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Abstract

Variable digital filters are widely used in several signal-processing applications because of their capability of self-tuning
frequency characteristics, such as the cutoff frequency and the bandwidth. This thesis proposes new state-space formulations of
IIR Variable Digital Filters (VDFs) based on frequency transformations. In the first part, we presented a brief overview of digital
filters, then a general overview of the recent development in variable digital filters, focusing on the problems of design and
realization and application to adaptive filtering. Then, we proceed into the theory of frequency transformation from the
viewpoint of the internal properties of filters. In the second part, VDFs were created using a state-space model based on a
frequency transformation, which requires the inverse matrix and the square root, leading to high computational costs. Then a
new algorithm was implemented to generate the same VVDFs absent the complex calculations that utilized negative binomial and
Taylor series approximations in a simple state-space formulation. This algorithm provides high-accuracy approximations of the
inverse matrix and square root compared to other algorithms that have been developed. Finally, a comparison study is presented
between current works and the suggested technique with the help of illustrations from the literature. Thus, the proposed VDFs
have high tuning accuracy with respect to finite wordlength effects.

Keywords: Variable Digital Filters, Frequency transformation, State-space representation, Negative

binomial series approximation, Taylor series approximation, Finite wordlength effects.

Résumé :

Les filtres numériques variables sont largement utilisés dans plusieurs applications de traitement de signaux en
raison de leur capacité a régler eux-mémes les caractéristiques de fréquence, telles que la fréquence de coupure et la
bande passante. Cette thése propose de nouvelles formulations d’espace d’état de filtres numériques variables RII (FNV)
basées sur des transformations fréquentielles. Dans la premiere partie, nous avons présenté un bref apercu des filtres
numériques, puis un apercu général de 1’évolution récente des filtres numériques variables, en mettant I’accent sur les
problémes de conception et de réalisation et d’application au filtrage adaptatif. Ensuite, nous passons a la théorie de la
transformation de fréquence du point de vue des propriétés internes des filtres. Dans la deuxiéme partie, les FNV ont été
créés a ’aide d’un modéle d’espace d’état basé sur une transformation en fréquence, qui nécessite la matrice inverse et la
racine carrée, ce qui entraine des colts de calcul élevés. Ensuite, un nouvel algorithme a été mis en ceuvre pour générer
les mémes FNV en ’absence des calculs complexes qui utilisaient des approximations binomiales négatives et des séries
de Taylor dans une formulation simple d’espace d’état. Cet algorithme fournit des approximations de haute précision de
la matrice inverse et de la racine carrée par rapport a d’autres algorithmes qui ont été développés. Enfin, une étude
comparative est présentée entre les travaux actuels et la technique suggérée a ’aide d’illustrations de la littérature. Ainsi,

les FNV proposés ont une grande précision d’accord en ce qui concerne les effets de longueur de mot finie.

Mots clés : Filtres numériques variables, Transformations fréquentielles, Représentation de

l'espace d'état, Approximation de séries binomiales négatives, Approximation en série de Taylor,

effets de longueur de mot finie.
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General introduction

Digital Signal Processing (DSP) is interested in representing signals in digital form,
processing these signals and the information they carry. Since the early 1970s, when the
first DSP chips were introduced, the digital signal processing field has evolved
considerably. Digital signal processing has become an integral part of many commercial
products and applications and has become a popular term. DSP is useful in almost any
application that requires high-speed processing of a large amount of numerical data. Data
can be anything from location and speed information for the closed-loop control system to

2D video images to digital sound and vibration signals [1].

In signal processing, signals with unwanted information, such as random noise or
interference, are often encountered, or there is a need to selectively extract an interesting
signal integrated with many other signals. Filters, in these cases, are used to separate
attention signals from others. Filters can be analog or digital. Analog filters use electronic
circuits to produce the desired filtration effect, while digital filter uses a digital processor
to make digital calculations on signal sample values. The processor may be a general-
purpose computing machine, such as a PIC microcontroller or specialized DSP chip. There
are two basic types of digital filters: Infinite Impulse Response Filter (IIR) and Finite

Impulse Response Filter (FIR).

Variable Digital Filters (VDFs) are frequency selective digital filters capable of real-
time tuning of frequency characteristics, such as low-pass filters with tunable cutoff
frequency and band-pass filters with tunable center frequency and/or tunable bandwidth.
VDFs are widely used in a number of practical applications such as audio processing,
telecommunications, and biomedical signal processing systems. Up to the present, a
number of research results on VDFs have been proposed, ranging from theoretical
framework for design/synthesis to hardware implementation and practical applications [2].
Historically, two approaches are well-known for the design of VDFs. One is the
transformation-based technique [3-5], and the other is the spectral parameter

approximation-based technique [6-10]. Both techniques have advantages and




disadvantages in practical use. In recent years, these two techniques have been further
extended, and new VDFs with low implementation complexity have been proposed
[11,12]with applications to reconfigurable filter bank [13,14]Jand dynamic spectrum
learning and access-based cognitive radio networks [15]. Also, in [16-18] another
promising technique has been developed for designing VDFs using a fast filter bank

approach.

This thesis focuses on the transformation-based technique among the
abovementioned techniques. Specifically, we consider VDFs with Infinite Impulse
Response (1IR) transfer functions given by the frequency transformation [3]. An advantage
of the frequency transformation-based VDFs is the simple mechanism for tuning
frequency characteristics, leading to the development of adaptive notch filters [19,20] and
adaptive band-pass/band-stop filters [21]. In addition, the frequency transformation-based
VDFs have another powerful advantage: high-accuracy filter structures can be used to
realize the transfer functions of VDFs. Up to the present, many VDFs with high-accuracy
structures have been proposed [22], enabling us to realize VDFs that reduce the
performance degradations caused by the finite wordlength effects such as the coefficient
quantization error and the round-off noise. These advantages make the frequency
transformation-based VDFs attractive in designing, realizing, and implementing many

signal processing applications.

In [23], Variable Low-Pass Filters (VLPFs) based on the state-space approach were
presented. This method applies to limited transfer functions with distinct complex
conjugate poles. Also, the state-space representation presented by this method is limited to
particular realization's: the minimum round-off noise realization and the balanced
realization. In [24], Variable Band-Pass Filters (VBPFs) and Variable Band-Stop Filters
(VBSFs) can only tune the center frequency. However, this method can be applied to any
class of transfer function or state-space representation. The state-space VLPFs and VHPFs
proposed in [25] can be applied to arbitrary transfer functions and state-space
representations. In addition, the VBPFs and VBSFs can tune both the center frequency and
the bandwidth by applying two series approximations to reduce the complexity of both the
inverse matrix and the square root. However, this proposed series approximation cannot

give a high accuracy approximation, motivated by this observation. To this end, this work




proposes frequency transformation-based VDFs, of which structures show high accuracy
regarding the finite word length effects. A new, simple algorithm is used for the VDFs.
model and implementation in a state-space representation. The inverse matrix and square
root are calculated using the negative binomial and Taylor series approximations in the
state-space representation to avoid computational complexity. In addition, this approach
makes it possible to improve the accuracy in approximating the inverse matrix and square
root [26]. Poor approximation accuracy is caused by large values of the approximation
parameters, which degrade VDFs performance, as shown in chapter 5. Furthermore, this
proposed method allows us to improve the performance of all VDFs (VLPFs, VHPFs,
VBPFs, and VBSFs) concerning finite wordlength effects under all tunable frequency

characteristics.

The thesis is organized as follows. Start with some reviews of the digital filters
basics. Second, an overview of the recent development of variable digital filters. Then, the
technique based on frequency transformation is discussed, and then designing the
proposed VDFs using the series approximation approach is outlined. Finally, the last

chapter offers various examples to show our proposed method's usefulness and efficiency.
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Chapter 1

Introduction to digital filters

1.1 Introduction

It is difficult to give a formal definition of the concept of filtering. The electronic
engineer often thinks of a modification of the frequency characteristics of a given input
signal. From a theoretical point of view, the frequency domain is coupled to the time
domain, so filtering also modifies the response in the latter. To a sequence of samples of a
discrete time input signal x(n), a digital filter, defined by its impulse response h(n)or by
its transfer function H(z) in terms of z, responds with a sequence of samples of an output

signal y(n) (Figure 1.1).

Digital Filter

x(1) <=> X(z)

Figure 1.1 Transfer function representation in z.

Examples of filtering are given below.

» Noise reduction for radio signals, sensor images, or audio signals.

» Modification of certain frequency zones in an audio signal or image.

» Limitation to a predefined frequency band.

» Special functions (derivation, integration, Hilbert transform ...).

» In the example of the DTMF (Digital Tone Multiple Frequency) code used in
telephony [27], the transmitted signal is the sum of two sinusoids whose frequencies

are normalized (see Figure 1.2 left). It results from the choice of the key pressed on
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your phone. This principle is often referred to as voice frequencies. At the reception,
to recognize the dialed number, a series of filter banks is used (see Figure 1.2 right).
A first discrimination of two frequency zones is realized by a high pass filter and a
low pass filter. Then, in each zone, a series of band-pass filters followed by a

detector allows the presence of a particular frequency to be eliminated.

—»|BPFilter| { Detector | —» 597 115
_.] BP Filter |_| Detector I—p 770 Hz
| »[BP Filter| { Detector | —» gs5 11,

__>| BP Filter |_| Detector I—» 941 Hz

__,| BP Filter I_l Detector |_> 1209 Hz
|_y|BP Filter| | Detector |—» 1336 Hz

L_»|BP Filter| | Detector | 1477 Hz

697 Hz

770 Hz

‘ LP Filter F‘ Limiter

852 Hz

‘ HP Filter ’“‘ Liumiter

941 Hz

1209 Hz 1336 Hz 1477 Hz

Keypad tone frequencies Tone detection scheme

Figure 1.2 Example of DTMF code in telephony.

1.2 Representation of a digital filter

Digital filtering can be represented using several types of specifications.

1.2.1 Transfer functionin z

This representation mode is the most common. It allows to link the input and the

output in the plane Z by Y(z) = H(z).X(z). In the following, we will pose:

N(z) _ YMobiz7!
D(z) 14¥N,a;z71

H(z) = (1.1)

where N(z) is the polynomial of the numerator of the transfer function, while D(z)
is its denominator. N is here the order of the filter. In the case where H(z) has poles, we
speak of IR filters. If N(z) = 1 we speak of an all-pole filter. In the case where D(z) = 1
the filter has only zeros. This family of filters corresponds to the case of FIR filters. This
one has no equivalent in analog filtering, and we will see that its properties make it a very

used function in digital signal processing.
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Eq.(1.1) can "also be represented by highlighting the poles and zeros.

_ 4 IM5'Ge-20)
H(z) = by =T a—p0 (1.2)

where p, are the poles and z; are the zeros of H(z). We recall here that the stability
of the filter will be terminated by the poles belonging to the unit circle (i.e. |pi| < 1), and
that zeros belonging to the unit circle will characterize a minimum phase filter. Figure 1.3
shows several versions of representations of H(z). The direct form Figure 1.3(a) can be a
product or sum of lower order transfer functions, usually of order 2. Eq.(1.3) and Figure
1.3(b) represent the parallel form, while Eq.(1.4) and Figure 1.3(c) represent the cascade

form.

-1 -2
H(z) = XM, Hy(z) = xM 2othiz_thez (1.3)

=194 4a,51+a,z-2

-1 -2
H(z) = 1", H;(z) = [, 20z _3be (1.4)

=194 4q,5-1+a,z-2

1.2.2 Impulse response

The impulse response is the function in z inverse of H(z).

H(z) = Yp-oh(n).z™" (1.5)

As in analog filtering, the output of a filter y(nT) is the result of the convolution of
the input signal represented in a temporal way x(nT) with the impulse response of the

filter h(nT). We have then y(nT) = x(nT) * h(nT) or, if we ignore the sampling period :

y(m) = x(n) * h(n) = LyZox(k).h(n — k) = LpZox(n — k).h(k)  (1.6)

In the case where x(n) is an impulse §(n), we find well y(n) = h(n).
According to the cases where h(n). Is infinite or finite support, we will find

respectively the two IIR and FIR filter types.
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1.2.3 Difference equation

A transformation in z transformation of Eq.(1.1) leads to the following form:
M N
yo) = Y bux(n—i) = Y ay(m 1) (1.7
i=0 i=0

i

We identify here two distinct parts: a part depending on the current value and the
previous values of the input x(n)and a part depending on the previous values of the output
y(n). Depending on whether the ai are non-zero or zero, we will speak of recursive or non-

recursive filters.

x@ | T | YG)

X(2) H) Y(2)
—> Z) —»
a) Direct form b) Parallel form

1

X(z)
— i) — ) > .. — B | —

c) Cascade form

Figure 1.3 Transfer function representations in z.

1.3 Specification of a digital filter

Before a digital filter can be designed and implemented, we need to define its

specifications. A filter must let certain frequencies pass, while it must attenuate (or even
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eliminate) others. We must therefore be able to represent these constraints. There are four

basic filters:

% low-pass filters allow frequencies below a cut-off frequency to pass and block those

above it Figure 1.4(a). f. and block those above it Figure 1.4(a),

+ high-pass filters block frequencies below a cut-off frequency £, and let pass
those above it Figure 1.4(b),

< band-pass filters allow frequencies around a central frequency f, (or between f, and
f,) and block the others Figure 1.4(c),

<+ band-stop filters block frequencies around a center frequency f, (or between f, and

f,) and let the others pass Figure 1.4(d).

|H(e’?)] |H(e?)]
A A
1 1 <
—> —>
Q. T Q Q. T Q
a) Low pass filter b) High pass filter
1 ()] 1 (&)
A A
i 1 —
I > ! >
Q,Q,Q, m Q Q0,0 T Q
c) Band-pass filter d) Band-stop filter

Figure 1.4 ldeal frequency responses of the 4 basic filters.
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The filters shown in Figure 1.4 are ideal. In a real case there can be no
discontinuities. The passage between the passing and attenuated zones is done by the so-
called "transition™ zones whose width will express the selectivity of the filter. The pass and
attenuated bands are also not ideal, they contain ripples whose amplitude is expressed by
the parameters of ripple in pass band and attenuation. For all these reasons, the

specification of a filter is usually made from a frequency gabarit, defined between 0 and 7.
1.3.1 Low-pass and high-pass filter specifications

A low-pass filter has three zones: the pass-band (0 < Q < ), the transition band
(Q, =02 =<Q,) and the attenuated band (Q, < Q <) . Figure 1.5(a) shows a graphical
representation of the linear frequency gabarit of a low-pass filter, while Figure 1.5(b)
shows a frequency template in dB. A high-pass filter would have its attenuated and pass
bands reversed, in this case we would have Q, > ,. §; is the passband ripple, &, is the

attenuation.

The selectivity of the filter is defined in table 1.1.

H(e?) [H(el?)| (dB)

2

Mlog(1+5 peremasiiill
0dB A\

20l0g(1-8,)

53 B o \Emmdeem Eologal—— iy e

|
|
QP.Qn T Q

a) Linear frequency gabarit b) Frequency gabarit in dB

Figure 1.5 Frequency gabarit of a low pass filter.
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1.3.2 Specifications of band-pass and band-stop filters

A band-pass filter has several zones: the pass-band (2, < Q < Q
bands and two attenuated bands (0 < Q < Q,_ and Q,, < Q < m). Figure 1.6 [28] shows a

graphical representation of the linear frequency gabarit of a band-pass filter. A band-stop

filter would have its attenuated and pass bands reversed.

Table 1.1 summarizes the parameters of the different templates studied [28].

Low-pass | High-pass | Band-pass | Band-stop
Selectivity s & Qo Qpr = Q- | Qo — Qo
Qq Q, Qar — Qo Qpy — Qe
Ripple 51 51 54 5,
Attenuation b2 8, P} 5,
Center frequency Q, — — Qs 0, 0.0,
bandwidth B _ Oy = 8o | Oy — Q.
- Qo Qo

145,

Table 1.1 Specification parameters of a digital filter.

H(e)

Figure 1.6 Linear frequency gabarit of a band-pass filter.

10

»+), two transition
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1.4 Classification of digital filters

Digital filters can be classified according to several criteria:

1- the length of the impulse response involves two types of filters IR and FIR.
2- the type of representation, or structure, involves two types of recursive filters and

non-recursive.

We will see that except for one particular case, recursive and non-recursive filters are

respectively equivalent to 1IR and FIR filters.

1.4.1 Recursive IR filters

Analog filters necessarily have an infinite impulse response. Digital IR filters
behave in a similar way, except for the effects due to discretization. This class of filter is
also characterized by a transfer function in z containing poles, and a recursive difference
equation, i.e. when the output y(n) depends on both the inputs and the previous outputs.
Eq.(1.8) and Eq.(1.9) show the transfer function in z and the corresponding difference

equation of the general form of an IR filter. N is called here the order of the filter.

_N@) _ M bz
H(z) = D(z) 1+3IN, a;z7 (1.8)
yn) =Y b x(n—1i)— YN a;.y(n—1i) (1.9)

From Eq.(1.8), two cases arise:

1. if N(z) is not divisible by D(z)we have an infinite number of terms in the

polynomial division of N(z) by D(z):

Hz) =YV _ocpz™™

h(n) =c,forn=0...00

H(z) is an IIR filter

11
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2. if N(z) is divisible by D(z)then we have a finite number of terms in the

polynomial division of N(z) by D(z):

H(z) =¥NZgcn-2™"

h(n) =c,forn=0..N—-1
H(z) is a FIR filter.
The main features of IIR filters are:

1. atransition band that can be narrow.

2. synthesis methods by transposition of the methods for analog filters.

3. apotential instability due to poles located outside the unit circle (i.e. |p,| = 1
regardless of i).

4. A potential numerical instability (i.e. after quantization of the coefficients and the

signal) due to the looping.
1.4.2 Non-recursive filters FIR

FIR filters cannot be derived from analog filters. However, they are widely used
because they have unique properties (linear phase, stability, flexibility). Eqg.(1.10) and
Eq.(1.11) show the transfer function in z and the corresponding difference equation of the

general form of an IR filter. N is called here the length of the filter impulse response.

H(z) = X} biz™! (1.10)
y(n) =Yt b x(n—1i) (1.11)

We notice by exploiting Eq.(1.11) that the b; coefficients of the filter are also the

values of the impulse response h(n) which is therefore limited in time.

Hz) =YVib.z7" © h(n) =YV b.6(n—1) (1.12)

h(n):{bn fOTOSnSN_l

1.13
0 otherwise ( )

12
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The main characteristics of FIR filters are:

1. A transition band that will always be wider than an IIR filter with the same
number of coefficients.

2. synthesis methods allowing to derive any frequency response.

3. inherent stability (XNZ2|h(n)| < o).

4. greater numerical stability than 1IR.

5. a phase that can be exactly linear, therefore a constant group delay and no
harmonic distortion in the signal.

6. Easier implementation in a digital processing system.
1.5 Frequency analysis of digital filters
The frequency analysis is the representation of the transfer function of the filter in
the frequency domain, i.e. the Fourier domain. The transfer function is the Fourier
transform of the signal h(n).

H(e/?) = Y3 oh(n).e /M = H(3)/z = /@ (1.14)

This function corresponds to a discrete signal, so it is periodic with period 2m. It is
for this reason that we usually use the notation H(e/?) rather than H(Q) Figure 1.7 shows
an example of a low pass filter. In signal processing, we usually study the modulus and the

phase (or argument) of the complex function H(efﬂ).

H(e) = Hp (/") + jHi (/) = |H(e/)|e/*®  (1.15)

1.6 IR and FIR filter structures

1.6.1 FIR filter structure

The structure of a filter is a Data Flow Graph (D.F.G.) in which the nodes are

operations (additions are usually represented by circles containing a + and multiplications

13
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by triangles associated with multiplicand coefficients) and the arcs are dependencies, i.e.

the data flow from the signal. Some arcs are values

A H(@Q)

/

Figure 1.7 Example of a low-pass filter.

A coefficient z~1representing a delay of one sampling period. This coefficient is

also represented in the form of a register.
Equation:

y(n) = YN b x(n—i) = by.x(n) + by.x(n — 1)+..+by_1.x(n — N + 1) + by.x(n — N)
(1.16)

Represents the temporal behavior of an FIR filter. We can immediately deduce the
direct structure of an FIR filter which is represented in Figure 1.8(a). The transposed

structure of Figure 1.8(b) is obtained after manipulation of this equation.

b
v(n) X(u)——[>0—P HO— v

a) Direct structure b) Transposed structure

Figure 1.8 FIR filter structures.
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1.6.1.1 Complexity of implementing an FIR filter

A FIR filter does not require N + 1 multiplication operations, N addition operations
for each new sample to be filtered. The complexity can also be expressed in terms of the
number of multiplication-accumulation operations (MAC) [28], which, in the case of the
FIR filter, is N + 1. The memory cost of a FIR filter is 2(N + 1)(N + 1) coefficients b;
and N + 1 memory points for the vector of inputs x(i).

If the sampling frequency of the signal is F, this means that the calculation of a filter

. . . . 1
will have to be realized in a time T4 lessthan T, = —

e

On a DSP type processor capable of executing a multiplication-accumulation (MAC)
at each cycle, of computing power P, Calculation expressed in MIPS (Million
Instruction Per Second), the calculation time will be: Tcgiey = (N + 1).Tepere = (N + 1) /

P.q1cu- Also, the computing power of a DSP for the implementation of a FIR filtering is:

Paics(MIPS) > (N + 1).F, / 10° (1.17)

1.6.2 lIR filter structure

The following Eq.(1.18) shows that we can represent an IIR H(z) filter as the
product of 2 structures, one of which is a FIR N(z)filter, and the other one is an all-pole
IR filter 1 / D(3).

H@) =22 = N x [5] = [Sobea ] X [ | (029

D(z ) 1+ZN1az i

The direct structure of an IIR filter is thus obtained by cascading an FIR filter in
direct form, and the immediate representation of the all-pole filter 1 / D(z). This one is
given in Figure 1.9(a). By joining the additions of the center of the Figure, we obtain the

classical direct form used in the literature represented in Figure 1.9(b).

15
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x(n) - »(+) » y(n)

a) Cascade b) Direct structure
Figure 1.9 Direct structures of IIR filters.
It is of course possible to represent an IIR filter differently by using the

commutativity property of multiplication. We then have :

H(@) = [55] % ING2)] = [HZ,V;] x [ZM, by 7] (1.19)

Jp;
a3

We can thus exchange on Figure 1.9(a) the 2 blocks FIR and IIR The two delay lines
allowing memorizing the signals x(n) being common, it is possible to reunite them by

obtaining a unique vector of registers w(n) as shown in Figure 1.10(a).

b

x(n)y—»(+ Lo+ v(1) x(n)™]
win)
71

b,

O<I——D>C

» (1)

-

by,

Q<P

Z—l
T X

~ wi(n-N )L/

a) Direct canonical structure b) Transposed canonical structure

Figure 1.10 Canonical structures of IR filters.
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The canonical structure can also be represented as a system of Eq.(1.20) showing the
signal w(n).

W(z) = %z)

(1.20)
Y(3) = N(2).X(2)

X(2) {w(n) =x(n) — XL ;o — i)
y(m) = Eilobiw(n — i)

1.6.2.1 Complexity of implementing an IIR filter

An IR filter requires 2N + 1 multiplication operations, 2N addition operations for
each new sample to be filtered or 2N + 1 MAC. The memory cost of an IIR filter in direct
structure is 4N + 3(2N + 1) coefficients b; and 2N + 1 memory points for the vectors of
inputs x(n) and the outputs y(n). The canonical structure allows to decrease the memory
cost which only requires N + 1 memory points for the vector w(n). If the sampling

frequency of the signal is F, this means that the calculation of the filter Must be completed
inatime T gy lessthan T, = Fi

e

On a DSP type processor capable of executing a multiplication-accumulation (MAC)
at each cycle, of computing power P computing expressed in MIPS (Million Instruction
Per Second), the computing time will be: T¢gepy = 2N + 1).Teyee = CN + 1) / Pegicur -

Also, the computing power of a DSP for the implementation of a FIR filtering is :

Pogics(MIPS) > (2N + 1).E, / 10° (1.21)

17
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1.7 Conclusion

This chapter covered the definitions, classifications, and specifications of digital
filters. Moreover, Finite Impulse Response (FIR) filters and Infinite Impulse Response
(IIR) filters were presented and compared, which serves as the foundation for chapter 2,
which focuses on recent developments digital filters, design methods, benefits, drawbacks,

and types.

18
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Chapter 2

Recent developments in variable digital filters

2.1 Introduction

Digital filter is widely recognized as one of the most basic and necessary
components of signal processing systems. In addition, many signal processing applications,
such as digital audio equipment and communications systems need the simultaneous
implementation of digital filtering and management of filter parameters in real time. Such
needs may be satisfied by use of variable digital filters (VDFs). Since the 1970s, several
findings have been published about VDFs research. Among these, [2] provides a

comprehensive analysis of the outcomes up to the 1990s.

The issues that must be resolved in the creation of VDFs are substantially
identical to those that must be resolved in digital filters with set characteristics.
Consequently, research concerns on VVDFs and fixed characteristic filters are categorized
into three groups [26], the approximation problem, the realization problem, and the
implementation problem. Additionally, in the realm of VDFs, application-focused
outcomes have been actively published. Adaptive notch filters, which have been researched
since the 1980s and whose particulars will be discussed in this chapter, are one of the most

well-known applications.

In the sequel, initial focus is placed on a summary of VDF foundations. The most
recent findings on VDFs are presented and analyzed after that, with the approximation
issue, the realization problem, and the applications serving as the primary areas of

concentration.
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2.2 Fundamentals of VDFs

2.2.1 Definition

VDFs are frequency-selective digital filters (e.g., low-pass filters and band-pass
filters) whose frequency properties may be altered in real time through parameter control.
Figure 2.1 [25] depicts a common example of such VDFs, the variable low-pass filter
(VLPF), whose cutoff frequency may be altered by adjusting the value of a single
parameter n , Figure 2.2 [24] also depicts the variable band-pass filter (VBPF), where the
bandwidth is constant and the pass-band center frequency may be changed by a single

parameter €.

It must be noticed that VDFs vary from the "filters with variable (adjustable)

coefficients" used in adaptive filtering. Following are the specifics of the differences:

* In the case of general adaptive filtering, an adaptive algorithm modifies all filter
coefficients. In contrast, the majority of coefficients in a VDF are either fixed or
supplied as functions of just few variable parameters. In the VLPF of Figure 2.1, for
instance, only the single parameter is variable, while the remaining coefficients are

fixed or supplied as functions of 7.

* VDFs vary from standard adaptive filters in terms of the process used to alter
frequency characteristics. In VDFs, the characteristics are altered, but the frequency
selectivity is maintained, including the low-pass and band-pass shapes. In other
words, VDFs regulate the frequency characteristics while preserving the frequency
selectivity. In contrast, general adaptive filters do not require this restriction. This
indicates that such adaptive filters converge on ideal ones whose properties do not

always include frequency selectivity.
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Figure 2.1 lllustration of a VLPF.
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Figure 2.2 lllustration of a VBPF.
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Figure 2.3 Diagram of the steps required to get VDF.

2.2.2 The procedure to obtain VDFs

In this part, we will discuss the process that must be followed to acquire VDFs.
The necessary technique is, for the most part, the same as that is needed in the situation of
fixed characteristic filters, where it is necessary to take into consideration the three
significant challenges depicted in Figure 2.3: approximation, realization, and

implementation [49]. In this chapter, we focus a lot of our attention on the issue of
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approximation as well as the problem of realization. An input-output characterization, such
as a transfer function, must be obtained from a predetermined specification of a VDF in
order to solve the approximation issue. The realization issue consists of determining a
structure that corresponds to the input-output characterization. This structure may be an
adequate collection of adders and multipliers or an appropriate list of basic operations for

filtering.

In the VDF approximation problem, it is necessary to incorporate variable
parameters in the description of an input-output relationship (e.g., transfer function) of the
VDF. Consider, for instance, the approximation issue shown in Figure 2.1 for the VLPF. In
order to achieve this VLPF as a FIR filter, one must approximate the transfer function as

follows:

H(z,1) = Xi—o hx(Mz " (2.1)

Additionally, each coefficient h,(n) must be described as a function of 7.
Consequently, the approximation challenge for this VLPF is to identify the set of
functions h;(n)(0 < k < N). similarly, in order to produce IIR-type VLPF, it is

essential to characterize the transfer function as:

M -k
H(z,n) = —Zkeo2k02 2.2)

143N g am(z—™

and to find the filter coefficients as functions {a,,(n)} (1 <m < N)and
{bmM} (O <k<M)

2.3 Research topics relating to VDFs

This section presents VDF research problems from the approximation problem and
the realization problem perspectives. For the approximation and implementation of VDFs,
the variable transformation of transfer functions and the multi-dimensional (M-D)
polynomial approximation of filter coefficients have been extensively employed. In the

next section, the specifics of these two methodologies are examined, and some recent
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findings on them are presented.
2.3.1 VDFs based on variable transfer function transformation

In this procedure, we must first create the transfer function of the “prototype
filter,” which is often a low-pass filter with preset coefficients (i.e., variable parameters are
not included in this transfer function). Next, we apply a variable transformation to this
prototype transfer function in order to get the required VDF, where the variable
transformation utilizes a function with variable parameters related with the frequency
characteristic components to be altered. There are several ways for variable
transformations, with the frequency transformation being the most well-known. [3]. All-
pass functions are used for the variable transformation in the frequency transformation.
Despite the fact that [2] provides a comprehensive overview of the frequency
transformation, this chapter will also cover this subject with additional explanations. This
is due to the fact that numerous findings using the frequency transformation have been

published in recent years.

The analyze the VLPF shown in Figure 2.1 once again. If frequency
transformation is employed to generate this VLPF, the transfer function of a prototype low-
pass filter must be constructed first. This transfer function is indicated by H,(z). Then, by
performing the following frequency transformation to H,(z), the necessary VLPF with

transfer function H(z,7n): may be obtained as :

H(Z; r]) = Hp (Z) |z—1(_T(z,11)

T(z,n) = =1 (2.3)

1- nz~ 1

Where T(z,1n) is the all-pass first-order transfer function. By adjusting the value of n
in H(z,n), the cutoff frequency of the VLPF may be controlled. If n > 0, the cutoff
frequency falls below the frequency of the prototype filter. When n < 0, the converse
holds. If the prototype filter is stable and || < 1 is met, the stability of this VLPF is
ensured, also, we note that |T(efW,77)| = 1 holds for any n and w because T'(z,7) is all-

pass.
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Next, we will talk about the realization issue for this VLPF. Eqg. (2.3) indicates
that, from a realization standpoint, a block diagram of this VLPF may be created by
substituting each delay element z~! in the prototype filter with the all-pass filter
T(z,n). In the majority of instances, however, this substitution leads in delay-free loops
and a block diagram H(z,n) that is not realizable. To understand this issue, consider a

second-order 1R prototype filter with the transfer function defined by:

bo+b1z™ 1 +byz72
1+a,z 1+a,z72

Hp(z) = (24)

Figure 2.4(a), depicts the block diagram derived from the direct form. The VLPF
whose block diagram corresponds to Figure 2.4(b) is produced by applying the
aforementioned substitution of delay elements with T(z,7). It is now evident that
Figure 2.4(b) contains delay-free loops; hence, this block design cannot be
implemented. It is well know that delay-free loops may be avoided via transfer function
or difference equation modifications. However, such manipulations are not effective
methods for VDF implementation For example, the transfer function of the second-
order VLPF is produced by applying 7' « T(z,1) to H,(z) given in Eq. (2.4) and

then performing mathematical manipulations [49]:

bo () +b1 (M) +bz (1)
H(z,1n) ==

@m == T raion

, _ —2n+aqi(14n?)-2azn
al(n) - 1_a177+a2772

’ _ n%-ain+a,
aZ(n) - 1—0171"'02712

/ __ bo—bin+byn?
bo(n =~ o (2.5)
b,( ) — —2b0n+b1(1+7’]2)—2b21’]

1 1-an+azn?

/ __ bon?—bin+b;
b)) =—T—"—7" —

1-a n+ayn?

Using this description to construct the VLPF greatly increases the computational

cost, since the filter coefficients aj(n), a;(n), bi(n), b1(n), by(n) must be revised to
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account for the change in n. Particularly, the filter coefficients in Eq.(2.5) are rational
polynomials that need divisions in order to recalculate filter coefficients, resulting in very

expensive implementation.

The Taylor approximation-based description [30] is a prominent way for overcoming
this challenge. This approach applies the first-order Taylor series approximation to all
rational polynomials of filter coefficients in VDFs, based on the premise that the Taylor

series is continuous:

Input

B Output

bo

5 Output

—ai

—n
Input P2 O e
> 2
—]
1

Figure 2.4 Problem in realization of VLPF based on frequency transformation: (a) second-
order model filter, and (b) VLPF generated by applying z~! « T(z,n) to the prototype
filter.

Ensure all variable parameters have tiny absolute values. In the case of Eq. (2.5), for

instance, it is assumed that |n| << 1 and the filter coefficients are approximated to [30]:

ai(m) =~ a; + (af — 2 — 2a,)n

a;() = az + (a1a; — a;)n

bo(m)) = by + (a1by — b1)n (2.6)
bi(n) = by + (a by — 2by — 2by)n
by (M) = by + (a1b; — by)n.
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These new factors do not need division, therefore the VLPF may be calculated using

additions and multiplications, as seen in Figure 2.5[49]. Moreover, this understanding does

b
N

| b1 pan)

I | j(
T? (le(] - bl !
n a1by — 20y — 20o
Input —1 —1 N2 1 3R Output
g\ Z z (N

2a9 +2 — r:f ?7

I n a1bs — by
|

A% —ay [ ay —ajaz N

N

Figure 2.5 Second-order VLPF using frequency transformation and first-order Taylor

approximation.

not require recalculation of filter coefficients if n is changed. All multipliers except for n

in this block diagram are fixed coefficients.

Although VLPFs based on the Taylor approximation offer an efficient technique
of implementation, they have a significant disadvantage in that the range of changeable
cutoff frequency is extremely restricted. This constraint is a result of the assumption of
| 7 1< 1, which indicates that the approximation error increases when the cutoff frequency
of the VLPFs deviates from that of the prototype filter. Furthermore, if the value of | n | is
very big, the VLPFs may become unstable. Alternative strategies are given in order to
solve these difficulties [23,30]. For the implementation of block diagrams for the prototype
filter, all of these techniques use low-sensitivity structures. The replacement z1 «
T (z,n) and Taylor approximation are then applied to these block diagrams, resulting in the
appropriate VDFs. Although the approaches presented in [23,30] may be used to restricted
classes of transfer functions, the Taylor approximation error becomes less than the typical
VDFs based on direct form. This strategy is also used to 2-D VDFs [31].
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There are further methods for reducing the Taylor approximation inaccuracy. The
technique based on wave digital filters is described in [32]. Although this method requires
understanding of analog filter theory, the resulting VDFs are very precise, allowing the
variable cutoff frequency to be regulated across a reasonably large range. In [25], the block
diagram of the prototype filter is constructed using a state- space representation, and series
approximations are employed to minimize the large rise in implementation cost of
frequency transformation-based VDFs. The technique of [25] may be used to arbitrary
transfer functions and any state-space structures since this method does not need any of the
restrictions present in conventional approaches. Moreover, in [11], the VDFs based on the
combination of frequency transformation and coefficient decimation are presented, and
FPGA implementation and performance assessment demonstrate that the proposed
technique achieves very cheap hardware implementation costs.

As stated before, the problem of delay-free loops is crucial to the approximation
and implementation of frequency transformation-based VDFs. However, it should be
emphasized that this issue does not always occur. In general, this issue occurs when the all-
pass function in the frequency transformation contains a constant component that is not
zero. This scenario relates to variable bandwidth VDFs. Figure 2.2 demonstrates that the
issue of delay-free loops does not occur when the VDFs have a fixed bandwidth.

This paragraph concludes with an overview of the advantages and disadvantages of
frequency transformation-based VVDFs. The following are the benefits:

- Because the principle of regulating cutoff frequency is based on simple variable
transformations, it is straightforward to produce features with changeable

parameters.

- If Taylor approximation is not performed, the frequency transformation keeps
several relevant aspects about the shape of magnitude responses. For instance, when
a prototype low-pass filter is a Butterworth filter with a monotonic and maximally
flat magnitude response, the VDFs obtained by performing frequency
transformations to this prototype filter likewise have monotonic and maximally flat

magnitude responses.

- This advantage enables the design of adaptive band-pass or band-stop filters since
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the cost function for adaptive filtering becomes unimodal, resulting in an adaptive
algorithm that converges on the globally optimum solution. In the following section,

particulars will be explained.

Compared to the VDFs based on the M-D polynomial approximation, the frequency
transformation-based VDFs incur much less computational cost in the filtering

process.

Next, the disadvantages are summarized:

As noted before, if the bandwidth must be changeable in VDFs, the frequency

translation results in delay-free loops, an issue that must be addressed effectively.

To generate VDFs with multiple pass bands or stop bands, such as VBPFs, VBSFs,
and variable multiband filters, high-order all-pass functions must be used for
frequency transformation. Consequently, the order of VDFs surpasses that of the
prototype filter. For instance, the order of the frequency transformation-based

VBPFs and VBSFs is doubled compared to the prototype filter's order.

Because the all-pass functions employed in the frequency transformation are IIR
filters, it is not possible to create VDFs with linear phase. Even though the prototype

filter is FIR, the frequency changes result in IIR-type VDFs.

Very few changeable qualities can be realized. Specifically, only VDFs with
variable cutoff frequencies may be generated using frequency transformation. In
other words, the stop-band attenuation and transition bandwidth cannot be
controlled.

2.3.2 VDFs using M-D approximation of filter coefficients

In the realm of VDFs, the M-D polynomial approximation of filter coefficients-

based VDFs have been the subject of the many research [6, 10]. One of the key advantages

of this method over frequency transformation-based VDFs is the ability to achieve a

variety of variable features and changeable cutoff frequencies. As illustrated in Figure 2.6,

this method may create VLPFs with variable transition bandwidth and variable stop-band

attenuation. In addition, as this method is applicable to both FIR and IIR filters, VDFs may

achieve linear-phase characteristics and variable group delay.
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The initial stage in obtaining this kind of VDFs is to identify a set of K variable
parameters (Yq,Y,, ....Y,) that correspond to the required variable components of
frequency characteristics such as cutoff frequency, transition bandwidth, and stop-band
attenuation. Spectral parameters are changeable parameters of this kind. Following this
stage, the filter coefficients of the required VDFs are represented as M-D polynomials with
regard to these variable parameters. As an example, the transfer function of an N-th order

VDF with K variable parameters is defined as

H(Z, lpll ¢2i lpk) = Zﬁ=0 hn(lpl' 1AbZl """ lpk)z_n (27)

where each filter coefficient h,, (11,5, .....¥y) is given in terms of the subsequent

M-D polynomial:

hn(Zl 1/J1, lle e lpk)
:ZM“’l ZMW ZMw" cp (Mmy,.,m My, )P, ™1 P, ™2 1p, ™k (2.8)
My, =0 24myy = *+* Loy, Cn Ty My, - My )Y 2 7F Wk :
Approximating these VDFs requires finding the set of coefficients

{cn(my,,my,,..my )} for 0 < n < N.Here, My, , My, ... My, represent the orders of

k
the M-D polynomials that correspond to the variables v, ¥, ... ¥y, respectively, the usual
method for obtaining the set {cn(m%,mwz, ...mwk)}, uses a curve-fitting technique to
define the intended M-D polynomials and minimizes an error function relative to an ideal

characteristic of the desired VVDF.
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Figure 2.6 This illustration uses a VLPF where the filter coefficients are approximated by

an M-D polynomial.

The Farrow structure [33] is often used to implement the VVDFs indicated above. To

demonstrate this notion, consider a basic VDF with one variable parameter, ;. The

expression for this VDF's transfer function is:

H(z,1) = XN hn($1)z™"

My —
= Eo0 S o Cn (M, D1 ™1 57"

it may also be expressed as:

H(z 1) = Bt _o(Zho cn(imy, )z "™,

Consequently, using the following definition:

— §W -
m = Zmn=0Cn Lo0smy <M,
H,, (&) = X\ ocp(my, )27, 0<m, <M,

the description of the VDF H(z, ;) is now

H(z,) = ZZI}O Hop, (2,1

(2.9)

(2.10)

(2.11)

(2.12)
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By using formulation, it is possible to implement H(z,1,) using the Farrow form
shown in Figure 2.7 is viewed as the parallel combination of the set of N-th order FIR
filters with fixed coefficients and weights ;. Given that these N-th -order FIR Since
filters do not contain v, a recalculation of their coefficients in response to a change in ¥,
IS unnecessary. In this respect, the Farrow structure is appropriate for implementing M-D

polynomial approximation-based VDFs.

H()(Z) Hl(Z) I{]\/jw1 (Z
o , (1 Output
D ; o R

Figure 2.7 Realization of M-D polynomial approximation-based VDF based on the

Farrow structure.

Due to the fact that the filter coefficients are characterized by M-D polynomials, M-
D polynomial approximation-based VDFs have a high computational cost for filtering.
Additionally, this method restricts the scope of changeable attributes. The M-D polynomial
approximation imposes this restriction, similar to the Taylor approximation in frequency
transformation. In addition, as this method necessitates a number of filters with fixed
coefficients, the hardware implementation of these filters may result in an increase in
characteristic degradations caused by finite word length effects, such as coefficient
sensitivity and round off noise. However, such degradations may be mitigated by using
high-precision filter structures, a strategy recently presented in [10]. VDFs with

approximation-based structures.
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2.3.3 VDFs based on alternative methods

In addition to the two procedures listed above, several more strategies have been
given in the literature. By cascading a single sub filter, VDFs with variable bandwidth and
no delay-free loops may be constructed at a minimal cost as described in [34]. By adding
frequency response masking and the fast filter bank to the design of VDFs, [16, 18]
achieves a considerable decrease in implementation costs in comparison to VDFs with the

Farrow structure.

In addition, research on VDFs for adaptive filtering has been extensive. Variable
notch filters with IR transfer functions of the second order are a well-known technique in
such VDFs. All of these variable notch filters effectively offer changeable features using a
simple process that does not need delay-free loops or an increase in computing cost. Other
VDFs with an adaptive filter orientation include notch filters with variable attenuation at
the notch frequency and comb filters with variable bandwidth and variable attenuation.

These subjects will be further upon in the next section.

2.4 VDFs-based adaptive filtering research areas

This section begins with adaptive notch filters (ANFs), a specific instance of
adaptive band-stop or band-pass filters. ANFs are the most well-known use of VDFs in
adaptive signal processing, and several findings on ANFs have been published since the
1980s. In addition to the ANFs, this section presents many more adaptive filtering-relevant
VDFs.

2.4.1 ANF using an all-pass filter

As seen in Figure 2.8[51], an ANF is crucial to the automated identification and
suppression of an unknown sinusoid submerged in a wide-band signal, such as white noise.
To identify and suppress the sinusoid, the ANF is controlled by an adaptive algorithm such
that the notch frequency w, converges to the unknown frequency w, of the sinusoid.
Consequently, the ANF may be seen as the VDF with a changeable notch frequency, and

the value of w, at steady state becomes an approximation of the sinusoid's frequency w;.
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ANFs are used not only for the detection/suppression of a sinusoid, but also for the

estimate of its frequency.

The ANF seen in Figure 2.8 is designed to suppress a sinusoid, but it is also
capable of enhancing the sinusoid and suppressing white noise. This is possible by using a
peaking filter, also known as a resonator or an inverse notch filter, as an adaptive filter
rather than a notch filter. The output of the notch filter may be subtracted from the input
signal to improve the sinusoid, such systems, along with those shown in Figure 2.8, are
used in a variety of real-world applications, including radar, sonar, telecommunication
systems with the suppression of narrowband interference, and howling suppressors in

speech processing.

In the next section, we discuss the principles of ANFs, including their problem
formulation and the process by which the notch frequency is controlled. As seen in Figure
2.8, ANF problem statements often define the input signal as the sum of a sinusoid and

white noise. Consequently, the input signal, denoted u(n), is represented as:
u(n) = Asin(wsn + ¢) + w(n) (2.13)

where A and w; are the amplitude and frequency of the unknown sinusoid,
respectively, and is the starting random phase formly distributed in [0,27], 2+ (n) is a zero-
mean white noise signal that is uncorrelated with ¢. Let y(n) be the output signal of the

ANF based on this configuration.

Unknown
) sinusoid [ ()
E E E
= | White = =
o | noise — o ()]
@© \ @ i ©
= w = / = |
S RS 1 Ws
Frequency Freqaency : Frequency
T 1
Y T R A A R TR P
Input signal Variable notch filter Output signal

Figure 2.8 ANF for the detection and suppression of sinusoids.
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Several approaches exist for describing the transfer function of the notch filter
used in adaptive filtering. This chapter focuses on the all-pass filter based on the second

order [35]. This notch filter is characterized by the transfer function shown below:

H(z,n,8) = ;(1+T(z,1,) (2.14)

where T(z,n, &) is the second-order all-pass filter of the form:

_ n-+méz 4772
T(zm8) = eeTome (2.15)

Hence Eq. (2.14) is described as

_14n 1-28z7'4572
H(zn,§) = 2 1-(14n)&z 14nz~2" (2.16)

In this notch filter, the parameter n controls the 3-dB notch width, whereas the
parameter controls & the notch frequency w,. This indicates that the notch filter supplied in
this manner has independent control over the notch width and notch frequency. Also of
importance is that this notch filter may be viewed as a VDF generated by the frequency
transformation [19]: it is evident that this notch filter is created by applying the frequency

transformation z~! « T(z,7,¢) to the prototype filter of the form:

Hy(z) =5 (1+z7h). (2.17)

Specifically, this notch filter has the same transfer function as the Butterworth
band-stop filter of second order [21]. Consequently, this notch filter has a gain of w = 0
and w = m, and a gain of 0 at w,. Moreover, the magnitude response of this notch filter is

monotonically reducing 0 < w < w, and monotonically growing in wy, < w < 7.

34



Chapter 2 Recent developments in variable digital filters

The ANF block diagram based on this notch filter is shown in Figure 2.9[51]. As
previously mentioned, when the ANF reaches steady-state, the sinusoid component of the

input u(n) is suppressed at a certain frequency:

v
-
N
v
I
S
<
Y
S
I —

Figure 2.9 ANF based on the second-order all-pass filter.

The signal of output y(n). Here, it is important to note that many adaptive
algorithms assume the notch width is constant and only the notch frequency is
w, controlled to estimate the sinusoid frequency. Consequently, we concentrate on how to

regulate wy.

The most common technique for controlling w,, is to minimize a cost function
using the gradient descent approach. ANFs vary from standard adaptive filters in that the
cost function employed in ANFs is the mean square output, or E[y2(n)]. In other words,
ANFs typically do not deal with the error signal between a reference signal and the filter
output. The cost function E[y%(n)] must be defined as a function of w,, since ANFs
regulate w,. Moreover, if the input signal is supplied as in Eg. (2.13) and the ANF has
monotonic magnitude response, E[y?(n)] becomes unimodal. Therefore, the gradient
descent approach may effectively locate the best notch frequency that minimizes E[y?(n)]
in such a scenario. In reality, the best value of wy corresponds with wg when the ANF is
based on all passes [36, 37]. Consequently, using the gradient of E[y?(n)] with regard to
wo in an adaptive algorithm enables w, to converge to wg, resulting in the

detection/suppression of the sinusoid.
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2.5 Conclusion

This chapter reviews current research on VDFs, focusing on the approximation issue,
the realization challenge, and adaptive filtering applications. Since this chapter has focused
on 1-D VDFs with variable magnitude responses, other forms of VDFs, such as M-D
VDFs and variable fractional-delay filters, have not been introduced. VDF applications
other than adaptive filtering has also been removed for the same reason. Although VDFs
have been researched for a considerable amount of time, many elegant discoveries are

constantly being offered; hence, VDF research will continue to be an active field of study.
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Chapter 3

Frequency transformation for linear state-space systems

3.1 Introduction

One of the well-known strategies for designing analog and digital filters [3, 38] is
frequency transformation. This technique, which is based on variable substitution in a
transfer function, enables us to easily convert a given prototype low-pass filter into any
frequency selective filter, including low-pass filters with different cutoff frequencies, high-
pass filters, band-pass filters, and band-stop filters. It is also generally known that
converted filters preserve parts of the prototype filter's qualities, such as stability and
magnitude response shape. For instance, if a prototype filter is stable and has the
Butterworth magnitude response, then the filter is said to have the Butterworth magnitude
response, any filter resulting from the frequency transformation is also stable and exhibits
the Butterworth feature. Due to this advantageous property, frequency transformation is
applicable not only to the construction of filters but also to the real-time adjustment of
cutoff frequencies, which may be utilized to the design of variable filters [2] and adaptive
notch filtering [19, 20]. Theoretically and practically, the frequency transformation plays a

significant role in several current applications of signal processing.

This chapter's objective is to give more insight into the theory of frequency
transformation from the perspective of internal filter qualities. In several texts on digital
signal processing, frequency transformation is treated only in terms of input-output
qualities, i.e. transfer function properties. In other words, few findings concerning the link
between frequency transformation and internal attributes have been recorded. According to
common knowledge, the internal characteristics of filters are intimately tied to the issue of
how to create a filter structure for a particular transfer function, This issue must be
carefully examined in order to produce analog filters with a large dynamic range and low

sensitivity [39] or digital filters with a high degree of precision in terms of limited
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wordlength effects [40, 43]. Consequently, it is beneficial to explore the frequency
transformation from the perspective of the internal characteristics and to apply the

conclusions to various practical applications.

We utilize the state-space model to explore frequency transformation from the
perspective of the internal characteristics of filters. State-space representation is one of the
well-known internal descriptions of linear systems, and it also offers a potent instrument
for the synthesis of analog/digital filter structures with the aforementioned excellent
performance. The outcomes from our talk are twofold. Initially, we demonstrate several
advantageous aspects of frequency transformation in terms of the state-space
representation. These features are strongly connected to the three components of linear
state-space systems listed below: Gramian observability, and the second-order modes. In
the characterization of internal characteristics of analog/digital filters and the synthesis of
high-performance filter structures, these three factors are recognized to be crucial. Second,
we apply this conclusion to the design and synthesis techniques for high-performance
analog and digital filters. To be more explicit, we propose easy and unified frameworks for
the design and synthesis of analog/digital filters that concurrently achieve the
aforementioned high performance and the modification of frequency characteristics. In

addition, this finding is extended to variable filters with high-performance structures.

The section is structured as follows. The second section examines the principles of
the state-space representation of linear systems, such as analog and digital filters. In
Section 3, the classical theory of frequency transformation is introduced. In Section 4, we
analyze the frequency transformation using the state-space representation and demonstrate

illuminating correlations between the frequency transformation and internal filter features.

3.2 State-space representation, Gramians and second-order modes

In this section, state-space representations of linear systems are introduced. In
addition, we present the aforementioned three components on the internal attributes
controllability Gramian, observability Gramian, and second-order modes and discuss how
they are used to the synthesis of high-performance filter structures. These subjects will be

presented, respectively, for digital filters and analog filters.
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3.2.1 Representation of digital filters in state space

Take the following state-space equations for a N th-order stable single-input/single-

output linear discrete-time system with a single output

x(n+1) = Ax(n) + bu(n)

y(n) = cx(n) + du(n) (3.1)

u(n), y(n) and x(n) € RV*? represent the scalar input, scalar output, and state
vector, respectively, while 4 € RV*N b e RV*1, c e RN and d € R are constant
coefficients. We will assume that the system is stable, controlled, and observable
throughout this whole chapter. If this state-space system represents a digital filter, then
each entry of x(n) corresponds to the output of the filter's delay elements. Using the z -

transform of the Eq. (3.1), we obtain:

zX(3) = AX(z) + bU(3)
Y(z) = cX(z)+ dU(z) (3.2)

In terms of (4, b, ¢, d), the transfer function H(z) is described as
HZ) =d + c(zgly — A~ b (3.3)
where I denotes the N x N identity matrix.
It is generally known that the transfer function H(z) is invariant under nonsingular
transformation matrices T € RN “N of the state: if x(n) s converted into ¥(n) =

T~! x(n), then the space system (4,b,c,d) is likewise transformed into the set (
A,b,c,d):

(4,b,¢,d) = (T~'AT, T 'b,cT,d). (3.4)
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It is simple to demonstrate that this new set has the same transfer function as
(4,b,c,d). Consequently, several configurations exist for a digital filter with a given
transfer function H(z). This nonsingular transformation is referred to as the similarity

transformation.

The controllability Gramian, observability Gramian, and second-order modes are
introduced next. The solutions K and W to the corresponding Lyapunov equations for the
system (4,b,c,d), are known as the controllability Gramian and the observability

Gramian, respectively:

K = AKAT + bbT
w=ATwa + e (3.5)

Since the system (4, b, ¢, d) is supposed to be stable, controllable, and observable,
the Gramians K and W are symmetric and positive definite, i.e. K= KT >0 and
W = WT > 0. Consequently, all of the eigenvalues of the matrix product KW are positive.
These eigenvalues are denoted as 62,62, ...0% and assume that 82 > 92, ...> 62 and it is
assumed that 8, > 6, ....> 6y are referred to as the system's second-order modes. In the
literature on control system theory, second-order modes are often referred to as Hankel
singular values since 6,,6,, -, 6y equal the nonzero singular values of the Hankel

operator of H(z).

The relationship between the two Gramians and the similarity transformation
x(n) = T~ x(n) is as follows: The controllability/observability Gramians (K, W) of the
system described by Eq. (3.4) are provided by:

(K,W) = (T KTT, T"WT). (3.6)

The following relationship explains why the second-order modes are invariant under

similarity transformation:

KW =T 1(KW)T. (3.7)
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Therefore, it follows that Gramians are dependent on system realizations but second-

order modes are dependent simply on the transfer function.

In the research on the synthesis of filter structures [40, 43], it is shown that the two
Gramians and the second-order modes play crucial roles in the analysis and optimization of
filter performance such as roundoff noise and coefficient sensitivity. In other words, given
the transfer function of a digital filter, we may build cost functions in terms of the filter's
aforementioned performance in terms of the two Gramians (K,W ), By correctly
structuring the two Gramians such that they optimize or sub-optimize the respective cost
functions, a high-performance filter structure may be created.

The balanced form is an example of a digital filter construction with superior

performance [43, 41]. This structure comprises the two Gramians provided as:
K=wW=20 (3.8)
O is the diagonal matrix of the second-order mode:
0 = diag(64,65, -, Oy). (3.9

Another illustration is the minimum roundoff noise structure [40, 42], which is
comprised of two Gramians satisfying the following relationships:

1
w=(G3Y,0)°K

Kii =1 (310)
K;; corresponds to the i-th diagonal element of K.

We conclude by discussing the relevance of second-order modes from two practical
perspectives. First, the literature indicates that the second-order modes characterize the
optimum values of the aforementioned cost functions. The best performance is thus

defined by the second-order modes of a particular transfer function. In the area of balanced
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model reduction [44], the second-order modes are proven to give the upper limit for the

approximation error between the reduced-order system and the original system.

3.2.2 Representation of analog filters in state space

An N th-order linear continuous-time system (with analog filter) may be represented
in state space as follows:

dx(t) _
dat

y(t) = cx(t) + du(t) (3.11)

Ax(t) + bu(t)

where u(t), y(t), and x(t) € RV*1 are the scalar input, the scalar output, and the
state vector of the system, respectively, and 4 € RVN*N b € R¥*1 c e RN and d €
R1*1 are constant coefficients. Assume that the system (4, b, c,d) is stable, observable,
and controlled. If this system is a continuous-time analog filter with N integrators, then the

state vector corresponds to the integrators' output signals.
Laplace transform of the expression (3.11) yields:

sX(s) = AX(s) + bU(s)
Y(s) = c¢X(s) + dU(s), (3.12)

resulting in the subsequent transfer function:
H(s)=d + c(sIy — A)~1b. (3.13)

As in the discrete-time example, the transfer function is invariant under similarity
transformation: if x(t) is transformed by a nonsingular matrix T € RN * N into T 1x(t),
then the resultant state-space system (T~*AT,T~1b, cT, d) is an equivalent realization to
(A4, b, c,d) of the transfer function H (s). Consequently, several circuit topologies exist for

an analog filter with a given transfer function H(s).
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The solutions to the following Lyapunov equations provide the controllability

Gramian K and the observability Gramian W of a continuous-time state-space system.:

AK + KA" + bb" = 0,
ATW + WA + c"c = 0y, (3.14)

where 0, represents the N x N zero matrix. Under the condition that (4, b, ¢, d)
is stable, controllable, and observable, the Gramians K and W are proved to be symmetric
and positive definite. As in the discrete-time situation, the second-order modes 6,,6,, - -

, By are found as the positive square roots of KW eigenvalues.

In the case of continuous time, the connection between similarity transformations,
Gramians, and second-order modes is identical to that of discrete time. The new Gramians
(K, W) of a transformed continuous-time system provided by a similarity transformation T
are proven to be (T"1KT~T,TT WT), indicating that the Gramians are dependent on the
system's realizations. In contrast, the second-order modes are invariant due to the fact that
KW = T~Y1(KW)T holds.

As in discrete-time systems, Gramians and second-order modes of continuous-
time systems play crucial roles in the synthesis of high-performance filter architectures
[39]. You may achieve a high-performance structure by optimizing or sub-optimizing a
predefined cost function in terms of the controllability and observability Gramians. This
cost function may be interpreted as a measure of the dynamic range and sensitivity of an
analog filter. The best values of such cost functions are also determined by the second-

order modes.

3.3 Frequency transformation

3.3.1 Digital filter frequency transformation

Oppenheim [45] and Constantinides [3] provide examples of frequency
transformations of digital filters. Oppenheim's research is applied to finite impulse

response (FIR) transfer functions, whereas Constantinides' research is used to Infinite
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Impulse Response (IIR) transfer functions. The frequency transformation of digital filters

is limited to the work of Constantinides in this chapter.

Let H(z) be the transfer function of a digital low-pass filter of order N-th. The

discrete-time frequency transformation is described as:
H(F(2)) = H(@) ;=1 /rey (3.15)
resulting in a brand-new composite transfer function H(F(z)). For this

transformation, the function 1/F (z) is defined as M-th order stable all-pass function of the

type:

L — iZ_M G(Z_l)
F(2) G(2)
G(z) =1+ gv37k (3.16)

The well-known common frequency transformations use the four following all-pass

functions [4]:

1 z1-¢
FLp — 1-§z71

1 oz 14¢
FHP(z) 1+&z71
1 -2_28m,-1,1-1
_ n+1 n+1
FBp(z) I TP Y (3.17)
n+1 n+1
z—z_Zs‘n -1,1-1m
1 1+7 1+7
F T _2m g 1o o
BS(3) 1 1+77Z +1+nz

corresponding to the low-pass-low-pass (LP-LP), low-pass-high-pass (LP-HP), low-
pass-band-pass (LP-BP), and low-pass-band-stop (LP-BS) transformations, respectively.
The cutoff frequencies of the modified filters are determined by the parameters ¢ and 7.
On the block diagram of a digital filter, frequency transformation signifies that every delay

element z71 in H(z) is replaced with an all-pass filter 1/F(z).
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3.3.2 Frequency transformation using analog filters

Let H(s) represent the transfer function of an analog low-pass filter of order N. The
following variable substitution describes the frequency transformation of analog filters:
[38]:

H(F(s)) = H(S)|s1c1/r(s). (3.18)

Consequently, the frequency transformation produces a new composite transfer
function H(F(s)) from the prototype transfer function H(s). In general, the prototype
low-pass filter has a cutoff frequency of 1 rad/s. From a circuit perspective, the substitution

s™' « 1/F(s) signifies that each integrator 1/s in the prototype filter H(s) is substituted

with another system whose transfer function is 1/F(s).

The transformation function 1/F(s) is defined as the Foster reactance function [38]

shown below:
12 _ (P red)+(s?+wd) +H(s* +wks) e (3.19)
F(s) P(s)  s(s2+wd,)(s2+w3,)(s2+wds) .. )
Where G > 0 and O S a)zl < (A)pl < (Uzz < (Upz < (Uzg < (Up3 < et The FOSteI’

reactance functions are defined so that the degree of difference between p(s) and z(s) is 1,
i.e. | deg p(s) — deg z(s)| = 1.. In the case of the well-known typical LP-LP, LP-HP,

LP-BP, and LP-BS transformations, the corresponding reactance functions are given as [4]:

1 G
Frpsy S
1
= Gs
Fup(s)
1 Gs
=% (3.20)
FBP(S) S +wp1
1 G(s?+w?;)
Fps(s) s

Cutoff frequencies of modified filters are determined by the parameters G, w,, and
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It is vital to note that the Foster reactance functions fall into two distinct

categories: suitable reactance functions and improper reactance functions. 1/F;p() and
1/Fgpsy correspond to strictly correct reactance functions in the usual frequency
transformations of EQq.(3.20), while 1/Fyp, and 1/Fgg) are improper reactance

functions.

3.4 Analysis of frequency transformation in state space

This section examines frequency transformation from the perspective of internal
characteristics. In other words, we demonstrate a multitude of intriguing outcomes of the

frequency transformation in terms of the state-space representation.

This study stems from the work of Mullis and Roberts [46], in which they
proposed a simple state-space formulation of frequency transformation for digital filters
and demonstrated an essential characteristic of the second-order modes, namely that they
are invariant under frequency transformation. In addition, they discussed design and

synthesis implications of these discoveries for high-performance digital filters.

This chapter begins with an introduction to this work, followed by a discussion of
the link between frequency transformation and state-space representation of discrete-time

systems. Additionally, we give comparable findings for continuous-time systems.

3.4.1 State-space formulation of frequency transformation for digital filter filters

and invariance of second-order modes

The first explicit state-space formulation of frequency transformation was
published by Mullis and Roberts [46] as follows. (4, b, ¢, d) is a state-space representation
of the prototype filter H(z). The transfer function H(F(z)) obtained by the frequency
transformation od Eq.(3.15) with a M-th order all-pass function 1/F(z) may therefore be

expressed clearly as follows:

H(F(z)) = D + C(zlyy — A)™'B (3.21)
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Using the coefficients shown below:

A=IyQa+[AUy - 54" Q (BY)
B=[(Iy-38A)"'h® B

C=[cUy-5A)"®y (3.22)
D =d+8c(Iy—SA)'b

where (a,B,y,6) Iis a state-space representation of 1/F(z), and ® is the

Kronecker product for matrices.

The relevance of the description provided by EQ.(3.22) resides in the fact that,
using this description, it is simple to perform frequency transformations on a state-space
structure and a transfer function. Additionally, notice that this explanation contains no

delay-free loops.

In add to the state-space model shown above, Mullis and Roberts detailed the
Gramians and second-order modes of the transformed system (A, B,C,D). The two

Gramians, indicated by the symbols k and w, are presented as follows:

X =KQX®Q
W=w Q Q! (3.23)

where Q is the controllability Gramian for the all-pass system (a, B8,y,6). We may

deduce readily from this relationship:

KW = (KW)Q® I, (3.24)

Consequently, the eigenvalues of the matrix product ZCW are identical to those of
KW with multiplicity M. This demonstrates that the second-order modes of converted
filters are identical to those of a particular prototype filter. Therefore, the modes of second-

order digital filters are invariant under frequency transformation.
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The practical value of this characteristic of invariance is addressed below. As

indicated in Section 2, second-order modes generate optimum cost function values with

regard to word length effects. Using the knowledge that the least roundoff noise is defined

by second-order modes, [46] demonstrates that the minimum value of the roundoff noise

of digital filters is independent of the frequency transformation-controlled filter features.

Similarly, the upper limit of the approximation error owing to the balanced model

reduction is invariant under frequency transformation.

In addition, in the case of LP-LP transformation, [46] gives the unique state-space-

based frequency transformation that preserves optimum realizations. This particular

transformation is provided by:

A= Iy + AUy +EA)7!
B = J1—E2(Iy + £A)'b
¢ =J1—&%c(ly + £4)"

D=d—&(Iy+&A)b.

(3.25)

By setting the prototype state-space filter (4, b, c,d) to its ideal realization and
using EQ.(3.25), arbitrary low-pass filters with the same optimal realization as the
prototype filter may be obtained.

Magnitude

H(z)

Gramians:

(

Frequency

K. W)

Figure 3.1 Gramian-preserving frequency transformation.

— 7/ \

Magnitude

Gramians:

H({FLp(=z))

Frequency

(K, W)

Magnitude

Gramians: _ _

H{Fap(z))

Frequency

(I, W)

Magnitude

H{Fpp(=))

Frequency

Gramians:

7K o w0
|[ 0 K ) ( 0w ).'
H(Fns(z))
g
=
Frequency
Gramians: .
I'[‘ K o0 ) ( w0 )\'I
Wweoe x /) Lo w)

48



Chapter 3 Frequency transformation for linear state-space systems

3.4.2 Gramian-preserving frequency transformation in digital filtering

Here, we focus on the controllability and observability of Gramians and present a
novel state-space formulation of frequency transformation that maintains the invariance of
these Gramians. The Gramian-preserving frequency transformation is a new state-space-
based frequency transformation that contains the formulation of Eq.(3.25) as a specific

instance.

Before presenting the mathematical definition of the Gramian-preserving
frequency transformation, we explain its relationship to the design and synthesis of digital
filters. Figure 3.1 provides straightforward examples of the design/synthesis of low-pass,
high-pass, band-pass, and band-stop filters. Assume here that we are given a prototype
low-pass filter with the transfer function H(z) shown on the left side of this figure.
Moreover, let the controllability and observability Gramians of this filter prototype be K
and W, respectively. Then, by applying the Gramian-preserving frequency transformation
to this prototype filter, we can turn it into various arbitrary low-pass, high-pass, band-pass,
and band-stop filters with the same controllability/observability Gramians as the prototype
filter.

The Gramian-preserving frequency transformation is a particularly effective
method for simultaneously designing and synthesizing high-performance digital fitlers. In
other words, if we prepare the structure of a given prototype low-pass filter as a high-
performance structure, such as the balanced form and the minimum roundoff noise form,
the Gramian-preserving frequency transformation allows us to obtain other types of filters

with the same high-performance structure, this is also true for analog filters.

The mathematical description of the Gramian-preserving frequency transformation
is now presented. Given a state-space digital filter prototype (4, b, ¢, d) with the transfer
function H(z) and a M-th order all-pass function 1/F(z), the following description offers
the Gramian-preserving frequency transformation to construct the composite transfer
function H (F (2))[47]:

A=aQIy+(BY)® [A(IN - SA)_l]

B=PF®[(Iy—54) b]
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C=7Q[c(ly-54)" (3.26)

D=d+6c(ly—54)"'b

and that (& B,7 6) is a state-space representation of 1/F(z) and the

controllability/observability Gramians are equal to the identity matrix, i.e.
aa’ + RT=a"a + ¥y = I,,. (3.27)

This relationship indicates that the set (&, 8,7, 6) is a balanced form. Observe that

such a set always exists if 1/F(z) is stable.

Now we will examine the mathematical formulation of the Gramians of (4 , B,
C, D), which are denoted by K and W, respectively. They are presented as follows in

terms of the Gramians of the prototype filter:

wW=I1,Qw (3.28)

Thus, K and W form block diagonal matrices with M diagonal blocks that are all
identical to k and W. As indicated above, K and W respectively become the same as k
and W as multiplicity M. Therefore Eq.(3.26), the Gramians are preserved via frequency

transformation.

The Gramian-preserving frequency transformation is next discussed from a
realization standpoint. First, we see from Eq.(3.27), that in order to implement the
Gramian-preserving frequency transformation, the structure of the all-pass filter 1/F(z),
must be constructed so that its state-space representation assumes a balanced form.
Although it is known that the formulation of the balanced form for a given transfer
function is not unique, we offered a beneficial approach: Given an all-pass transfer
function 1/F(z), the normalized lattice structure converts into a balanced form, enabling
the Gramian-preserving frequency transformation to be implemented. This is the result of

seeing that 1/F(z)is all-pass. Recall that the frequency transformation of digital filters
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necessitates the replacement of each delay element in a prototype filter with an all-pass

filter (and the subsequent deletion of any delay-free loops).

In light of this, we may deduce that the Gramian-preserving frequency
transformation is read as the replacement of each delay element in the prototype filter with
a normalized lattice structure all-pass filter. Figure 3.2 [4] depicts this design. Given a
state-space prototype filter as shown in Figure 3.2(a), we perform the aforementioned
replacement and receive a changed state-space prototype filter as shown in Figure 3.2(b).
The all-pass filter incorporated in this construction is comprised of M lattice sections

@, -+, dy, with each section @; shown in Figure 3.2(c). The variable &; signifies the i-th

lattice coefficient for 1/F(z),when §; for1 < i < M,and §; = /1 — &2,

Finally, the mathematical formulation of the Gramian-preserving frequency
transformation based on the normalized lattice structure is presented. The normalized

lattice structure of 1/F (z) may be represented in state space as follows [48]:

_E:l - 5:15:2 - €:1§2§A3 e _,\é\l,\éz,\gg 'AéM—B’AéM—Z _AélAéZAgs’ "A gM—AZéM—l Téj\lé:\ZéS ""A EAM—}EAM
S1 =182 = $16283 o —618283 e SM-3Sm-2 —$1$283 s Sm-28M-1 —$1§283 - SM-1SM

( \
| . |
\ o 0 0 L0 | Eus Eurbn )

=
Il

7=(000....0%¢,) (3.29)
§
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Therefore, the Gramian-preserving frequency change is carried out by substituting
Eq.(3.29) with Eq.(3.26). Note that the state-space representation (A, B, €, D). produced in
this manner becomes sparse because and contain numerous zero entries n & and ¥. To be
exact, the set (A, B, €, D) has in total (M — 1)N(MN — M /2) zero entries. Consequently,

this state-space filter is well suited for implementation.

(b) (©)

Figure 3.2 Gramian-preserving frequency transformation (a) prototype state-space filter,

(b) trnansformed state-space filter, and (c) normalized lattice section W;.
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3.5 Conclusion

In this chapter, we presented insightful and practical discoveries about the
classical frequency transformation of analog and digital filters. While the majority of
known results on frequency transformation are described in terms of transfer functions, the
results presented in this chapter are based on the state-space representation, which has
revealed many useful properties regarding the performance of filters whose internal
properties and input-output relationship dominate. For the design and synthesis of high-

performance filters, the Gramian-preserving frequency transformation is very interesting.
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Chapter 4

Series approximations for variable state-space digital filters

4.1 Introduction

Let H,(z) represent the transfer function of a low-pass filter prototype with the N-th
order IIR. The required VDF of the transfer function H(z) is derived from H, (z) using the
frequency transformation shown below.[3]

H(z) = Hy(2)|__, (4.1)

«T(z)

Where T(z) is an all-pass transfer function, the selection of T'(z) is contingent upon
the specification of VDFs, i.e. VLPFs, VHPFs, VBPFs, and VBSFs.

This section examines the design of VLPFs. Let H;»(z,n) be the transfer function of
the desired VLPF, where n is the parameter for tuning the cutoff frequency (i.e., the
bandwidth) of the VLPF. Then, H,p(z,n) is derived by the subsequent LP-LP

transformation using the first-order all-pass transfer function T;p (3, 1):

Hp(z,m) = Hy(2) |z

“LeTLp(zM)
1

Tp(z,1) = f_nz‘_”l (4.2)

Note that n must meet [n| < 1 in order to assure the stability of H;p(z,7). If
n > 0, the bandwidth of H;p(z,1) is smaller than that of H,(z), and it gets larger if
n < 0. Figure 2.1 depicts a VLPFs that has been adjusted in this manner.
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~bo
L~
u(n) [ —1] Ntk v(n)
o 2] — 7
1
__a;\J
(@)
~Nbo

—al\l Delay-free loop

(b)

Figure 4.1 Problem with straight LP-LP transformation usage: (a) first-order filter

prototype and (b) transformed filter with delay-free loop.
4.1.1 Problem with straight LP-LP transformation usage

From a practical standpoint, it is difficult to directly apply the LP-LP
transformation described above. Consider the following example of a first-order
prototype filter:

bo+b1z71
1+a15_1

H,(z) = 4.3)

The structure is shown in Figure 4.1[25] by the direct form Il (a). Changing the

delay component of this filter with T, (z, ) generates the new filter structure, as shown

in Figure 4.1(b). Using v(n) and p(n) as in Figure 4.1(b), we obtain

v(n) = —np(n) +p(n— 1)
p(n) =nmp(n—1) —a;v(n) + u(n)
y(n) = byv(n) + bo[—a,;v(n) + u(n)] (4.4)
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Where u(n) and y(n) represent the filter's input and output, respectively. It follows

from this connection that

v(n) = —nhp(n—1) —a;v(n) + u(m)] + p(n — 1) (4.5)

Since the term v(n) appears on the right-hand side of Eq.(4.5), it is now clear that
v(n) cannot be computed. Consequently, the delay-free loops produce an unrealizable
structure. It is common knowledge that delay-free loops can be prevented by manipulating
difference equations. In the above example. Eq.(4.5) is rewritten to

v(n) = —— [(1 - n2p(n — 1) — qun)] (4.6)

Consequently, v(n) may be omitted, resulting in the following set of differential

equations without delay-free loops:

- 1
p() = =2 p(n— 1) + o u(n)

y(m) = (b — bymp(n) + (by — ben)p(n — 1) (4.7)

Although delay-free loops may be deleted in this manner, the process is difficult and
time-consuming. For high-order filters or highly complex structures, such as lattice
structures, great attention must be paid to effectively executing manipulations of difference
equations. Moreover, it is evident from Eq.(4.7) that the deletion of delay-free loops often

involves expensive hardware-intensive division operations.

Recalculating the transfer function H;p(z,7n) coefficients is another method for
avoiding delay-free loops in the LP-LP transformation. In the case of those mentioned
above, first-order, applying the LP-LP transformation to EQ.(4.3) and rearranging the

numerator and denominator of H;»(z,7n) results in the expression:

bo-bin , b1-bon -1

Hop(z,m) = =gt (4.8)

1420
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Therefore, by recalculating each coefficient in Eq.(4.8) according to the update,
the VLPF may be implemented without delay-free loops. In the case of higher-order filters,
both coefficients in Eq.(4.7) and Eq.(4.8) include division operations and become much

more difficult. For instance, when H,(z) is the IIR filter of second order shown below:

bo+byz 1+byz 72

HP(Z) = 1+a,;z 1+a,z72 (49)
The transfer function of H,p(z,n) becomes
bo—byn+byn? —2b0ﬂ+b1(1+772)—2b2710_1  bon®=bintby _,
_ 1-ain+azn? 1-ayn+azn? " 1-ajn+azn?
Hyp (Z,Y])— 1] —2n+aq1(14n?)-2azn__;  n2-aintaz __, (4'10)
' 1-ain+azn?  ~  1-ain+azn?

Which coefficients are more complex than the coefficients in the first-order case. For

these reasons, the use of the LP-LP transformation directly is impractical for realization.
4.1.2 VLPFs approximated using the Taylor series

In [30], an effective solution to the above disadvantage is presented. Under the
assumption that |n| « 1, this technique applies the first-order Taylor series approximation
for to each filter coefficient in H;p(z,1). This method simplifies the H,p(z,n) filter
coefficients that do not involve division operations. Regarding the second-order VLPF, as
in Eq.(4.10). Applying the Taylor series approximation of the first order produces:

Hip(z,1m) = ELP (z,m)

__ bo(M)+b1 Mz +b()z 2
T 1+a (zi+a,(n)z 2 (411)

where

a(m =a; + (a12 —2—2a,)n
a,(m) = a; + (a,a; —ay)n
bo(n) = by + (ayby — by)n
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51(77) = by + (a;by — 2by — 2by)7 (4.12)
b,(m) = b, + (a;b, — by)n.

Therefore, this VLPF can be readily built with only the adder and multipliers.
Observe that using too large of |n| can severely degrade the frequency response or violate

stability.

4.2 Proposed method

The suggested technique is a state-space variant of the previously described method.
The state-space technique is preferred over the transfer function approach for two reasons.
The state-space technique provides a more precise approximation in the VDF design,
which is the primary reason. As previously stated, the transfer function technique employs
the Taylor series approximation, and in most circumstances, this approximation must
depend on the first-order approximation since considering more than second-order terms in
valves would need an overly complex mathematical formulation. In contrast, the technique
provided in this section can readily handle higher-order approximation in a simple
algebraic formulation, resulting in a more precise VDF design than the transfer function
approach. The second reason is that the state-space technique is a potent instrument that
produces great accuracy regarding limited word length effects. As well known, the
behaviour of finite word length effects, such as the coefficient quantization error and the
round-off error, is highly dependent on the filter structures used. In other words, high-
precision realizations cannot be achieved using solely transfer functions due to limited
word length effects. The direct form structure is particularly vulnerable to quantization
effects, which is a typical realization technique based on the transfer function approach.
Therefore, direct form filters implemented on hardware with a limited word length are
considerably degraded by quantization effects. Please see [24] and its references for further

information on this subject.
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Before presenting the suggested approach, the stat-space representation is described.
Given an N-th order prototype filter with the transfer function H,(z), its state-space

representation is as follows:

H,(z) = d, + c,(zly — Ap)~'b, (4.13)

Where I denotes the N x N identity matrix and A, € RV*N, b, € RV, ¢, €
RN and d, € R are real-valued coefficients of the state-space filter. Using this set of

coefficients, the input-output relationship for this filter is given by the following state-

space equations:

x(n+1) = Apx(n) + byu(n)
y() = c,x(n) + dyu(n) (4.14)

Where u(n) is the input signal, y(n) is the output signal and x(n) € RV*1 is the
state vector corresponding to the outputs of delay elements. This chapter assumes that the
prototype state-space filter is asymptotically stable (i.e.. Ap Has all Eigenvalues within the
unit circle), and that it is controllable and observable. This state-space filter's block
diagram is seen in Figure 4.2. Here, the thick arrows indicate vector signals, while the thin

arrows represent scalar signals.

i N
L
<=
—
G

Ay

Figure 4.2 Block diagram of H,,(z) in state-space form.
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It is well-known that the set (Ap b, ¢,,) is non-unique; thus, several realizations
of (Ap b, c,) exist for the transfer function H,(z). Moreover, it is essential to highlight
that the performance of the filter in terms of finite word length effects is dependent on the
selection of the set ((4p b, c¢,,))This suggests that a suitable design of (4, b, c¢,,) yields a
state-space filter with great performance in terms of the finite word length effects. For
information, see [24] and the citations therein.

u(n) [2§ ; D FD & y(n)
b,, =N (o
5 V112

_— ﬂ - -D-él-:;y-free loops
Figure 4.3 Block diagram of H,p(z,71) in state-space form with delay-free loops.
Our state-space VLPFs, VHPFs, VBPFs, and VBSFs are now shown.
4.2.1 Design of state-space Variable Low-Pass Filters (VLPFs)

The suggested technique is based on the state-space formulation of the LP-LP
transformation described in [46]. Let H;p(z,n) be the transfer function of the desired
VLPF as in Eq.(4.2), and let (A,p(m),bp(m),c.p(n),dp(n)) be a state-space
representation of H;p(z,1). Then, the set (A, (), b.p (1), c.p(n),dLp(n)) can be given in
terms of (Ap b, ,cp, d,) and n as follows [46]:

App(m) = (nly + A4p) + (Iy + ndp)~!

bp(n) =1 -1y +14p)7"b,

o) =1 —n2c,(Iy +nAp)~! (4.15)
dip(m) = d, —nec,(Iy +1n4p)~'h, .
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This system is derived as described below. Figure 4.2 delay elements are first
substituted with T;p(z,71), which has a normalized lattice structure [47]. The resulting
structure is shown in Figure 4.3[25], where it should be noted that the normalized lattice
structure realizes the all-pass filter T p(z,n)and generates delay-free loops. let s(n) €
RNV*1 represent the new state vector corresponding to Figure 4.3 delay element outputs.

Then, the following relationships remain true for s(n), u(n), y(n) and x(n)

s(n+1)=A,,(m)s(n) + by p(m)u(n)
y(m) = cp(m)s(n) + dp(mun) (4.16)

where A;p(n), byp,c p(n), and d,p are determined by Eq.(4.15). Although
Eq.(4.15) provides a unified framework for the state-space formulation of VLPFs, this
formulation is not suitable for implementation since the coefficients contain the inverse
matrix (Iy +nAp)~! and the square root M which significantly increases the
hardware complexity. In light of this, we will revise the formulation of Eq.(4.15) using

series approximations.
In this part, an efficient method based on series approximations is used in a simple
algebraic formulation that minimizes the computation complexity and improves the

performance of all forms of VDFs [26]. First, the needed inverse matrix is computed using

a negative binomial series theory:

Iy +n4,)" = ¥2o(—n4,)". (4.17)

Assuming that |n| « 1 decreases this expansion after M terms. It is possible to

approximate the inverse matrix using the matrix X(n):

Where

(IN + nAp)—l =1Iy + Z%:l(_T/Ap)k
= X(n) (4.18)
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Using step response with k. lterations, as requested by the user [50], the matrix
X(n) is generated. When M = k_, this technique corresponds to the previously suggested
method and our method. Second, we use the Taylor series approximation to get a close

value for the square root /1 — n2:
— 2k!(-1)k
1 - = Zk 0 (k|)24k(1 Zk)( le)k (4'19)

Consequently, the square root /1 — n? is approximated as y(n):

V1—n%=xm)
2kI(-1)k

= Y=o genzgraimam 1" (4.20)

Where [ is the user-determined parameter, and @ (%) is the series approximation of

V1 — &2, namely:

2kI(- 1)K
D(§) = Y=o Gryzgraamg (¢ (4.2)

The user determines the value of R.

From Eq.(4.18) and Eq.(4.20), the state-space coefficients of VLPFs can be given in

terms of (4,,b d,) and 7 as follows:

p: Cp
Ap(m) = (T]IN + Ap)X(U)
b.p(m) = x(mMX()b,
c.p(m) = x(mep, X() (4.22)
dip(m) = dp —nc,X(M) by,

4.2.2 Design of state-space Variable High-Pass Filters (VHPFs)

Applying the LP-HP transformation [3] transforms a prototype low-pass filter H,,(z)

into a high-pass filter Hyp(z,1) with an all-pass function Typ(z,1n) to get the desired
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transfer function Hyp(z,1):

Hyp(3,m) = Hy(2) | ;-1 rpyp(am)

z71 +7

1+ nz~1

Typ(z,m) = — (4.23)

The parameter n adjusts the bandwidth of the transfer function Hyp(z,7) in the
same way, as described in the preceding subsection. The following definition applies to the
coefficients of variable high-pass filters (VHPFs):

Aup () = —(nly + A4,)X()

bup(m) = x(MX(M)b,

cup(m) = —x(M)ec,X() (4.24)
dyp(n) = dp —nc, X()b,

4.2.3 Design of state-space Variable Band-Pass Filters (VBPFs)
Hgp (3,7, &) represents the transfer function of the needed VBPFs. Consequently,

VBPFs are built with a two-step frequency transformation, the first is based on LP-LP
transformation, and the second is based on LP-BP transformation [22]:

Hpp(3,1,8) = Hp(2,1) |31 1y, 2.6)

HP (z,m) = Hp(2) IZ_1<—TBP1(Z,T])

Tgp1(z,1m) = T1p(2,1) (4.25)
-1 Z_1 —E
Tpp2(2,8) = —2 P 1€l <1

Stepl: The state-space VLPFs (A.p (1), b.p(m),c.p(n),d.p(n)) is established from
the prototype state-space (4,, by, ¢,, d,) using Eq.(4.22).

Step2: Replace (A4,,by, ¢y, dy) with the set (A,p(m),bp(M), cLp(m),drp(M))
mentioned above in Eq(20) of [24], and applying the series approximation to the terms

V1 — &2 . As a consequence, the new state space VBPFs is as follows:
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Ely  — oIy + Ap)X(n)>
D)1y S(niy + Ap)X(U)

3 CD(E)X(n)X(n)bp)
ber(n.8) = < —&x(MX ()b,

cep(1,$) = (leN —x(mepX (n)) (4.26)
dBP(U) = dp - ﬁCpX(U)bp

App(m, )

where 0,y denotes the 1 X N zero matrix, and ¢ and n are the parameters for
tunning the center frequency and pass-band bandwidth, respectively. For n > 0, the pass
bandwidth drops, but it increase for n < 0. For & < 0, the central frequency rises, but it
drops for & > 0. The state-space VBPFs stated in Eq. (4.26) tune both the center frequency
and bandwidth, as opposed to the state-space VBPFs specified in [24], which only tune the
center frequency.

4.2.4 Design of state-space Variable Band-Stop Filters (VBSFs)

Hgs(z,n,&) should serve as the transfer function for VBSFs. Using two-phase

transformations, the transfer function of Hgzs(z, 1, ) is obtained as follows:

Hps(2,1,€) = Hp(3, M) | 3114, 2.6)

HP (z,m) = Hp(2) Iz_1<—T351(z,n)

TBSl(Z: 77) = Tp(3,7m) (4.27)
Tosa(2,6) = 27155 5] <1
BS2\%» 1- &z-1

If n > 0, the output stop bandwidth is larger than the output of the prototype filter,
and if n < 0, it is smaller. Similar to how it works with VBPFs, the parameter ¢ adjusts
the center frequency. Consequently, the following are the state-space coefficients of
VBSFs:
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_(&y @) (nly +A,)X()
Ass.8) = {4001, — &Iy + AZ)X(U)>
3 <P(€)x(n)X(n)bp>
bps(n, &) = ( —Ex(mMX (b,
cps(m,$) = (_01><1v )((n)ch(n)) (4.28)

dgs(m) = d, —nc,X()b, .
4.3 Conclusion

This chapter proposes and describes a straightforward, efficient state-space-based
technique for designing and realizing variable 1R digital filters with high-precision tuning.
State-space-based frequency transformation was used to produce the variable filters.
Calculating the inverse matrix and square root was necessary for this transformation to

construct a basic state-space VDF without any computational complexity.
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Chapter 5

Results and discussions

5.1 Introduction

This chapter describes the utility of the suggested technique and compares it to the
earlier methods [24, 25]. Then, each VLPF output is evaluated based on the approximation
error. In addition, we examine the frequency response performances of various types of
digital filters, including VLPFs, VHPFs, VBPFs, and VBSFs.

5.2 Numerical examples

5.2.1 Approximation error

We evaluate each VLPFs performance based on its approximation error. First, the
definition of the approximation error is as follows:

PE = maxleLP(ejw'n) - ﬁLp(ej“’,n)I (5.1)

ﬁLP(ef‘*’,n) is the approximated transfer function for the VLPFs for the proposed
technique, while Hp(e/®,n)is the ideal transfer function for the VLPFs (not

approximated). The used low-pass prototype filter is a fifth-order low-pass elliptic filter

with the transfer function shown below:

0.0222-0.01282z7140.02122z7240.0212273-0.0128z"%+0.02222z75
1-3.3424z"1+5.1483272-4.35132z"3+2.0111z~4-0.4045z~5

H,(z) = . (5.2)
The pass-band ripple, stop-band ripple, and pass-band edge frequency elliptic digital
filters are respectively set to 0.5 dB, 40 dB, and 0.25z. These are the state-space

coefficients of this prototype filter:
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—0.4403 0.6904 -0.4246 0.0330 —0.0553
A, =| —0.0231 0.4246 0.6177 0.4105 —0.0482
0.0689 0.0330 -0.4105 0.5709 0.3969
0.0060 0.0553 -—0.0482 -0.3969 0.6130

b, = (0.3346 0.3547 — 0.3198 — 0.1841 — 0.0838)"
¢, = (0.3346 — 0.3547 — 0.3198 0.1841 — 0.0838)  (5.3)
d, = 0.0222 .

0.8504 0.4403 -0.0231 -0.0689 0.0060\‘

In order to realize the low-pass digital filters, the values M =1or M =3and [ =8
have been selected. Figure 5.1 illustrates the assessment outcomes for —0.2 <n < 0.2.
When M = 3, the suggested technique gives an approximation error much smaller than the
prior method when M = land M = 3. Thus, the proposed algorithm provides a good

approximation by developing the approximation of state-space coefficients.

0 T T T T T T T
— — — [Shunsuke KoshitaliM =1} [25] =
10k [Shunsuke Koshital(M = 3} [25] e i
N s Proposed(M = 3} -
- ~ - ’
20k ' .
~, e
. / .
-30 *, r ',‘/ -
T ‘ S /'/
@' = ~, N / -~
A=y = ~. ! - -
o 40 -, \ / /,/
o ~ ) f .
“ \ . -
B . v ! R -
=0 \\ \ ,/
hS b 7
B0 N, Lo e .
A | | 4
N 7
7o N Lo 4 .
A
\ I !
80 1 I 1 | 1/I 1 1
0.2 0.15 0.1 -0.05 0 0.05 0.1 0.15 02

Figure 5.1 Evaluation of approximation errors of VLPFs: Peak errors.

5.2.2 Evaluation of performance for high-order narrow band VDFS

High-order narrow-band IIR filters, which are challenging to design and serve crucial

roles in various applications, are very prone to quantization effects, resulting in significant
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frequency response deterioration. Thus, a narrow, high-order band would illustrate the

suggested method's practical utility. The response error is defined as follows:
Absolute error = |H(e/?,n) — H(e/?,n)| (5.4)

H,p(e’®,n) is the frequency response indicated by the proposed technique and the
prior approach, given that H,p(e/®,n) is the ideal response at frequency without
approximations and coefficient quantization. Eight fractional bits are quantized into the
filter coefficients. All VDFs (VLPFs, VHPFs, VBPFs, and VBSFs) are used in this part.
The prototype low-pass filter is a 10th-order elliptic filter with 1 dB peak-to-peak ripple,

40 dB minimum stop-band attenuation, and 0.15 rad pass-band edge frequency.
5.2.2.1 Example 1

In this example, we provide a comparison between proposed method [26] and the
conventional method that depends on the structure of a cascaded direct form, also with the

previous method published in [25], the filters used here are the VLPFs and the VHPFs.
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(b)

Figure 5.2 Evaluation results for 10th-order narrow-band VLPFs: (a) Magnitude responses

and (b) Error responses forn = 0.2, = 8.
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Figure 5.3 Evaluation results for 10th-order narrow-band VLPFs: (a) Magnitude responses

and (b) Error responses forn = —0.2,1 = 12.
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Figure 5.4 Evaluation results for 10th-order narrow-band VLPFs: (c) Magnitude responses

and (d) Error responses forn = 0.15,1 = 12.
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Figure 5.5 Evaluation results for 10th-order narrow-band VLPFs: (c) Magnitude responses

Magnitude[dB]

Absolute error[dB]

and (d) Error responses forn = —0.15,1 = 4.
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Figure 5.6 Evaluation results for 10th-order narrow-band VHPFs: (a) Magnitude responses

and (b) Error responses forn = 0.3,1 = 8.
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Figure 5.7 Evaluation results for 10th-order narrow-band VHPFs: (a) Magnitude responses

and (b) Error responses forn = —0.3,1 = 12.
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Figure 5.8 Evaluation results for 10th-order narrow-band VHPFs: (c) Magnitude responses

and (d) Error responses forn = 0.15,1 = 12.
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Figure 5.9 Evaluation results for 10th-order narrow-band VHPFs: (c) Magnitude responses

and (d) Error responses forn = —0.15,1 = 8.

Figures 5.2-5.9 illustrate the evaluation results for the VLPFs and the VHPFs,
respectively. In addition, the frequency responses to the proposed methods show good
agreement with the ideal responses, for the VLPFs and the VHPFs. The previous approach
[25] has lower accuracy than the proposed method for M = 2 and M = 4, as shown in
Figures 5.4 and 5.5 for VLPFs, and Figures 5.8 and 5.9 for VHPFS. Furthermore, the
magnitude responses of cascaded direct form are less than our technique, as shown in
Figures 5.2 and 5.3 for VLPFs, and Figures 5.6 and 5.7 for VHPFS. As well-known, the

direct form realization is very sensitive to quantization effects.
5.2.2.2 Example 2
In this example, we compare our proposed method to the previous method based on

Gramian-preserving frequency transformation [24] and the previous method published in
[25], where the filters used are the VBPFs and VBSFs.
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Figure 5.10 Evaluation results for 10th-order narrow-band VBPFs: (a) Magnitude
responses and (b) Error responses for n = —0.15,¢ = 0.20,l = 8,and R = 8.
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Figure 5.11 Evaluation results for 10th-order narrow-band VBPFs: (a) Magnitude
responses and (b) Error responses for n = 0.15,¢ = —0.20,l = 8,and R = 8.

73



Chapter 5

Results and discussions

I I I I I I I 1 I
or 10th-order cauer 1
o — — — [Sh Kashita] (M = 1} [25)
S 20f — — — [Sh.Koshita){ M =2 } [25] |
5 2 N S R et proposed(M = 2)
M _ ]
g N 7
= 60 y 7
—BD 1 | L 1 1 1
0 01 02 0.3 04 05 0.6 0.7 0.8 09 1
normalized frequency
(c)
0 T T T T |* — _L.z T T T
) L — — — [Sh Koshita](M = 1) [25]
2201 Y !,’| — — — |Sh Koshita]{M = 2) [25] | 7
£ [N - proposed(M = 2)
@ 1 i
A0F f " 4
© i ¥
5 ~ 1 -
2 TN ST
_8 -'ElD‘_ ________ ___,._‘-—--'." " gy I-"-'II',. e
< e "N ~—
80 Yy pme— = T " 1 1 P i Ll T Y S
0 01 02 0.3 04 05 0.6 0.7 0.8 09 1

normalized frequency

(d)

Figure 5.12 Evaluation results for 10th-order narrow-band VBPFs: (c) Magnitude

responses and (d) Error responses for n = 0.15,¢ = —0.20,l = 4,and R = 4.
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Figure 5.13 Evaluation results for 10th-order narrow-band VBPFs: (c) Magnitude

responses and (d) Error responses for n = —0.15,¢ = 0.20,l = 8,and R = 8.
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Figure 5.14 Evaluation results for 10th-order narrow-band VBSFs: (a) Magnitude
responses and (b) Error responses for n = —0.20,¢ = 0.15,/ = 8,and R = 8.
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Figure 5.15 Evaluation results for 10th-order narrow-band VBSFs: (a) Magnitude
responses and (b) Error responses for n = 0.20,¢ = —0.15,l = 4, and R = 4.
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Figure 5.16 Evaluation results for 10th-order narrow-band VBSFs: (c) Magnitude

responses and (d) Error responses for n = 0.20,¢ = —0.15,l = 4,and R = 4.
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Figure 5.17 Evaluation results for 10th-order narrow-band VBSFs: (¢) Magnitude

responses and (d) Error responses for n = —0.20,¢ = 0.15,l = 8,and R = 8.
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Figures 5.10-5.17 depict the corresponding assessment findings for VBPFs and
VBSFs. Also shown are the frequency responses of the suggested approaches and the ideal
frequency responses. For all VDFs, The results in the proposed method are highly in
agreement with the ideal method, In addition, the previous technique [25] is less precise
than the one provided for M = 2 and M = 3 as shown in Figures 5.12 and 5.13 for VBPFs,
Figures 5.16 and 5.17 for VBSFs. In addition, Figures 5.10 and 5.11 for VBPFs, and
Figures 5.14 and 5.15 for VBSFs illustrate that the approach based on Gramian-preserving

frequency transformation [24] adjusts only the central frequency with fixed bandwidth.

Despite the fact that the large value of the approximation parameter [ has no effect
on the computational complexity of y(n) in [25], it remains a serious concern since
performance deterioration is associated with reduced accuracy in approximating y(n), as
shown for the VBPFs and VBSFs. This recognized disadvantage is a result of the
Maclaurin series, but it may be addressed by using the Taylor approximation series to get
the square root. As shown in these cases, the approximation parameter [ is not specified
and yields a high-precision approximation of y(n). These results demonstrate the efficacy
of our suggested tuning precision method for limited word lengths, including high-order

and narrow-band VDFs.
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5.3 Conclusion

In this chapter, we presented many examples to compare the previous methods and
our proposed method. The results showed that our method is better than other methods. A
series approximation incorporating the negative binomial and Taylor series approximations
was used. The parameters M and [ may be used to modify the accuracy of the inverse
matrix and square root approximations. Therefore, this method delivers great tuning
accuracy regarding the finite word length for all types of VDFs.
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General conclusion

A fundamental aspect of signal processing is filtering. With the aid of computer
programs performing filter design algorithms, designing filters can be done relatively
quickly. This modest research was based on the design of IIR digital filters using series

approximations.

This work has reviewed recent research activities on VDFs, focusing on the
approximation problem, the realization problem, and the applications of adaptive filtering.
The results given in this thesis are based on the state-space representation, which has
revealed many useful properties with respect to the performance of filters dominated by the
internal properties and the input-output relationship. In particular, the Gramian-preserving
frequency transformation is very attractive for designing and synthesizing high-
performance filters. Using this new frequency transformation, we have presented variable
digital filters that retain high performance regardless of the frequency characteristics
change. The proposed method is based on the binomial series approximation and the
Taylor series approximation to the state-space formulation of frequency transformations.
This approach has enabled the state-space VDFs to be simultaneously realized without

needing the inverse matrix and the square root.

The conventional state-space VDFs require restrictions on the transfer functions,
state-space representations and tuning characteristics, whereas the proposed method is free
from such restrictions. In addition, in the proposed method, the approximation accuracy
can be easily controlled by the parameters M and I, leading to high-performance VDFs
concerning both the approximation error and the finite wordlength effects. As discussed in

the last chapter.

A low-pass, high-pass, band-pass, and band-stop IR digital filter design examples
are considered to investigate the filter's performance with the new method and compare the
proposed methods' performance. A comparison was made with VDFs based on Gramian

frequency transformation, cascade direct form structure, and other proposed methods. The
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approximation results are better than those of other recent methods. Furthermore, this
approach achieves good performance with high tuning accuracy concerning the finite

wordlength effect for all types of VDFs.

Finally, since many results based on the state-space representation are reported for
two-dimensional frequency transformations [31], applying these results to VDF theory
may yield high-performance two-dimensional state-space VDFs. Furthermore, the
proposed VDFs may be applied to the adaptive band-pass/band-stop filtering [21], leading
to the new adaptive band-pass/band-stop filters that significantly improve the performance

with respect to the finite wordlength effects.
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