representation is a mathematical model of a physical 

system as a set of input, output and state variables related by first-order differential 

equations. To abstract from the number of inputs, outputs and states, the variables are 

expressed as vectors. Additionally, if the dynamical system is linear and time invariant, the 

differential and algebraic equations may be written in matrix form. The state space 

representation (also known as the "time-domain approach") provides a convenient and 

compact way to model and analyze systems with multiple inputs and outputs. Unlike the 

frequency domain approach, the use of the state space representation is not limited to 

systems with linear components and zero initial conditions. "State space" refers to the space 

whose axes are the state variables. The state of the system can be represented as a vector 

within that space [130]. 
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The most general state-space representation of a linear system with u inputs, y outputs and n 

state variables is written in the following form (Fig. 2.7): 

 

Figure 2.7 : Block diagram representation of the State-Space equations [130]. 

In this study, the dynamic system is represented with a state-space representation, where 𝒙 

represents the state vector, and 𝒖, 𝒚 represents the input and the output vectors respectively 

[131]. 

 {
𝒙̇(𝒕) = 𝑨𝒙(𝒕) + 𝑩𝒖(𝒕)

𝒚(𝒕) = 𝑪𝒙(𝒕) + 𝑫𝒖(𝒕)
 (2.26) 

 

 

𝑨 = [
𝑶𝒏×𝒏 𝑰𝒏×𝒏

−𝑴−𝟏𝑲𝒏×𝒏 −𝑴−𝟏𝑪𝒏×𝒏
] 

𝑩 = [
𝑶𝒏×𝒏 𝑰𝒏×𝒏
−𝒓𝒏×𝒏 𝑴−𝟏𝒅𝒏×𝒏

] 

𝑪 = [𝑰𝒏×𝒏] 

𝑫 = [𝑶𝒏×𝒏] 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

 

𝑨,𝑩, 𝑪, and 𝑫 are the system, input, output, and feedthrough matrices in that order. 

𝒙, 𝒖, 𝒚 are state, input, and output vectors. 

2.3.2 Why use state-space representations 

 State-space models: 

 

•  are numerically efficient to solve, 

•  can handle complex systems, 

•  allow for a more geometric understanding of dynamic systems and form the basis for much 

of modern control theory. 
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2.4 Classic Feedback control 

A controller is classified as a classic feedback controller, when the vibration signal measured 

by the sensors is simply amplified by gain and fed back to the actuators. To demonstrate the 

mathematical concept, we consider a vibrating system described by the following state 

equation [16,132]: 

 {
𝒙̇(𝒕) = 𝑨𝒙(𝒕) + 𝑩𝒖(𝒕)

𝒚(𝒕) = 𝑪𝒙(𝒕) + 𝑫𝒖(𝒕)
 (2.31) 

 

With 𝑥 the vector of state variables, 𝑢 the vector of commands, and 𝑦 the vector of outputs. 

This very powerful formalism in fact makes it possible to treat SISO (Single Input Single 

Output) or MIMO (Multiple-Input Multiple-Output) systems with many degrees of freedom in 

the same way. In addition, terms modeling the various noises that may exist in the system are 

easily integrated [16,132]. 

The idea in classic control by direct position feedback is very simple: it consists of sending the 

signal from the amplified sensor to the actuator. The control law can be described as: 

 𝑢(𝑡) = −𝐾𝑦(𝑡) (2.32) 

Where: 𝐾 is the control gain. 

In the case of direct speed feedback control, the control law is given by: 

 𝑢(𝑡) = −𝐾𝑦̇(𝑡) (2.33) 

In addition, it is also possible to use the acceleration measurement to formulate the control 

input: 

 𝑢(𝑡) = −𝐾𝑦̈(𝑡) (2.34) 

 

2.5 Linear Quadratic Regulator (LQR) 

Linear quadratic control belongs to the family of optimal control algorithms. In optimal 

control, a cost function indicating a performance index is chosen which is then minimized to 

obtain an optimal input. 
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Let us consider the system in the state equation form in equation 2.31, stationery and 

invariant in time. The cost function in the quadratic optimal control problem can be chosen to 

be quadratically dependent on the command input and the output state or response [133]: 

 𝐽 =  
1

2
 ∫ (𝑥𝑇𝑄𝑥 + 𝑢𝑇

𝑡𝑓

𝑡0

𝑅𝑢)𝑑𝑡 (2.35) 

The terms 𝑥𝑇𝑄𝑥 and 𝑢𝑇𝑅𝑢 can be interpreted as a measure of the vibrational energy of the 

system and the control energy. 𝑄 and 𝑅 are respectively the weighting matrix (output), the 

control vector (input) [134,135]. 

 𝑢(𝑡) = −𝐾𝑥(𝑡) (2.36) 

K (LQR gain vector) is given by the relation: 

 𝐾 = 𝑅−1𝐵𝑇𝑃 (2.37) 

Where P is the solution matrix of Ricaati’s equation: 

 −𝑃𝐴 − 𝐴𝑇𝑃 + 𝑃𝐵𝑅−1𝐵𝑇𝑃 − 𝑄 = 0 (2.38) 

 

 

Fig.2.8 : LQR controller 

This method applies to any linear dynamic system. In the general case, all the matrices 

intervening in the expression 2.38 can vary according to time. The matrix of control gains 𝐾 

minimizing the quadratic index 𝐽 is called the optimal matrix. Several methods, generally 

iterative, exist to solve the RICCATI equation. In practice, software tools of the MATLAB type 

have appeared to directly calculate the optimal matrix 𝐾 from the state system and the chosen 

criterion. 

The methodology for designing an optimal quadratic control, presented previously, can be 

summarized by the following steps: 
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• Definition of the 𝑄 and 𝑅 weighting matrices to achieve the desired performance with 

the available control effort. 

• Calculation of the matrix 𝑃, solution of the algebraic equation of Riccati equation 2.38 

from the matrices of the system 𝐴 and 𝐵, and of weightings 𝑄 and 𝑅. 

• Calculation of the gain matrix (constant) 𝐾 from 𝑃 equation 2.37. 

If we return to equation 2.31, with 𝑢 satisfying 𝑢(𝑡) = −𝐾𝑥(𝑡), we have the following control 

system: 

 {
𝑥̇(𝑡) = (𝐴 − 𝐵𝐾)𝑥(𝑡)

𝑦(𝑡) = 𝐶𝑥(𝑡)
 (2.39) 

Since 𝐾 is a matrix that multiplies all state variables, it is necessary to measure all state 

variables. In the case of an active suspension, some state variables are difficult to measure. 

Adding an optimal observer circumvents the problem but makes the control system more 

complex. 

The creativity of the human mind is limitless, and this is also true for the design of control 

strategies that can be used in active vibration control (AVC). 

The reader interested in this field can consult the reference Takács and Rohaľ-Ilkiv 2012 

[136]. 

2.6 PID controller 

An example of control widely used in industry and belonging to the classic control 

family is the control method using a PID (Proportional-Integral-Derivative) regulator or 

corrector. This feedback control method makes it possible to obtain a control signal from the 

measured signal, its integral and its derivative. This type of control makes it possible to make 

a compromise between the precision, the speed and the robustness of the system. It is 

adaptable to many cases [137,138]. 

A PID controller essentially performs three functions: 

• It provides a command signal 𝑢(𝑡) considering the evolution of the output signal 𝑦(𝑡) 

in relation to the setpoint 𝑟(𝑡). 

• It eliminates the static error thanks to the term integrator. 

• It anticipates the variations of the output thanks to the derivative term. 



MATHEMATICAL FORMULATION AND CONTROLLING ALGORITHMS | PID controller 

53 
 

The behavior of the standard proportional integral derivative (PID) controller can be 

described by the following equation: 

 𝑢(𝑡) =  𝐾𝑝𝑒(𝑡) + 𝐾𝑖∫𝑒(𝑡)𝑑𝑡 + 𝐾𝑝
𝑑𝑒

𝑑𝑡
 (2.40) 

The error signal 𝑒(𝑡) is obtained by the following equation: 

 𝑒(𝑡) = 𝑟(𝑡) − 𝑦(𝑡) (2.41) 

Where: 

• 𝑟(𝑡) is the reference signal. 

• 𝑦(𝑡) is the feedback signal obtained from the responses of the structure (displacement, 

acceleration). 

The control signal resulting from the algorithm described above is composed of the sum of 

three distinct terms which, by virtue of the function performed, are logically referred to 

respectively as the proportional 𝐾𝑝, integral 𝐾𝑖 and derivative term 𝐾𝑑. The controller 

parameters associated with these different terms are the proportional gain, the integration 

constant and the derivative constant. A diagram of the PID controller block is shown in Figure 

2.9. 

Proportional

Integral

Derivative

Plantr(t) +
-

+
+

+

Output y(t)e(t)

feedback
 

Figure 2.9 : Block diagram of the PID controller. 

The algorithm of the PID regulator as described in equation 2.40 can be represented by the 

following transfer function: 

 𝐺(𝑠) = 𝐾𝑝 +
𝐾𝑖
𝑠
+ 𝐾𝑑𝑠 =

𝐾𝑑𝑠
2 + 𝐾𝑝𝑠 + 𝐾𝑖

𝑠
 (2.42) 

Other variations of the standard formulation are commonly used in order to increase the 

closed loop performance of the PID controller. Adding a filter in the derived term is often 

adopted in practice. This results in the following transfer function: 
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 𝐺(𝑠) = 𝐾𝑝(1 +
1

𝑇𝑖𝑠
+

𝑇𝑑𝑠

𝑇𝑑
𝑁 𝑠 + 1

) (2.43) 

The integration gain 𝑇𝑖 and derivation gains 𝑇𝑑 are related to the parameters of the standard 

form by the following relations: 

 

{
 
 

 
 𝑇𝑖 =

𝐾𝑝
𝐾𝑖

𝑇𝑑 =
𝐾𝑑
𝐾𝑝

 (2.44) 

where the additional term 
𝑇𝑑

𝑁
𝑠 + 1 is a low-pass filter introduced on the derivative action. 

2.7 Fractional Order PID controller 

An FO-PID controller is a type of control instrument that enables closed-loop regulation of an 

industrial process. The FO-PID controller seeks to rectify a process-measured value using a 

setpoint. [35]. The "FO-PID" represents the abbreviations of the three actions it uses to make its 

corrections, a Proportional action, an Integral action, and a Derivative action. The adjustment of 

this sort of controller is frequently a matter of experience. When applied to known, linear, and 

little-variant systems, his independence from a system model guarantees robustness. [139]. 

 𝑢(𝑡) =  𝐾𝑝𝑒(𝑡) + 𝐾𝑖
𝑑−𝜆

𝑑𝑡−𝜆
𝑒(𝑡) + 𝐾𝑑

𝑑𝜇

𝑑𝑡𝜇
𝑒(𝑡) (2.45) 

Where: 

𝐾𝑝 is the proportional gain, 𝐾𝑖 is the integral gain and 𝐾𝑑 is the derivative gain and 𝑒(𝑡) 

represents the error signal. 

The FO-PID controller is defined as an extension and generalization of the classical or 

conventional PID controller. The FO-PID controller has two more parameters than the classical 

PID controller 𝜇, which is called the differential order, and 𝜆, which is called the integral order 

[14]. Therefore, this can enhance and improve the performance of the controlling system and 

give robust control. The block diagram of the FO-PID controller is shown in Figure 2.10. 
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Plantr(t) +
-

+
+

+

Output y(t)e(t)

feedback

𝑘𝑖𝑠
−𝜆  

𝑘𝑑𝑠
𝜇  

𝑘𝑝  

 

Figure 2.10 : Block diagram of an FO-PID controller. 

The error signal 𝑒(𝑡) is obtained by the following equation: 

 𝑒(𝑡) = 𝑥𝑟(𝑡) − 𝑥(𝑡) (2.46) 

Where 𝑥𝑟 is the reference signal (equals zero), and 𝑥 is the feedback signal obtained from the 

responses of the structure (displacement, acceleration). 

2.8 Optimization Algorithms 

2.8.1 Introduction 

In this work, the optimum tuning of the FO-PID and PID controllers has been accomplished by 

using a new meta-heuristic bio-inspired optimization algorithm called the artificial 

hummingbird algorithm (AHA) [140]. To evaluate the performance of the FO-PID, A 

comparison study is carried out against the conventional PID controller under the influence of 

five different earthquake excitations. After tuning the FO-PID/PID controllers, these last ones 

ensure the structural response control with an active tuned mass damper (ATMD) mounted 

on the top floor of a 5-story building. 

2.8.2 Artificial Hummingbird Algorithm 

The artificial hummingbird algorithm is a novel meta-heuristic optimization approach inspired 

by hummingbirds' natural flying abilities and intelligence. Because of its unique biological 

foundation, the AHA algorithm differs significantly from other current optimization algorithms. 

This program models these birds' three flying abilities: axial, diagonal, and omnidirectional 

flight. [140]. Comparing AHA to other meta-heuristic algorithms in this study reveals that AHA 

is more competitive owing to its high-quality solutions employing fewer control parameters. 

(inputs). 

Hummingbirds are thought to be the world's tiniest birds. If intelligence is measured by brain-

to-body ratio, hummingbirds would be among the most intellectual species on the planet. There 



MATHEMATICAL FORMULATION AND CONTROLLING ALGORITHMS | Optimization Algorithms 

56 
 

are over 360 different species of this bird located around the world, and what makes these birds 

so extraordinary is their ability to beat their wings swiftly and at a high frequency, usually up to 

80 times per second. They feed on a variety of insects, including mosquitoes and aphids, to 

provide energy for flight. They also consume flower nectar and the tasty liquid found there in 

[141]. 

Another astounding talent of these birds is their flight capacity; their tiny bodies and fast-

beating wings allow them to fly in any direction with accuracy; they can fly backward and 

forwards, left and right, up and down, with ease [142]. 

Hummingbirds have a hippocampus in their brain, which aids with foraging memory and 

learning speed; in fact, they can remember information about flowers such as location, nectar 

quality, and the last time they visited these flowers [143]. 

The three primary components of the Artificial Hummingbird algorithm are as follows: 

Food sources: Food source is the solution vector in AHA, whereas nectar-refilling of a certain 

bloom represents the fitness function. 

Hummingbirds: Each hummingbird is always assigned a single food source from which to feed, 

and both the hummingbird and the food supply live in the same area. 

Visit Table: This table is updated with each loop iteration, and it tracks how many times a 

certain hummingbird visits a specific food source. 

The visit table of six hummingbirds for six distinct food sources is shown in Figure 2.11 below. 

 Food Source 

x1 x2 x3 x4 x5 x6 

H
u

m
m

in
g

b
ir

d
 

x1 - 5 6 4 3 1 

x2 4 - 4 5 9 4 

x3 3 7 - 3 4 5 

x4 4 2 5 - 6 2 

x5 2 2 7 4 - 1 

x6 6 1 6 1 5 - 

Figure 2.11 : Visit table of a hummingbird’s population. 

 

The structure of the AHA is represented in Figure 2.12. 
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Initialization 
While stop criterion is not satisfied 

Guided foraging 
Territorial foraging 
Migration foraging 

End 
Figure 2.12 : Artificial Hummingbird algorithm structure. 

 

Guided foraging

Territorial foraging

Migration foraging

 

Figure 2.13 : Foraging behaviors of AHA. 

2.8.2.1 Initialization 

A random number 𝑛 of hummingbirds are put on 𝑛 food sources. 

𝑥𝑖 = 𝐿𝑜𝑤 + 𝑟. (𝑈𝑝 − 𝐿𝑜𝑤) 𝑖 = 1,… , 𝑛 

Where: 𝐿𝑜𝑤 : lower bound, 𝑈𝑝 : upper bound, 𝑟 : random numbers within [0, 1], 𝑥𝑖  : position of 

the 𝑖𝑡ℎ food source. 

The visit table initialization: 

𝑉𝑇𝑖,𝑗 = {
0 𝑖𝑓 𝑖 ≠ 𝑗
𝑛𝑢𝑙𝑙 𝑖𝑓 𝑖 = 𝑗

 𝑖 = 1,… , 𝑛 ; 𝑗 = 1, … , 𝑛 
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2.8.2.2 Guided foraging 

In guided foraging behavior, a hummingbird is meant to discover the most frequently visited 

food source and then select the ones with the highest nectar content. 

A hummingbird will use three separate flying talents when foraging: axial, diagonal, and 

omnidirectional flight. Figure 2.14 depicts the three flight talents in 3D space. A hummingbird 

travels along one axis in axial flight and can shift corners in diagonal flight. Any two axes can 

define this style of flying. The omnidirectional flight demonstrates how any flying direction may 

be projected to any of the three coordinate axes. In other words, all birds can fly in all 

directions, but only hummingbirds can fly axially and diagonally [140]. 

Axial flight Diagonal flight Omnidirectional flight
 

Figure 2.14 : Three flight behaviors of hummingbirds. 

In a d-D space, axial flying can be characterized as follows: 

𝐷(𝑖) = {
1 𝑖𝑓 𝑖 = 𝑟𝑎𝑛𝑑𝑖([1, 𝑑])

0 𝑒𝑙𝑠𝑒
 𝑖 = 1,… , 𝑑 

Diagonal flight: 

𝐷(𝑖) = {
1 𝑖𝑓 𝑖 = 𝑃(𝑗), 𝑗 ∈ [1, 𝑘], 𝑃 = 𝑟𝑎𝑛𝑑𝑝𝑒𝑟𝑚(𝑘) 𝑘 ∈ [2, [𝑟1. (𝑑 − 2) + 1]

0 𝑒𝑙𝑠𝑒
 𝑖 = 1,… , 𝑑 

Omnidirectional flight: 

𝐷(𝑖) = 1  𝑖 = 1,… , 𝑑 

The 𝑟𝑎𝑛𝑑𝑖([1, 𝑑]) instruction creates a random integer number in [1, 𝑑], 𝑟𝑎𝑛𝑑𝑝𝑒𝑟𝑚(𝑘) 

generates a random permutation of integers, 𝑟1 is a random number ranging from 0 to 1, and 𝑑 

represents the problem dimension. 
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2.8.2.3 Territorial foraging 

When the present food source is consumed, a hummingbird will begin looking for another. A 

hummingbird will migrate to a nearby place within the same territory if a new and better food 

source becomes available. The visit table may be updated by utilizing the mathematical 

equation that represents the territorial foraging-seeking strategy, which is shown below [140]: 

𝑣𝑖(𝑡 + 1) = 𝑥𝑖(𝑡) + 𝑏. 𝐷. 𝑥𝑖(𝑡) 

Where 𝑏 is the territorial factor, and 𝑣𝑖  is the visiting table. 

2.8.2.4 Migration foraging 

When a hummingbird notices a shortage of food in one area, it will generally travel to another 

area where food is plenty. A migration coefficient will be defined in the Artificial Hummingbird 

algorithm, and if the number of iterations exceeds the value of this coefficient, it means that the 

hummingbird is located at a food source with a low nectar-refilling, and a migration to a new 

food source is required, and this food source will be presented randomly in the search space. 

This entire process is known as hummingbird migratory foraging, and it may be expressed 

mathematically as follows [140]: 

𝑥𝑤𝑜𝑟(𝑡 + 1) = 𝐿𝑜𝑤 + 𝑟. (𝑈𝑝 − 𝐿𝑜𝑤) 

Where 𝑥𝑤𝑜𝑟 represents the worst nectar-refiling rate of a food source in the population. The 

AHA pseudo-code is presented in Figure 2.15 [140]. 

Procedure Artificial Hummingbird Optimizer (AHA) 

Input: 𝑛, 𝑑, 𝑓,𝑀𝑎𝑥 _𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛, 𝐿𝑜𝑤, 𝑈𝑝 

Output: 𝐺𝑙𝑜𝑏𝑎𝑙𝑚𝑖𝑛𝑖𝑚𝑢𝑚,𝐺𝑙𝑜𝑏𝑎𝑙𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑟 

Initialization: 

For 𝑖𝑡ℎ ℎ𝑢𝑚𝑚𝑖𝑛𝑔𝑏𝑖𝑟𝑑 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛, 
Do 𝑥𝑖 = 𝐿𝑜𝑤 + 𝑟(𝑈𝑝 − 𝐿𝑜𝑤), 
For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛, Do 

If 𝑖 ≠ 𝑗 
Then 𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 = 1, 

Else 𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 = 𝑛𝑢𝑙𝑙, 

End If 

End For 

End For 

While 𝑡 ≤ 𝑀𝑎𝑥 _𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 Do 

For 𝑖𝑡ℎ ℎ𝑢𝑚𝑚𝑖𝑛𝑔𝑏𝑖𝑟𝑑 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛, Do 

If 𝑟𝑎𝑛𝑑 ≤ 0.5 Then 

If 𝑟 < 1/3 Then perform equation (3), 

Else If  𝑟 > 2/3 

Then perform equation (4), 

Then perform equation (5), 
End If 

End If 

Then perform equation (6), 

If 𝑓(𝑣𝑖(𝑡 + 1)) < 𝑓(𝑥𝑖(𝑡))  
Then 𝑥𝑖(𝑡 + 1) = 𝑣𝑖(𝑡 + 1), 
For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛 (𝑗 ≠ 𝑡𝑎𝑟, 𝑖), Do 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 = 𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 + 1, 

End For 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑡𝑎𝑟 = 0, 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 = 𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 + 1, 

End For 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑡𝑎𝑟 = 0, 
End 

Else 

Perform equation (9), 

If 𝑓(𝑣𝑖(𝑡 + 1)) < 𝑓(𝑥𝑖(𝑡))  
Then 𝑥𝑖(𝑡 + 1) = 𝑣𝑖(𝑡 + 1), 
For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛(𝑗 ≠ 𝑖), Do 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 = 𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 + 1, 

End For 

For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛, Do 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑗,𝑖 = 𝑚𝑎𝑥𝑙∈𝑛 𝑎𝑛𝑑 𝑙≠𝑗(𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗) + 1, 

End For 

Else 

For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛(𝑗 ≠ 𝑖), Do 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 = 𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗 + 1, 

End For 

End If 

End If 

End For 

If 𝑚𝑜𝑑(𝑡, 2𝑛) == 0, 
Then perform equation (11), 

For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛(𝑗 ≠ 𝑤𝑜𝑟), Do 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑤𝑜𝑟,𝑗 = 𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑤𝑜𝑟,𝑗 + 1, 

End For 

For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛, Do 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑗,𝑤𝑜𝑟 = 𝑚𝑎𝑥𝑙∈𝑛 𝑎𝑛𝑑 𝑙≠𝑗(𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑙) + 1, 
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For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛, Do 

𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑗,𝑖 = 𝑚𝑎𝑥𝑙∈𝑛 𝑎𝑛𝑑 𝑙≠𝑗(𝑉𝑖𝑠𝑖𝑡_𝑡𝑎𝑏𝑙𝑒𝑖,𝑗) + 1, 

End For 

Else 

For 𝑗𝑡ℎ 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛(𝑗 ≠ 𝑡𝑎𝑟, 𝑖), Do 

End For 

End If 

End While 

Figure 2.15 : Pseudocode of the AHA [140]. 

2.8.3 Genetic Algorithms 

Genetic algorithms are a general, powerful mechanism for solving problems for which: 

• There are a very large number of more or less good solutions. 

• There is no deterministic algorithm to calculate the best solution(s). 

• The universe of the problem is not formalized. 

Genetic algorithms consist of using the principle of evolution to an optimization problem. 

According to Darwin's theory of evolution, each living being has genes that determine its 

characteristics. The most successful beings have a greater chance of survival, therefore more 

likely to transfer their genes to the next generation. Unlike traditional algorithms, the search 

starts with a population of starting points and not just one. Different mechanisms make it 

possible to explore the space of solutions and find the optimum. Like traditional algorithms, 

there is no certainty about the optimality of the solution, but the explored space is much 

larger [144]. The genetic algorithm process has four essential steps Figure 2.16: 

 

 

Figure 2.16 : Genetic algorithm Flow Chart 
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There are five stages involved in genetic algorithm [145] : 

1. Population Initialization. 

2. Calculation of Fitness value. 

3. Selection. 

4. Crossover. 

5. Mutation. 

6. Termination. 

1. Population Initialization: Genetic algorithm starts with the initialization of the 

population. The population represents the subset of all the possible solutions to our problem. 

Initialization is usually done randomly. 

2. Calculation of Fitness value: The fitness value is calculated from the initialized population 

using the fitness function. On the basis of fitness value calculated the section of the individual 

is done. From the population, the individuals with high fitness values are selected for the next 

steps i.e. crossover and mutation. 

3. Selection: Selection is the process of selecting the fittest individuals and lets them pass 

their genes to the next generation. Selection is performed on the basis of fitness value. A pair 

of individuals from the selected ones undergo further phases i.e. crossover and mutation. 

4. Crossover: Crossover also called recombination is the process of exchange of genetic 

materials (genes) between the parents. For the pair of individuals (or parents) to be 

recombined, a random crossover point is chosen. Then the genes are exchanged between the 

parents beyond the crossover point. 

4.1. One Point Crossover: A random crossover point is chosen and the part beyond the 

crossover point is swapped between the parents to get new offspring. 

 

Figure 2.17 : One Point Crossover 
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4.2. Multipoint Crossover: In the multipoint crossover, multiple crossover points are chosen 

randomly and the genes between the crossover points are swapped between the parents. 

 

Figure 2.18 : Multipoint Crossover 

4.3. Uniform Crossover: In this type of crossover each gene can take part in the crossover as 

a separate entity. To decide which gene to swap, we opt for some selection techniques like the 

tossing of a coin. 

 

Figure 2.19 : Uniform Crossover 

5. Mutation: It is analogous to biological mutation. Mutation maintains the genetic diversity 

from one generation of the population to the next. In mutation some of the genes of the 

obtained off-springs are altered from its previous state, thus creating an entirely new solution. 

Hence mutation can help to get a better solution. 

6. Termination: The termination condition in the genetic algorithm decides how long the 

looping in the algorithm will run. The GA produces better results in every loop, therefore, to 

have the right number of loops, the termination criteria should be selected wisely. Usually, the 

algorithm terminates when the population converges (means, when the offspring generated, 

are not significantly different from the previous ones). In some cases, we may also terminate 

the algorithm if the value of the objective function has reached some predefined value. 



MATHEMATICAL FORMULATION AND CONTROLLING ALGORITHMS | Conclusion 

63 
 

2.8.4 Grey Wolf Algorithm 

Grey wolf (Canis lupus) belongs to Canidae family. Grey wolves are considered as apex 

predators, meaning that they are at the top of the food chain. Grey wolves mostly prefer to live 

in a pack. The group size is 5–12 on average. Of particular interest is that they have a very 

strict social dominant hierarchy as shown in Figure 2.20. The leaders are a male and a female, 

called alphas. The alpha is mostly responsible for making decisions about hunting, sleeping 

place, time to wake, and so on. The alpha’s decisions are dictated to the pack. However, some 

kind of democratic behavior has also been observed, in which an alpha follows the other 

wolves in the pack.   In gatherings, the entire pack acknowledges the alpha by holding their 

tails down. The alpha wolf is also called the dominant wolf since his/her orders should be 

followed by the pack.  The alpha wolves are only allowed to mate in the pack.  Interestingly, 

the alpha is not   necessarily the strongest member of the pack but the best in terms of 

managing the pack.  This shows that the organization and discipline of a pack is much more 

important than its strength [146]. 

 

 

Figure 2.20 Hierarchy of grey wolf [146]. 

 

2.9 Conclusion 

These active control algorithms are used by the controller to determine the control force from 

the information measured by the sensors. As well as these algorithms will have produced a 

control law. 



MATHEMATICAL FORMULATION AND CONTROLLING ALGORITHMS | Conclusion 

64 
 

A citation of the works carried out in this field presented in the literature for the control of the 

vibrations of the structures isolated at the base allows to have a precise idea on the context of 

work of this thesis. The variants of the structures to be studied will be detailed in the next 

chapters with the results obtained and their analysis. 
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CHAPTER 3 HYBRID VIBRATION CONTROL FOR STRUCTURES: 

SIMULATION AND NUMERICAL RESULTS 

3.1 Introduction 

In this Chapter, the performance hybrid vibration control system (ATMD + Base isolation 

system) is evaluated using different controlling algorithm. A comparative study between LQR 

algorithm and a classical, none tuned PID controller is done in the first section. After that a 

classical PID controller will be compared to an optimized PID controller using well known 

state-of-art meta-heuristic optimization algorithms such as Artificial Hummingbird 

Algorithms, Grey Wolf Algorithm, Whale Optimization Algorithm, Dragonfly Algorithm, and 

Ant Lion Algorithm. 

In the last section the optimum tuning of the FO-PID and PID controllers has been 

accomplished by using a new meta-heuristic bio-inspired optimization algorithm called the 

artificial hummingbird algorithm (AHA). To evaluate the performance of the FO-PID, A 

comparison study is carried out against the conventional PID controller under the influence of 

five different earthquake excitations. After tuning the FO-PID/PID controllers, these last ones 

ensure the structural response control with an active tuned mass damper (ATMD) mounted 

on the top floor of a 5-story building. 

3.2 Comparative study on hybrid vibration control of base-

isolated buildings equipped with ATMD 

In this section, the performance of a hybrid control system (base isolators + ATMD) is 

investigated. The active force is obtained by a PID controller and by an LQR controller. In this 

study, a 5-story base-isolated building is used. In both control systems (PID & LQR) the top 

floor displacement was used as ‘feedback’. The damping and stiffness of the ATMD are 

determined assuming a passive TMD device adjusted to the structure's first mode, The 

building structure parameters are shown in Table 3.1. The proportional, integral, and 

derivative values selected for the PID controller are as follows: 

Kp = −20, Ki = −1 Kd = −300.  And coefficient filter (𝑁)  =  100 . 
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Table 3.1 : Building Parameters 
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Earthquake 
excitation

 

Figure 3.1 : Base isolated building equipped with ATMD on the top floor 

The simulation was done using MATLAB software. Three strong historically known 

earthquakes were used in this study. El Centro earthquake (1940), Northridge earthquake 

(1994), and Kobe earthquake (1995). 

The response results of the isolated, uncontrolled structure are compared to the same 

structure equipped with an ATMD, using two different types of PID and LQR control 

algorithms. 

Floor Mass 
(Kg) 

Stiffness 
(KN/m) 

Damping 
(KN.s/m) 

Base isolators 1.5 x 103 2.16 x 102 2.7 

1 1.5 x 103 2.1 x 106 34 

2 1.5 x 103 2.1 x 106 34 

3 1.5 x 103 2.1 x 106 34 

4 1.5 x 103 2.1 x 106 34 

5 1.5 x 103 2.1 x 106 34 

ATMD (active tuned 
mass damper) 

900 7.85 0.689 



Comparative study on hybrid vibration control of base-isolated buildings equipped with ATMD 

68 
 

Figures 3.2 to 3.4 show the building’s top floor displacement comparison during El Centro, 

Kobe, and Northridge earthquakes respectively. 

 

Figure 3.2 : Top floor response under El Centro seismic excitation 

 

Figure 3.3 : Top floor response under Kobe seismic excitation 
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Figure 3.4 : Top floor response under Northridge seismic excitation. 
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Figure 3.5 : Maximum story drift for the structure under the different earthquake excitations. (a) El Centro, (b) 

Kobe, and (c) Northridge. 
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Figure 3.6 : Time histories for the considered earthquake ground motion records. 

 

Table 3.3 : Parameters of the AHA. 

No Parameter Values 

1 Lower bound [𝐾𝑝, 𝐾𝑖, 𝐾𝑑] [-50,-50,-50] 

2 Upper bound [𝐾𝑝, 𝐾𝑖, 𝐾𝑑] [50,50,50] 

3 Population size 25 

4 No of iteration 50 
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(a)      (b) 

 

(c)       (d) 

 

(e) 
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Figure 3.8 : PID controller parameters evolution for all algorithms. 

 

 

Artificial Hummingbird 
Algorithm 

 

Grey Wolf 
Optimization Algorithm 

Dragonfly Algorithm 
 

Whale Optimization Algorithm 
 

Ant Lion Optimization Algorithm 

Northridge 

     

El Centro 

     

Chi-Chi 

     

Kobe 

     

Loma Prieta 

     

   

  

  

  

 

 
 
  

  
 
  

 
 

  

 

          

  

    

   

   

  

   

  

   

 
 
  

  
 
  

 
 

  

 

          

  

    

   

   

  

   

  

   

 
 
  

  
 
  

 
 

  

 

          

  

    

   

   

  

   

 

  

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

   

  

   

  

  

 
 
  

  
 
  

 
 

  

 

          

 

    

   

   

  

  

 

  

 

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

   

  

   

 

  

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

   

  

   

   

  

   

 
 
  

  
 
  

 
 

  

  

          

 

 

    

   

  

  

 

 

  

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

  

  

 

  

 
 
  

  
 
  

 
 

  

 

          

  

    

   

   

  

   

  

 

 
 
  

  
 
  

 
 

  

  

          

  

    

   

   

  

   

  

   

 
 
  

  
 
  

 
 

  

 

          

  

    

   

   

  

   

   

  

 

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

   

  

   

 

  

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

   

  

   

  

  

 
 
  

  
 
  

 
 

  

 

          

 

  

    

   

   

  

   

  

   

 
 
  

  
 
  

 
 

  

 

          

  

    

   

   

  

  

 

  

 

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

   

  

  

  

 

 
 
  

  
 
  

 
 

  

 

          

  

    

   

   

  

  

  

 
 
  

  
 
  

 
 

  

 

          

 

    

   

   

  

  

 

  

 

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   

   

  

   

   

  

  

 
 
  

  
 
  

 
 

  

 

          

 

  

    

   

   

  

   

   

  

  

 
 
  

  
 
  

 
 

  

 

          

 

  

    

   

  

  

 

  

 

 
 
  

  
 
  

 
 

  

  

          

  

    

   

   

  

   

   

  

 
 
  

  
 
  

 
 

  

 

          

  

  

    

   

  

  

 

 

  

 
 
  

  
 
  

 
 

  

 

          

 

 

    

   



Hybrid vibration control for seismically excited building structures using optimized Fractional Order PID controller 

89 
 

PID and the FO-PID controllers. Table 3.9 shows the optimum values obtained for the 

objective functions. It can be seen that the FO-PID performs much better than the classical PID 

controller in every case. Under Northridge earthquake excitation, the FO-PID controller finds 

a better solution J=4.1013, while the classical PID controller finds a value of J=5.2811, which 

means the FO-PID gives a better controlling performance, and it is more significant in the 

structural vibration control. Under El Centro, Chi-Chi, Kobe, and Loma Prieta, the FO-PID 

again gives better objective function results which are equal to J=8.1183, J=11.0972, J=3.4119, 

and J=2.5307 respectively. 

 

(a)  (d) 

 

(c) (d) 
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(e) 

Figure 3.21 :  The convergence history of the objective function for the AHA, GWO, DA, WOA, and ALO 

algorithms under the different earthquake excitations. (a) Northridge, (b) El Centro, (c) Chi-Chi, (d) Kobe and (e) 

Loma Prieta. 

 

Figure 3.22 : PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Northridge earthquake. 

 

Figure 3.23 : PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under El Centro earthquake. 
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Figure 3.24 : PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Chi-Chi earthquake. 

 

Figure 3.25 : PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Kobe earthquake. 

 

 

Figure 3.26 : PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Loma Prieta earthquake. 
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Figure 3.27 : FO-PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Northridge earthquake. 

 

Figure 3.28 : FO-PID gains evolution (𝜆, 𝜇) under Northridge earthquake. 

 

Figure 3.29 : FO-PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under El Centro earthquake. 

  
   

  

  

  

 

  

          

  

 
 
  

  
 
  

 
 

  

  

   

  

 

  

   

   

  

 
 
  

  
 
  

 
 

  

   

          

   

 

  

       

   

  

   

 

  

 
 
  

  
 
  

 
 

  

  

          

  

  

    

   



Hybrid vibration control for seismically excited building structures using optimized Fractional Order PID controller 

93 
 

 

Figure 3.30 : FO-PID gains evolution (𝜆, 𝜇) under El Centro earthquake. 

 

Figure 3.31 : FO-PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Chi-Chi earthquake. 

 

 

Figure 3.32 : FO-PID gains evolution (𝜆, 𝜇) under Chi-Chi earthquake. 

   

  

   

  

  

   

          

  

 
 
  

  
 
  

 
 

   

  

   

       

 

   

  

  

 

 
 
  

  
 
  

 
 

  

          

  

    

   

 

  
  

  

  

          

  

   

 
 
  

  
 
  

 
 

  

       

 



Hybrid vibration control for seismically excited building structures using optimized Fractional Order PID controller 

94 
 

 

Figure 3.33 : FO-PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Kobe earthquake. 

 

Figure 3.34 : FO-PID gains evolution (𝜆, 𝜇) under Kobe earthquake. 

 

Figure 3.35 : FO-PID gains evolution (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) under Loma Prieta earthquake. 
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Figure 3.36 : FO-PID gains evolution (𝜆, 𝜇) under Loma Prieta earthquake. 

 

Figures 3.22 to 3.26 shows the evolution of the parameters gain of the classical PID controller 

(𝐾𝑝,𝐾𝑖, 𝐾𝑑) during the AHA algorithm under several earthquakes: Northridge, El Centro, Chi-

Chi, Kobe and Loma Prieta respectively. On the other hand, the figures from 3.27 to 3.36 show 

the evolution of the parameters gain of the FO-PID controller (𝐾𝑝,𝐾𝑖, 𝐾𝑑, λ and μ ), under the 

same previous algorithm and earthquakes. Based on the obtained results presented in Table 

3.9, the FO-PID controller gives optimum values of the objective function compared with the 

classical PID, which mean minimum displacement in the top floor under all earthquake 

excitations. 

 

Table 3.10 : The optimum parameters of the PID and FO-PID controllers obtained by different used earthquakes. 

 

 Artificial Hummingbird 
Algorithm (PID) 

Artificial Hummingbird 
Algorithm (FO-PID) 

Earthquake 
ground 
motions 

Kp Ki Kd Kp Ki Kd Lambda Mu 

Northridge -1.2109 -5.9405 -0.7796 0.2387 -20.0300 12.2625 0.9948 0.8248 

El Centro -1.6831 -7.0496 -0.9066 -0.9673 -25.3107 48.1543 0.2184 0.5205 

Chi-Chi -1.6722 -10.3402 -0.6354 -3.0592 -12.0348 44.2058 0.9754 0.4485 

Kobe -1.6419 -3.8140 -0.7171 -2.1816 -23.3380 34.8575 0.8663 0.5327 

Loma Prieta -0.6652 5.6568 -0.7508 0.8828 1.8741 -7.5443 0.0029 0.0182 

 

Table 3.10 shows the optimum parameters of the FO-PID and PID controllers obtained using the 

Artificial Hummingbird optimization algorithm. These parameters were obtained using five 
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different earthquake excitations. The AHA algorithm is used to find the best parameters of the FO-

PID and PID in which the maximum top floor displacement is minimized.  

 

Figure 3.37 : Maximum story drift for the structure under the different seismic excitations,  

(a) Northridge, (b) El Centro, (c) Chi-Chi, (d) Kobe and (e) Loma Prieta. 

 

According to Fig. 3.37, which shows the maximum story drift for the structure under the 

different used seismic excitations, it can be seen that for the five scenarios, the Hybrid FO-PID 

control system gives the best performance compared to Hybrid-PID and obviously performs 

better than the passive control system or the uncontrolled system. The hybrid control system 

using an optimized FO-PID controller gives good results in reducing the maximum 

displacement on every single floor of the building structure. 
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Figure 3.38 : Time history displacement of the top story of the structure during Northridge earthquake 

excitation using the different optimization algorithms. 

 

Figure 3.39 : Time history displacement of the top story of the structure during El Centro earthquake excitation 

using the different optimization algorithms. 
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Figure 3.40 : Time history displacement of the top story of the structure during Chi-Chi earthquake excitation 

using the different optimization algorithms. 

 

 

Figure 3.41 : Time history displacement of the top story of the structure during Kobe earthquake excitation 

using the different optimization algorithms. 
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Figure 3.42 : Time history displacement of the top story of the structure during Loma Prieta earthquake 

excitation using the different optimization algorithms. 
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Table 3.11 : Maximum responses under different earthquake excitation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Peak Displacement (m) Response reduction (%) 

Story 
Uncontrolled 

response 
Passive 

Ctrl 
Hybrid 
Control 

Passive 
Ctrl 

Hybrid 
Control 

   PID FO-PID  AHA FO-PID 

Northridge 

1 0.1454 0.142 0.0937 0.0901 2.34 35.56 38.03 

2 0.2271 0.1722 0.1419 0.1296 24.17 37.52 42.93 

3 0.2604 0.2016 0.162 0.1386 22.58 37.79 46.77 

4 0.3271 0.2263 0.2094 0.1544 30.82 35.98 52.8 

5 0.3977 0.2757 0.2303 0.1659 30.68 42.09 58.29 

El Centro 

1 0.2210 0.2082 0.1456 0.1125 5.79 34.12 49.1 

2 0.3555 0.3053 0.2150 0.1529 14.14 39.53 57 

3 0.4867 0.3673 0.2525 0.1867 24.53 48.12 61.64 

4 0.5676 0.4204 0.2840 0.2092 25.94 49.97 63.15 

5 0.6077 0.4652 0.2911 0.2211 23.45 52.1 63.62 

Chi-Chi 

1 0.1873 0.1739 0.0886 0.0866 7.15 52.71 53.76 

2 0.2977 0.2537 0.1443 0.0964 14.77 51.53 67.61 

3 0.4157 0.3101 0.1816 0.1388 25.41 56.32 66.61 

4 0.5096 0.3482 0.2013 0.1709 31.67 60.5 66.46 

5 0.5655 0.3482 0.2099 0.1883 38.42 62.89 66.7 

Kobe 

1 0.1423 0.1260 0.0870 0.0611 11.45 38.86 57.06 

2 0.1758 0.1550 0.1257 0.0836 11.85 28.5 52.45 

3 0.2395 0.2037 0.1316 0.0976 14.93 45.05 59.25 

4 0.3047 0.2261 0.1590 0.1228 25.80 47.82 59.7 

5 0.3378 0.2355 0.1546 0.1337 30.28 54.24 60.43 

Loma Prieta 

1 0.1181 0.0973 0.0705 0.0452 17.61 40.3 61.73 

2 0.1400 0.1250 0.0817 0.0625 10.71 41.64 55.36 

3 0.1878 0.1606 0.1023 0.0830 14.49 45.53 55.8 

4 0.2286 0.1759 0.1085 0.0916 23.03 52.54 59.93 

5 0.2710 0.1844 0.1150 0.0961 31.96 57.56 64.54 
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Figure 3.43 : The reduction of maximum response for the top story. 

 

The maximum displacement of every floor for uncontrolled, passive, and hybrid-controlled 

systems and the percentage of response reduction against different earthquake excitations 

using Optimized FO-PID and PID controllers are shown in Table 3.11 and in Fig. 3.43.  

Looking at Fig. 3.38 shows the top floor displacement during the Northridge earthquake 

excitation. It can be seen that the Hybrid control system using an optimized FO-PID controller 

reduces the maximum displacement by 58%, while the PID controller by 42%. In Fig. 3.39 

again, the FO-PID controller outperforms the classical PID controller in reducing the 

maximum displacement by almost 63% during El Centro earthquake excitation, while the 

classical PID controller reduces the top story peak response by 52%. Fig .3.40 shows the top 

floor displacement during Chi-Chi earthquake excitation. In this case, the hybrid control using 

the optimized FO-PID controller reduces the maximum displacement by almost 67 %, while 

the classical PID controller by only 62%. As shown in Fig. 3.41 and Fig. 3.42, the hybrid 

control system using the optimized FO-PID gives better performance compared to the 

classical PID controller by reducing the peak displacement by 60% and 64%, respectively. 

These previous figures show that all controllers can reduce the structural response, but the 

FO-PID controller reduces the displacement of the top floor more significantly and gives 

better performance overall. 
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Figure 3.44 : Top story acceleration during Northridge earthquake excitation using the different optimization 

algorithms. 

 

Figure 3.45 : Top story acceleration during El Centro earthquake excitation using the different optimization 

algorithms. 
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Figure 3.46 : Top story acceleration during Chi-Chi earthquake excitation using the different optimization 

algorithms. 

 

Figure 3.47 : Top story acceleration during Kobe earthquake excitation using the different optimization 

algorithms. 
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Figure 3.48 : Top story acceleration during Loma Prieta earthquake excitation using the different optimization 

algorithms. 
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Table 3.12 : Average accelerations under different earthquake excitation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To evaluate the performance of the different controlling systems, the average accelerations of 

every floor for uncontrolled, passive, and hybrid-controlled systems and the percentage of 

average acceleration reduction against different earthquake excitations using FO-PID and PID 

controllers are shown in Table 3.12. 

From Fig. 3.44, Fig. 3.45, Fig. 3.46, Fig. 3.47, and Fig. 3.48, the performance of FO-PID 

controlled system performs better than the classical PID in reducing the top floor average 

acceleration by 59%, 67%, 61%, 62%, and 60%, in comparison, to the uncontrolled structure, 

for Northridge, El Centro, Chi-Chi, Kobe, and Loma Prieta earthquakes. 

 Average Acceleration (m/s²) Average Acceleration reduction (%) 

Story 
Uncontrolled 

response 
Passive 

Ctrl 
Hybrid 
Control 

Passive 
Ctrl 

Hybrid 
Control 

   PID FO-PID  AHA FO-PID 

Northridge 

1 0.5625 0.3715 0.5051 0.3013 33.96 10.21 46.43 

2 0.7832 0.3752 0.7036 0.4325 52.10 10.16 44.78 

3 0.6867 0.5911 0.3895 0.3385 13.92 43.27 50.70 

4 0.6583 0.5471 0.5548 0.3204 16.90 15.72 51.32 

5 0.8921 0.5638 0.4303 0.3654 36.80 51.76 59.04 

El Centro 

1 0.5032 0.4398 0.4576 0.4483 12.60 9.06 10.92 

2 0.7805 0.5928 0.4902 0.3921 24.05 37.19 49.76 

3 0.9864 0.7432 0.3458 0.2572 24.66 64.94 73.93 

4 1.1468 0.8395 0.4147 0.3111 26.80 63.83 72.87 

5 1.2771 0.8616 0.3594 0.4164 32.54 71.86 67.39 

Chi-Chi 

1 0.6816 0.4123 0.6350 0.4272 39.50 6.84 37.32 

2 0.8028 0.7511 0.6977 0.3795 6.44 13.08 52.72 

3 0.8815 0.8411 0.4857 0.3624 4.58 44.90 58.89 

4 0.9614 0.9132 0.5682 0.3671 5.02 40.90 61.82 

5 1.0526 0.8900 0.5556 0.4086 15.44 47.22 61.18 

Kobe 

1 0.4014 0.2868 0.2644 0.2085 28.57 34.14 48.07 

2 0.5156 0.3789 0.3155 0.2541 26.53 38.82 50.72 

3 0.5364 0.5049 0.3246 0.2221 5.86 39.48 58.59 

4 0.5980 0.5919 0.3564 0.2143 1.02 40.40 64.16 

5 0.6432 0.5156 0.3493 0.2424 19.83 45.70 62.32 

Loma Prieta 

1 0.5207 0.3133 0.2496 0.2751 39.83 52.07 47.16 

2 0.5904 0.3746 0.2545 0.2618 36.55 56.89 55.66 

3 0.6520 0.4755 0.4323 0.2440 27.07 33.70 62.58 

4 0.6570 0.5011 0.4091 0.2550 23.73 37.73 61.18 

5 0.7067 0.4971 0.3681 0.2782 29.67 47.91 60.64 
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In this work and based on the obtained results, we succeeded pretty much to maintain the 

safe displacement responses of a 5-story building against different earthquake excitations 

based on the proposed hybrid vibration control system. Where, the parameters gain of the FO-

PID were chosen in an optimal way using the AHA metaheuristic algorithm, the examined 

building structure system is represented mathematically using a state-space representation, 

two inputs (earthquake excitation and the control force signal) and the outputs are the 

displacements, and the accelerations responses. The effect of the fractional-order derivative 

and integration of the FO-PID is clearly visible in the comparative study with the integer-

order PID controller. The maximum displacement of all the floors under the applied force 

control of the proposed FO-PID ranging between 2 ≤ 𝑥 ≤ 11, the classical PID force control 

ranging between 3 ≤ 𝑥 ≤ 17, from the both displacement interval, the positive effect of the two 

fractional-order actions is clearly visible. In the side of control force, i.e. the energy consumed 

by the actuators, we see that interval search of the selected FO-PID controller gains are more 

suitable in economical point of view where:  0.9 ≤ 𝐾𝑝 ≤ -3,  -25 ≤ 𝐾𝑖 ≤ 2  and  48 ≤ 𝐾𝑑 ≤ -8. 
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CHAPTER 4 HYBRID VIBRATION CONTROL FOR STRUCTURES 

WITH SOIL-STRUCTURE INTERACTION: SIMULATION AND 

NUMERICAL RESULTS 
 

4.1 Introduction 

The dynamic response of structures equipped with vibration control systems are usually 

investigated without taking soil-structure interaction (SSI) effects into consideration. Taking 

the SSI effects can significantly and drastically impact the dynamic properties of the studied 

structure. Many studies have shown that the SSI effect cannot be ignored if we want to obtain 

the best performance from the active vibration control system. 

This chapter aims to show and discuss the impacts of SSI on the seismic performance of the 

structures and the effectiveness of the implemented controllers. A mathematical model is 

created, or the time domain examination of tall buildings equipped with ATMD and including 

SSI effects. The numerical analyses are conducted on a 5-story building structure subjected to 

various historically well-known seismic excitations, taking into account the fixed base case 

and three types of soil states: soft, medium, and dense soil. 

An optimized PID controller is used for tuning control force of ATMD in different conditions of 

ground state. Also, the Artificial Hummingbird algorithm (AHA) is used for the gain 

parameters of the controller in both cases without and with SSI effects.  

Mathematical Formulation: 

The equation of motion for the system can be expressed as follows: 

 [𝑀]{𝑥̈} + [𝐶]{𝑥}̇ + [𝐾]{𝑥} = −[𝑀]{𝑟}{𝑥𝑔̈} − {𝑑}𝑓(𝑡) (4.1) 
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Figure 4.1 : Building structure equipped with ATMD including SSI effects. 

Figure 15 shows a 5-story building structure with ATMD considering the SSI effect. The AMTD 

parameters mass, viscous damping and stiffness are represented by 𝑀𝐴𝑇𝑀𝐷 , 𝐶𝐴𝑇𝑀𝐷 and 𝐾𝐴𝑇𝑀𝐷 , 

while the stiffness and damping between the different floors are assumed to be [𝑀], [𝐶] and 

[𝐾] respectively. Also {𝑥̈}, {𝑥̇} and {𝑥} are the acceleration, velocity, and displacement vectors 

of the system respectively. 

Displacement vector: {𝑥} = [𝑥𝑏 , 𝑥1, … , 𝑥𝑛, 𝑥𝑎𝑡𝑚𝑑] 
𝑇, 

velocity vector: {𝑥̇} = [𝑥̇𝑏 , 𝑥̇1, … , 𝑥̇𝑛, 𝑥̇𝑎𝑡𝑚𝑑] 
𝑇, 

acceleration vector: {𝑥̈} = [𝑥̈𝑏 , 𝑥̈1, … , 𝑥̈𝑛, 𝑥̈𝑎𝑡𝑚𝑑]
𝑇. 

𝑥𝑏 : the displacement of the base. 

𝑥𝑎𝑡𝑚𝑑  : the ATMD displacements. 

{𝑟} : is called influence vector, wherein this study  {𝑟} = [1,1, … ,1,1]𝑡  . 

{𝑑} : is a vector, this vector locates where the control forces are applied 
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𝑓(𝑡) represent the applied active control force. 

𝐶𝑠 and 𝐶𝑟 are the damping of the swaying damping and rocking damping respectively, 𝐾𝑠 and 

𝐾𝑟 represents the corresponding spring stiffness. 𝑀0 represents the foundation mass, while 𝐼0 

is the foundation moment of inertia. Those parameters can be obtained from the soil 

properties such as Poisson’s ratio 𝑣𝑠, soil density 𝜌𝑠, velocity 𝑉𝑠, foundation radius 𝑅0 and 

finally shear wave modulus 𝐺𝑠[144]. 

The obtained parameters of the soil are presented in Table 4.1. 

Table 4.1 : Parameters of the foundation and soil types [145]. 

Parameters Dense soil Medium soil Soft soil 

Poisson’s ratio, ν 

Soil density (kg/m3), ρ 

Shear-wave velocity (m/s), Vs 

Cs (Ns/m) 

Cr (Ns/m) 

Ks (N/m) 

Kr (N/m) 

0.33 

2400 

500 

1.32 × 109 

1.15 × 1011 

5.75 × 1010 

1.91 × 1013 

0.48 

1900 

300 

6.90 × 108 

7.02 × 1010 

1.80 × 1010 

7.02 × 1012 

0.49 

1800 

100 

2.19 × 108 

2.26 × 1010 

1.91 × 109 

7.53 × 1011 

 

Matrices in equation (4.1) can be expressed as follows: 

[𝑀] =

[
 
 
 
 
 
 
 
 
𝑚𝑏 ⋯

𝑚1

⋮ ⋱ ⋮
⋯ 𝑚𝑛−1

𝑚𝑛

𝑚𝐴𝑇𝑀𝐷

𝑀0

𝐼0 ]
 
 
 
 
 
 
 
 

   (4.2) 

[𝐶] =

[
 
 
 
 
 
 
 
 
 
𝑐1 + 𝑐2 −𝑐2 0 … 0

−𝑐2 𝑐2 + 𝑐3 −𝑐3
0 −𝑐3 ⋱ ⋱

⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱

𝑐𝑛 + 𝑐𝑎𝑡𝑚𝑑 −𝑐𝑎𝑡𝑚𝑑
−𝑐𝑎𝑡𝑚𝑑 𝑐𝑎𝑡𝑚𝑑

𝐶𝑠 0

0 … 0 𝐶𝑟]
 
 
 
 
 
 
 
 
 

     (4.3) 
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[𝐾] =

[
 
 
 
 
 
 
 
 
 
𝑘𝑏 + 𝑘1 −𝑘 0 … 0

−𝑘 𝑘1 + 𝑘2 −𝑘2
0 −𝑘2 ⋱ ⋱

⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱

𝑘𝑛 + 𝑘𝑎𝑡𝑚𝑑 −𝑘𝑎𝑡𝑚𝑑
−𝑘𝑎𝑡𝑚𝑑 𝑘𝑎𝑡𝑚𝑑

𝐾𝑠 0

0 … 0 𝐾𝑟]
 
 
 
 
 
 
 
 
 

        (4.4) 

In this study, the dynamic system is represented with a state-space representation, where 𝑥 

represents the state vector and 𝑢 represents the input vector. 

{
𝑥̇ =  𝐴𝑥 + 𝐵𝑢
𝑦 =  𝐶𝑥 + 𝐷𝑢

 (4.5) 

𝐴, 𝐵, 𝐶, and 𝐷 are the system, input, output, and feedthrough matrices in that order. 

𝑥, 𝑢, 𝑦 are state, input, and output vectors. 

The properties of the building are shown in previous chapter. Two different ground 

acceleration are used in this numerical simulation: Northridge and El Centro (as indicated in 

Table 4.2), with magnitudes ranging from 6.7 to 6.9. 

Table 4.2 : Earthquakes are considered in the numerical study. 

 

 

 

 

 

4.2 Results and discussion 

The hybrid vibration control system is evaluated from two points of view, the safety of the 

structural building and the residential comfort, the criteria used for the optimization of the 

PID controller is the maximum horizontal displacement of the building’s top story. 

Eq. 

Abbr. 

Location Date of 

occurrence 

Station PGA 

(g) 

Moment 

magnitude 

EQ1 Northridge 1994 Beverly Hills-Mulhol 0.52 6.7 

EQ2 El Centro 1940 USGS station 0117 0.38 6.9 
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Figure 4.2 : Top story displacement with and without SSI effect, El Centro earthquake, Dense Soil. 

 

 
Figure 4.3 : Top story displacement with and without SSI effect, El Centro earthquake, Medium Soil. 
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Figure 4.4 : Top story displacement with and without SSI effect, El Centro earthquake, Soft Soil. 

 

Figure 4.5 : Top story displacement with and without SSI effect, Northridge earthquake, Dense Soil. 
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Figure 4.6 : Top story displacement with and without SSI effect, Northridge earthquake, Medium Soil. 

 

Figure 4.7 : Top story displacement with and without SSI effect, Northridge earthquake, Soft Soil. 

 

The time history analyses of the building structures are carried out using two well-known 

strong earthquake excitations, El Centro (1940) and Northridge (1994). The structure 

equipped with hybrid vibration control system controlled by an FO-PID controller is 

simulated without and with SSI effect and also without control. These three cases will be 

compared together. In case where SSI effect is considered, three types of soil (dense, medium, 

and soft) are used.  
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As shown in Figures 4.2, 4.3 and 4.4, it can be seen that the response of the building lying on 

dense soil is very close to the response of the fixed base structure. Also, it can be observed 

that the soft soil has important effect on the response of the building in such way that the 

structure with soft soil can help the hybrid control system to decrease the uncontrolled peak 

response of the top floor of the fixed base structure under the El Centro earthquake excitation. 

The same observations can be seen on Figures 4.5, 4.6 and 4.7. 

From all the previous results, it can be seen that when the foundation stiffness decreases, the 

structure's dynamic response also decreases, energy, so the dynamic response of the 

structure on soft soil is generally smaller than that on hard soil. This is so because soft soil can 

absorb more energy compared to hard soil. Therefore, ignoring the SSI effect may result in 

significant errors in the seismic analysis of high-rise structures, which is consistent with the 

obtained results. 

4.3 Conclusion 

Neglecting the SSI impacts could lead to inaccurate and unrealistic results of the structure's 

seismic behavior. 

The optimum hybrid vibration control for different support conditions is very different. For 

fixed based and dense soil, the controlling results, but compared to the soft soil the 

performance can be completely different. In that case, the fixed based assumptions can be 

only accepted for very dense soil. 

It is found that hybrid vibration control is more effective for the higher soil stiffness and their 

efficiencies are degraded in soft soils. Furthermore, the SSI significantly effects on the 

optimum design of the PID controller. The adopted controller is significantly able to mitigate 

the peak top floor displacement of the tall building, compared to uncontrolled building. The 

performance of the controllers decreases with increasing soil softness, so that the ignoring the 

SSI effects may result in incorrect and unrealistic results of the seismic behavior of the 

structures. 
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General Conclusion 

The earthquake remains the number one enemy of structures because it presents the 

most destructive phenomenon in urbanized areas. It is unfortunately certain that earthquakes 

will continue to surprise man and because of the impossibility of predicting them, the only 

valid prevention is to build earthquake-resistant because prevention is better than cure. 

Among the seismic construction methods is structural vibration control technology. 

This study presents the results of the analysis of the hybrid control of the vibrations of 

buildings, the result of the coupling of the insulation at the base with a TMD or ATMD damper 

in order to compensate for the deficiencies of the seismic insulation against high intensity 

earthquakes, such as reduced travel at the base and high accelerations at the top of the 

building. 

In which, three control algorithms have been studied, which are: open loop control law, closed 

loop control law and closed open loop control law. These algorithms have been used, on 

structures with 1 and 𝑛 DOF , to calculate the force necessary to apply. 

Base on the numerical study carried out in this study, the following conclusions can be made: 

• A state of the art has about the different methods of structural vibration control as well 

as a historical overview of these methods and their importance in controlling building 

vibration is presented. 

• The behavior of isolated structures differs from one earthquake to another, and from 

one base isolation system to another. 

• The numerical study must be driven over a wide range of seismic excitations 

recordings and many structural configurations in order to be able to validate the 

results and to properly judge the proposed vibration control systems. 

• All controlled systems reduce the displacements and the accelerations of the different 

floors. 

• Based on the structural response reduction percentage, it is clear that the hybrid (Base 

isolators + ATMD) control system is far more efficient than the passive control. 

• The FO-PID controller can give a remarkable and better controlling performance of the 

system compared to the classical PID controller. 

• All control systems can lead to reduced structural responses. 
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• The hybrid control system (Base isolators + ATMD) is significantly better and more 

efficient than the passive control system based on the structural response reduction 

percentages. 

• It is found that hybrid vibration control is more effective for the higher soil stiffness 

and their efficiencies are degraded in soft soils. Furthermore, the SSI significantly 

effects on the optimum design of the PID controller. The adopted controller is 

significantly able to mitigate the peak top floor displacement of the tall building, 

compared to uncontrolled building. The performance of the controllers decreases with 

increasing soil softness, so that the ignoring the SSI effects may result in incorrect and 

unrealistic results of the seismic behavior of the structures. 

• The essence of this work has been assembled into an interactive graphical interface 

using MATLAB, to make this work available and easy to exploit for all concerned in the 

field of the active vibration control of a multi-story building structure. The Artificial 

Hummingbird algorithm outperforms the other optimization algorithms in reducing 

the displacements and accelerations of the 5-story building during the different 

earthquake excitations. 

 

Further works 

 

• More than one active control can be placed on different building floors. This is known 

as the multi-variable active control. 

• Adding uncertainty in a mathematical model of building structure to check the 

robustness of proposed controllers. 

• Generalized this work in discrete-time and frequency domain. 

• Stability study of the building structure under different earthquake excitations in time 

and frequency domain. 
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SVCS Software 

To easily simulate the vibration control of a building structure, a graphical user interface 

(GUI) is developed in MATLAB, we called this application SVCS (Structural Vibration Control 

Simulator) as shown in Fig. A.1 (Splash screen). Fig. A.2 represents the main window of the 

application. 

 

 

Figure A.1 : Splash screen. 
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Figure A.2 : SVCS main window. 

 

This application provides many features such as: 

Earthquake input 

This application includes a database base that contains the 22 most historically known 

earthquakes (El Centro, Northridge, Kobe, Chichi, …). So, the user can directly select the 

desired earthquake excitation to be used for simulation. If not, this application allows you also 

to choose a custom earthquake from an external file (.txt format). This file should contain two-

column data (time and ground acceleration), as shown in Fig. A.3. 

 

Figure A.3 : Earthquake input tab. 
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PID tuning 

In this application, the user can tune the PID controller manually by typing 𝐾𝑝,𝐾𝑖, 𝐾𝑑 (Fig. 27) 

values or choose one (or many) optimization algorithms to tune automatically the PID 

controller. 

The available tunning algorithms available in this version of the application are Artificial 

Hummingbird algorithm (AHA), Grey Wolf Optimization algorithm (GWO), Dragonfly 

Algorithm (DA), Whale Optimization Algorithm (WOA), and Ant Lion Optimization algorithm 

(ALO). 

A user can define the following parameters for any algorithm: upper and lower bounds, 

number of iterations, number of search agents, as shown in Fig. A.4. 

 

 

Figure A.4 : PID controller tab. 
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Figure A.5 : Optimizations tab. 

Data preview and export 

In this application, the user can preview the earthquake ground motion (Fig. A.6), the 

objective function convergence curve, and the table of optimum values obtained (Fig. A.6 and 

Fig. A.7). The results data can be exported as a Microsoft EXCEL file. And the plot data can be 

exported as (svg, png, tiff, ….) file format. 

 

Figure A.6 : Earthquake preview window. 
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Figure A.7 : Objective functions results table. 
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