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General Introduction

Numerical methods constitute one of the fundamental pillars of modern scientific and engineering
computation. In many practical situations, engineering and physical problems cannot be solved using
exact analytical methods because of the complexity of the governing equations, irregular geometries,
nonlinear behavior, or large amounts of data involved. As a result, numerical techniques provide
approximate but highly accurate solutions that enable engineers and scientists to analyze, simulate,
and optimize real-world systems efficiently. These methods transform mathematical problems into
computational procedures that can be implemented using calculators or computer algorithms, making
them indispensable in modern engineering practice.

In civil engineering, numerical methods play a critical role in solving problems related to structural
analysis, hydraulics, transportation systems, soil mechanics, environmental engineering, and
construction management. Engineers frequently encounter systems of equations, interpolation
problems, differential equations, optimization tasks, and integration processes that cannot be solved
manually or by closed-form mathematical formulas. Numerical methods provide practical techniques
to obtain approximate solutions with acceptable accuracy while reducing computational time and
effort. Consequently, the study of numerical methods has become essential for engineering students
and professionals who aim to solve increasingly complex engineering problems.

The development of computers has significantly increased the importance of numerical analysis in
engineering and scientific research. Modern engineering software such as MATLAB, ANSYS,
SAP2000, ETABS, and finite element analysis tools rely heavily on numerical algorithms to perform
simulations and calculations. Numerical methods allow engineers to model the behavior of structures
under different loading conditions, estimate fluid flow behavior, predict material performance, and
evaluate system stability. Without numerical computation, many modern engineering achievements
such as high-rise buildings, bridges, dams, transportation networks, and earthquake-resistant
structures would be extremely difficult to design and analyze.

One of the most important applications of numerical methods is solving nonlinear equations. Many
engineering systems are governed by nonlinear mathematical models where exact analytical solutions
do not exist. Techniques such as the Bisection Method, Fixed-Point Iteration Method, and Newton—
Raphson Method provide systematic procedures to approximate the roots of nonlinear equations.
Each method has its own characteristics in terms of convergence speed, stability, and computational
efficiency. Understanding these methods enables engineers to select the most appropriate technique
according to the nature of the problem and the desired accuracy.

Another major field addressed by numerical methods is the solution of systems of linear equations.
In civil engineering applications, systems of equations arise naturally in structural analysis, finite
element methods, network analysis, and fluid mechanics. Direct methods such as Gaussian
Elimination, Gauss—Jordan Elimination, and LU decomposition are commonly used to obtain exact
numerical solutions, while iterative techniques such as Jacobi and Gauss—Seidel methods are suitable
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for large systems where computational efficiency is important. Matrix analysis also provides the
mathematical framework necessary for organizing and solving these systems effectively.

Numerical integration and interpolation are also essential topics in numerical analysis. Numerical
integration techniques, including the Rectangle Rule, Trapezoidal Rule, Simpson’s Rules, and
Gaussian Quadrature, allow engineers to approximate definite integrals when analytical integration
is impossible or difficult. These methods are particularly important in applications involving area
calculations, load distributions, probability analysis, and differential equations. Interpolation methods
such as Lagrange and Newton interpolation provide efficient ways to estimate unknown values
between known data points, which is especially useful in experimental analysis, data fitting, and
engineering measurements.

The numerical solution of differential equations represents another important application of numerical
methods. Many physical and engineering phenomena such as heat transfer, fluid flow, structural
vibration, and population growth are modeled using ordinary or partial differential equations.
Methods such as Euler’s Method and the Runge—Kutta Method enable approximate solutions to these
equations when exact solutions are difficult to obtain. These techniques form the basis of many
advanced simulation tools used in engineering analysis and scientific research.

In addition, numerical methods are widely used in approximation theory, eigenvalue problems,
optimization, and computational modeling. Eigenvalues and eigenvectors are fundamental in
vibration analysis, structural stability, seismic engineering, and finite element analysis.
Approximation techniques such as Taylor series and least squares methods help engineers simplify
complex functions and fit mathematical models to experimental data. These tools improve prediction
accuracy and support decision-making in engineering design and analysis.

The primary objective of studying numerical methods is not only to understand the mathematical
procedures behind the algorithms but also to develop the ability to analyze errors, convergence
conditions, stability, and computational efficiency. Since numerical methods produce approximate
solutions, it is important to evaluate the precision and reliability of the obtained results. Concepts
such as truncation error, round-off error, convergence rate, and stopping criteria are therefore essential
components of numerical analysis.

This course aims to provide students with a solid foundation in the principles and applications of
numerical methods in engineering. Through theoretical explanations, solved examples, and practical
exercises, students will learn how to formulate engineering problems mathematically and solve them
using appropriate numerical techniques. The knowledge acquired from this course will help students
develop analytical thinking, computational skills, and problem-solving abilities necessary for
advanced engineering studies and professional practice.

Overall, numerical methods bridge the gap between mathematical theory and engineering
applications. They provide engineers with powerful tools to solve complex problems efficiently and
accurately in situations where analytical solutions are not feasible. As engineering systems continue
to become more sophisticated, the importance of numerical methods in scientific computation and
technological development will continue to grow.
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Chapter 1: Solving Nonlinear Equations

1.1 Introduction

1.1 Bisection Method

1.2 Method of Successive Approximations
1.3 Newton's Method

1.4 Conclusion

1.1 Introduction

Nonlinear equations appear frequently in engineering and scientific problems, especially in civil
engineering applications such as structural analysis, hydraulics, geotechnics, and material modeling.
Unlike linear equations, nonlinear equations generally do not admit exact analytical solutions. As a
result, numerical methods are required to approximate their solutions with acceptable accuracy. These
methods are based on iterative procedures that progressively approach the exact root of the equation.
The choice of a numerical method depends on factors such as convergence speed, simplicity,
reliability, and the nature of the function involved. In this chapter, several classical numerical methods
for solving nonlinear equations are presented and analyzed. Emphasis is placed on their principles,
application conditions, procedures, and practical advantages and limitations.

1.2 Bisection Method

The term bisection means dividing into two equal parts. The Bisection Method, also known as the
Dichotomy Method, is one of the simplest and most reliable numerical techniques for solving
nonlinear equations. This method is based on the Intermediate Value Theorem and consists of
repeatedly reducing the interval that contains the root.

1.2.1 Application condition
According to the Intermediate Value Theorem, if a function f(x) is continuous on the interval [a, b]
and satisfies the following condition

fla)xf(b) <0
then the function admits at least one root within the interval [a, b]. This condition ensures that the
function changes sign, indicating the presence of a solution.

1.2.2 Calculation procedure

The procedure starts by computing the midpoint of the interval:

a+b
x(): 2

o If f(x) f(a) < 0, the root lies in the interval [a, x,]. The new interval is therefore [a, x,], and
the next approximation is
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a+xg
=
e Otherwise, the root lies in the interval [x,, b], and the interval [a, x,] is deleted.
This process is repeated iteratively, generating a sequence X, X1, X5, . . ., that converges progressively
toward the exact solution.

a X, X, b

T R e S

J(a) f(x) (%) 1(b)

1.2.3 Stopping Condition

The iterative process is stopped when the following condition is verified
lx; — x4l <€

where € represents the required precision.

1.3.4 Number of iterations

The minimum number of iterations required to achieve the desired accuracy is given by:

In((b —a)/¢)
In(2)

Where ¢ is the required precision, 7z is the number of iterations.

n>=

, NEN,

Example: Solve f(x) = x*3 — 4x — 9 = 0 using the bisection method in the interval [2,3],
with a desired tolerance of e = 0.01.

( Solution ]
-Application condition: Check if f(2) - f(3) < 0:

f(2)=23-42)-9 = -9, f3)=3>-43)-9 =6

Since f(2).f(3) = =9 (6) < 0, thereisarootin [2, 3].

-iteration number: n > [log((b — a) /¢)/log(2)| = |log((3 — 2) /0.01)/log(2)| = 6.64 - n=7

-Iterative Process: We calculate the midpoint x; of [a, b] in each iteration and evaluate
f(x;). The interval is updated based on the sign of f(x;).

[teration a b xi f(a) f(b) f(xi) error
0 2.000 3.000 2.500 -9.000 6.000 -3.375 -0.500
1 2.500 3.000 2.750 -3.375 6.000 0.797 -0.250
2 2.500 2.750 2.625 -3.375 0.797 -1.412 -0.125
3 2.625 2.750 2.688 -1.412 0.797 -0.339 -0.063
4 2.688 2.750 2.719 -0.339 0.797 0.221 -0.031
5 2.688 2.719 2.703 -0.339 0.221 -0.061 -0.016
6 2.703 2.719 -0.061 0.221 0.079 -0.008
-Stopping condition

The root is approximately xx2.711 with | x; —a |= 0.008 < € = 0.01

1.2.5 Advantages and Disadvantages
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The Bisection Method guarantees convergence as long as the application condition is satisfied,
regardless of the shape of the function. Its simplicity and robustness make it suitable for introductory
numerical analysis. However, the method converges relatively slowly and strongly depends on the
initial interval selection, which may limit its efficiency in practice.

1.3 Method of Successive Approximations(fixed-point)
1.3.1 Definition
To solve the equation f(x) = 0, we must transform it in the form:
x = g(x)
where the function g(x) must satisfy the following two conditions over the interval [a, b]:

g(x) € [a, b]
o<1 }Vxe [a, b]

1.3.2 Calculation procedure
An initial approximation is chose n, commonly as
_(a+Db)
Xo ="
The solution is then approached using the iterative relation:
Xiy1 = 9(xi), i=012...,n

This generates a sequence:

x1 = g(xo)
Xy = g(x1)
Xn = 9(Xn-1)

which converges toward the fixed point if the convergence conditions are satisfied.

1.3.3 Stopping Condition
The iterative process is stopped when

|xn - xn—ll €
where € denotes the prescribed accuracy.

Example: find the solution of the following equation by the method of successive
approximations in the interval [1 2] with a precision of two decimal.
fx)=x3-x—-1=0
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-
Solution: Either the following function forms for g(x):

1 — 5 1: 2 — 1 0
X=X ; .x—xz_l,

x+1 1
3.x = o 4.x = (x +1)3

Question: Which function g(x) satisfies both conditions in the interval [1,2]?

Answer: after try the conditions the three first form we find that forth form verified the conditions
as follow:

1-g(x) € [1,2],vx € [1,2] *

g)=(1+1)" =N+1=126€[1.2]: g@ =@+ =Y2+1=144¢[1,2]

1

g () ==(x+1)7%3;g'(1) =0.209; g’'(2) = 0.160
3 x |1 2

1 0.209

2-g'(x) =5(x+ 1)=2/3 g'(x) 0.160

1
lg'(D]=0.2<1,]|g'(2)] =0.16 <1, Then g(x) = (x+ 1)s verified the conditions of
method
Calculation Procedure:

We take the initial solution x, = (a + b)/2 = (1 + 2)/2 = 1.5, using to fill up the table
i Xi g(xi)  error
0 1500 1357 0.143
1 1357 1.331 0.026
2 1331 1326 0.005
Stopping Condition: | x, — x; |= 0.05 < € = 0.01
the solution quickly converges towards the solution x, = 1.326.

1.3.4 Advantages and disadvantages

This method is simple to implement and can be applied to a wide variety of nonlinear problems.
However, its convergence is generally slow and highly sensitive to the choice of the function g(x).
An unsuitable transformation may lead to divergence.

1.4 Newton's Method

Newton’s Method, also known as the Newton—Raphson Method, is a powerful and widely used
numerical technique for solving nonlinear equations. It is based on linearizing the function using its
first derivative and constructing successive tangent approximations to the curve. When the initial
guess is sufficiently close to the exact root and the derivative does not vanish, Newton’s Method
exhibits very fast (quadratic) convergence, making it highly efficient in engineering applications.

1.4.1 Conditions of application

Newton’s Method can be applied under the following conditions:

1.The function satisfies f(a) X f(b) < 0, ensuring the existence of at least one root in the interval
2.The function f(x) is twice differentiable on the interval [a, b], and both f'(x) and f"(x) do not
change sign on this interval.

3. The initial approximation x, is chosen such that f(xq)f"'(x,) > 0 which helps guarantee
convergence toward the root.
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1.4.2 Calculation procedure
If all the above conditions are satisfied, the iterative formula of Newton’s Method is given by:
f(x:)

l

1.4.3 Stopping Condition

The iterative process is stopped when the desired accuracy is achieved, that is:
|xn+1 - xnl =€

where € denotes the prescribed tolerance.

4 )
Example: f(x) = x3 + 4x? — 10, using Newton method, find the approximate solution of

f(x) in the interval [1 2] and an error 0.0001.

( )

Solution:

-Conditions of application

L) ==5f2)=14f1) xf(2) <0

2.f(x) =3x? +8x; f"(x) = 6x + 8

The two derivatives are not zero and are always positive Vx € [1,2]

3.xg=(1+2)/2=15; f(x9) = f(1.5) = 2.375; f"(x0) = f"(1.5) =17
f(x0) X f"(x0) = 2.375 X 17 > 0

-Calculation procedure: x,=(a+b)/2=(1+2)/2=1.5

fxo) _ 2370

X1 = X —f,(xo) = 1. —m = 1.3733
_ f(a) £(1.37333)
X, = %, ]},((xl)) = 1.37333 37339 = 1.36526
X3
X3 =Xog — 0 —<—= 1.36523
T ()
X fx)  f'xp) X1 error

i
0 1.50000 2.37500 18.75000 1.37333 0.12667
1 1.37333 0.13435 16.64480 1.36526 0.00807
2 1.36526 0.00053 16.51392 1.36523 0.00003
So, the approximate solution isx, =1.36523 where the error =0.00003<¢=0.0001.

1.4.4 Advantages and Disadvantages

Newton’s Method offers the significant advantage of very rapid convergence when the initial
approximation is chosen sufficiently close to the exact root. In such cases, the method converges
quadratically, which makes it highly efficient compared to many other numerical techniques.
However, this method also presents some limitations. It requires the computation of the first
derivative of the function, which may not always be simple or available. In addition, the convergence
of the method strongly depends on the choice of the initial guess and the satisfaction of the
applicability conditions; a poor initial estimate may lead to slow convergence or even divergence.

Authored by : Dr GUESMI Mohamed Academic year 2025/2026 11



Numerical methods

1.5 Conclusion

In this chapter, several classical numerical methods for solving nonlinear equations have been
presented. The Bisection Method offers guaranteed convergence and simplicity but suffers from slow
performance. The Method of Successive Approximations provides a flexible framework but depends
strongly on the chosen transformation function. Newton’s Method stands out for its rapid
convergence and high efficiency, although it requires derivative evaluation and a good initial guess.
Understanding the principles, conditions, and limitations of these methods allows engineers to select
the most appropriate technique for a given nonlinear problem.

Serie of Exercises 01
Exercise 1
Find the root this polynomial f(x) = x*3 — 4x — 1 = 0 on the interval [2,3] using the bisection
method with accuracye = 1072,
Exercise 2
Solve the equation f(x) = In(x) + x — 2 = 0 on the interval [1,2] using the bisection method with
precision € = 1073,
Exercise 3
Consider the nonlinear equation
x3+x—-3=0
on the interval [1,2].
1. Determine whether this equation can be solved using the fixed point method on the interval [1,2].
2. Ifapplicable, find an approximate solution of the equation in the interval [1,2] using the fixed point
method, with an accuracy of € = 1072,
Exercise 4

Given the equation on the interval [0, 1]
fx)=e™*—x=0
1. Reformulate the equation as a fixed-point problem x = g(x).
2. Check whether the chosen function g(x) converges to the solution.
3. If the fixed-point method applicable, start from x, = 0.5 and compute an approximation of the
solution with tolerance € = 1073,

Exercise 5

Considering the following equation on the interval [0, 1]:
f(x)=e*—3x=0
1. Verify that the Newton—Raphson method is applicable.
2.Use the Newton—Raphson method to find an approximate solution starting with error ¢ = 1073,
Exercise 6

Find the approximate solution of this equation f(x) = In(x) + x? — 3 = 0 using Newton Method
in the interval [0, 1.5] with precision ¢ = 1074,
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Solutions of Serie 01

Solution to exercise 1
polynomial f(x) = x"3—4x—1=0, [2,3], £=1072
1.Applicability of Bisection method
f(2)=8—-8—-1= -1, f(3)=27-12-1=14
f(b)f(a) = —-1(14) = —14 < 0 = Root exists in [2,3].
2.Iteration number

In((b—a)/e In((3—-2)/0.01
@) @ —o0n)
In(2) In(2)
3.Iterative process
Start by xg = 22 =329 5,
2 2
X= a=2 x3=2.0625  X4=2.09375 X2=2.125 X1=2.25 X0=2.5 b=3
2 7Y / / 1.
......... o ‘ i
f(x)> -1 0476 019 0.095 1390~ 4625 H
x4:209375x =2 09375 roe2 100875 0117108 X2=2.125
A ¥ /] : A
-0.196 -0.196 -0.051 0.021 0.095
Iter a b ‘= a+b f(a) f(b) f(x_i) Error
;=
2
1 2 3 2.5 -1 14 4,625 0.5
2 2 2.5 2.25 -1 4.625 1.390625 0.25
3 2 2.25 2.125 -1 1.390625 0.095703 0.125
4 2 2.125 2.0625 -1 0.095703 -0.47632 0.0625
5 2.0625 2.125 2.09375 -0.47632 0.095703 -0.19644 0.03125
6 2.09375 2.125 2.109375 -0.19644 0.095703 -0.05191 0.015625
7 2.109375 2.125 2.117188 -0.05191 0.095703 0.021507 0.007813

4.Stopping criterion
|Xpe1 — X = |x7 — x6] = 0.007813 < & = 0.01

Solution to exercise 2
fxX)=In(x)+x—-2=0, [1,2], e =10"3, Bisection method
1.Applicability of Bisection method
f(H=m(1)+1-2=-1, f(2)=In(2)+2-2=0.693
f(b)f(a) = =1(0.693) = —0.693 < 0 = Root exists in [1,2].
2.Iteration number
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In((b —a)/e)

In((2 - 1)/0.001)

e e
3.Iterative process
Start by xo = 2 = 2= = 1.5
Iter a b
1 1.00000  2.00000
2 1.50000 2.00000
3 1.50000 1.75000
4 1.50000 1.62500
5 1.50000 1.56250
6 1.53125 1.56250
7 1.54688 1.56250
8 1.55469 1.56250
9 1.55469 1.55859
10 1.55664 1.55859

4.Stopping criterion

Xi 2
1.500000
1.750000
1.625000
1.562500
1.531250
1.546875
1.554688
1.558594
1.556641

1.557617

_a+b

In(2)

f@

-1.00000
-0.09453
-0.09453
-0.09453
-0.09453
-0.04267
-0.01689
-0.00404
-0.00404
-0.00083

=996 =>n=10
fb)  f(xD)
0.69315  -0.09453
0.69315  0.30962
030962  0.11051
0.11051  0.00879
0.00879  -0.04267
0.00879  -0.01689
0.00879  -0.00404
0.00879  0.00238
0.00238  -0.00083
0.00238  0.00077

|Xp+1 — Xl = |x10 — x9] = 0.00098 < € = 0.001

Solution to exercise 3

We consider the equation x>+ x —3 =0 on [1,2]

1. Applicability of the fixed point method

We rewrite the equation in the form x = g(x).

A convenient choice is:

x=V3"x

a) Condition 1: Stability of the interval

For x € [1,2],
We compute g(1) and g(2)

= gx)=3V3—x

g(1) =1.259 € [1,2],g(2) = 1 € [1,2],
And we check that g’ (x) didn’t change its signal on the interval [1,2]

g'(x)=-

1

3(3 — x)2/3

So it obvious the g’ remain negative mean g(x) is strictly decreasing on [1,2] .

Thus

g(x) € [1,2] Vx € [a,b]

b) Condition2: Contraction condition

We compute the derivative:
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0.50000
0.25000
0.12500
0.06250
0.03125
0.01562
0.00781
0.00391
0.00195
0.00098
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1
We compute |g’(1)| and |g’(2)|
lg'(1)] =0.209 < 1, lg'(2)| =0.333 <1
And check the second derivative
2
lg" ()| = W

the |g"”| remain positive and g’(x) is strictly increasing on [1,2]

the function g is a contraction on [1,2]
lg'()| <1 vx € [1,2]
Therefore, the fixed point method converges to a unique solution in [1,2].

2. Numerical solution by fixed point iteration

We use the iteration formula:

Xn+1 = g(xp) = 3\/ 3—x,

with initial guess: x, = 1.5, and tolerance £ = 1072,

Iteration Xn X1 Error
0 1.5000 1.1447 0.3553
1 1.1447 1.2311 0.0864
2 1.2311 1.2090 0.0221
3 1.2090 1.2149 0.0059

Stopping criterion:
|x3 — x,| = 0.0059 < & =0.01

Approximate solution: |x3 ~ 1.2149)|

At 24 iteration the method reach nearly the exact solution [x ~ 1.21341|with zero error

Solution to exercise 4
fX)=e*—x=0 xo = 0.5 £ =1073. Fixed-point method
1.Function of fixed point problem
gx)=x=e"
2. Convergence Check

a) Condition 1: Stability of the interval
For x € [1,2], We compute g(1) and g(2)
g0 =e’=1€[01], g(1)=e'=0.367€][01]
And we check that g’ (x) didn’t change its signal on the interval [0,1]
g'(x)=—-e*
Since e™* > 0, so it obvious the g’ remain negative for all x € [0,1], which mean g(x) is strictly
decreasing on [0,1] .
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Thus
g(x) €e[0,1] vx € [0,1]

b) Condition2: Contraction condition
We compute the derivative:
g'(x)=—e™™
We compute |g’(0)| and |g’(1)|
lg'(0)]=1<1, lg'(1)]| =0367<1

And check the second derivative
X

lg" ()l =e”
the |g"”| remain positive and g’(x) is strictly increasing on [0,1]

the function g is a contraction on [0,1]
lg'(x)| <1 Vx € [a, b]
Therefore, the fixed point method converges to a unique solution in [0,1].

3. Numerical solution by fixed point iteration

We use the iteration formula:

Xnt1 = g(xp) = e™¥n

with initial guess: x, = 0.5 and tolerance € = 1073
Iteration x, X,.1 Error
0.5 0.6065 0.1065
0.6065 0.5452 0.0613
0.5452 0.5797 0.0345
0.5797 0.5601 0.0196
0.5601 0.5712 0.0111
0.5712 0.5649 0.0063
0.5649 0.5684 0.0036
0.5684 0.5664 0.0020
0.5664 0.5676 0.0012
0.5676 0.5669 0.0007

O© oo ~NO OIS WwN B

(BN
o

Stopping criterion:
|X10 — Xo| = 0.0007 < £ = 0.001

Approximate solution: {x19 ~ 0.5669|
£(x10) ~ 0.00038 — 0

Solution to exercise 5
f(x)=e*—-3x=0, «x€[01], e=1073
1. Verify applicability of Newton—Raphson
First condition :
f(0O)=1-0=1, f(1) =e' —3 =~ —0.2817
f(0O)f(1)=-0.2817<0
Second condition :

flx)=e*—3, f'(x)=e
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The derivatives exist and are continuous on [0,1]

1.Sign of f"'(x) on [0,1]
The exponential function satisfies: e* > 0 Vx € R. Therefore, for all x € (0,1) : f"(x) = e* > 0.

Hence | f"(x) is strictly positive on (0,1).|

2. Sign of f'(x)on [0,1]
The exponential function is strictly increasing, and:
e =1, el =e ~ 2.718.
Thus, for any x € (0,1),
0<x<1
el <e*<el=271<3 - 1<e¥<e=271<3.
Subtracting 3 from all sides:
-2<e*-3<0
Hence:
f'(x) =e*—-3<0 Vxe(1).
Therefore,

f'(x) is strictly negative on (0,1).|

third condition

Choose x5 = % =0.5

f(x0) = e% — 1.5 =0.1487, " (x) = €% = 1.64
f(x0) f"(x0) >0

Newton—Raphson method is applicable.

2.Calculation procedure

Newton formula:

e f(xn)
n+1 n f’(xn)
=0.5 0.1487 _ 0.6100
=TT 3513 T
= 0.6100 0.0100 _ 0.618
X2 =0 11600
= 0.6186 0.0002 _ 0.6188
X3 =0 11440
i x;  fx) f'(x) x4 error

1 0.5000 0.1487 -1.3513 0.6100 0.1100
2 0.6100 0.0100 -1.1600 0.6186 0.0086
3 0.6186 0.0002 -1.1440 0.6188 0.0002
Stopping criterion:
|x, — X3| = 0.0002 < € = 0.001

Approximate solution: [x, ~ 0.6188|
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Solution to exercise 6
f(x)=In(x)+x*-3, x€[12], e=10"*

Conditions of application
First condition :
f=m(1)+1-3=-2 f(2)=In(2)+4 -3 =~ 1693
ffR2)<0
Second condition :
1 1
f(x)—;+2x, f(x)-—;+2

The derivatives exist and are continuous on [1, 2]

1.Sign of f'(x) on [1,2]
For all x€[1,2]: x>0, hence % > 0 and 2x>0 . Therefore:f'(x) = %+ 2x >0 Vx€[1,2].

Thus,

f'(x) is strictly positive on [1,2].|

2. Sign of f"'(x)on [1,2]

. 1
We estimate the term —on [1,2]:

Multiplying by -1:

1< ! < !
s-Zs 77
Adding 2:
1 <2 1 < 7
< 257
Thus:
1
f'(x) =2 = >0 Vxe€]l12].
Hence,

f" (x) is strictly positive on [1,2].|

Third condition

Choose x5 = 1%2 =1.5

\ 1
Flxo) = In(1.5) + 2.25 — 3 ~ —0.3445;  f'(x,) = ———— + 2 ~ 1.556

(1.5)2
f(xo)f (%) <0
Newton—Raphson method is applicable.
2.Calculation procedure
Newton formula:

f ()

X =Xy, —
n+1 n f (xn)
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—0.3445
% =15—-—F———=15933
1z +2(1.5)
= 1.5933 0.0036 _ 1.5924
X2 = 38145
= 1.5924 0.00002 _ 1.5924
X3 = 4 38133
Iteration table
Xi f(x) [ (x) Xit1 error

1.50000 -0.34453 3.66667 1.59396 0.09396
1.59396 0.00695 3.81529 1.59214 0.00182
1.59214 0.00000 3.81237 1.59214 0.00000

W N P o~

Stopping criterion:
|x4 —x3| = 0.00000 < € = 0.0001

Approximate solution: [x, ~ 1.59214/|
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Chapter 2 : Systems of Linear Equations

2.1 Introduction

2.2 Matrix Analysis.

2.3 Direct Methods

2.3.1 Gaussian Elimination
2.3.2 Jordan Method

2.3.3 Cholesky Method

2.4 lterative Methods
2.4.1 Jacobi

2.4.2 Gauss et Seidel

2.5 Conclusion

2.1 Introduction

Systems of linear equations are widely used in engineering, applied mathematics, and physics. In civil
engineering, they appear frequently in structural analysis, numerical modeling, fluid flow, and
geotechnical problems. Engineers rely on these systems to compute important quantities such as
displacements, internal forces, stresses, reactions, and flow variables.

To handle large and complex systems efficiently, linear equations are often expressed using matrices
and vectors. This representation makes it easier to organize the data and apply systematic solution
techniques. As engineering problems increase in size and complexity, manual solutions become
impractical, and numerical methods are required.

This chapter introduces the basic concepts of matrix analysis and presents common techniques used
to solve systems of linear equations. Both direct and iterative methods are discussed, with examples
to show how each method works in practice. Understanding these methods helps engineering students
choose the appropriate approach for accurate and efficient problem solving in real applications.

2.2 Matrix Analysis

2.2.1 Matrix format
In practice, engineers frequently solve systems of equations to determine

. These systems can be
written in the general algebraic form:

Ai1X1 + AqpX+. . ... +aymXm = by
a21x1 + a22x2+ ..... +a2mxm = b2
Ap1X1 + ApaXo+..... +apmXm = by

This system can be written compactly in matrix form as:
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a1 Az - A (X1 b,
A1 Gz - Qom | JX2 ( _ ) b2
An1 Anz --- Quml \Xpn by

The goal is to find the vector {x}
2.1.2 Types of matrices

A is a rectangular array of numbers arranged in , denoted by A,xm.-
The most known types of matrices in engineering are :

e Row matrix (Row vector): A matrix with a single row (1 X m).

e Column matrix (Column vector): A matrix with a single column (n \times 1).

e Square matrix: A matrix wheren = m .

e Diagonal matrix: A square matrix where all non-diagonal elements are zero.

e Unit (Identity) matrix: A diagonal matrix with ones on the diagonal, denoted by I.

e Triangular matrix:

e Upper triangular: all elements below the diagonal are zero like this 4 =

SO

|
|

2
5
0
0
5
2

w o oul b Ww

o Lower triangular: all elements above the diagonal are zero like this B = l

X = -

e Transpose matrix: Obtained by interchanging rows and columns, denoted A°.

-1 12 -13 5
A=|3 0 1A'= 10-7
5-7 4 21 4

Note: a symmetric matrix is a matrix that coincides with its transpose.

2.1.3 Matrix operation

a) Addition of two matrices

Two matrices can be added only if they have the . The addition is performed element
by element.
C=A+B = Cij=aij+bij
Example
1 -1 2 1 2 -1 2 1 1
A=] 3 1 4|; B=|3 5 1|;A+B=]|6 6 5]
5 2 0 0 1 0 5 3 0

b) Multiplication by a scalar

Each element of the matrix is multiplied by a scalar k:

AA = Aay
This operation is commonly used in load scaling and normalization.
¢) Product of Two Matrices

The matrix product C = A X B is defined by:

m

Cij = Z ik by

k=1

The number of columns of matrix A must equal the number of rows of matrix B, Therefore, Each
element of the resulting matrix C is the dot product of the i_th row of A and the j_th column of B.
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Important note: Matrix multiplication is not commutative, meaning AB # BA in general.

Example
1 2 -1 4 2 -1 3
Find the matrix C = A X Bwhere A=| 1 0 3] ;. B=|-1 1 0 0];
-2 1 4 2 -1 1 3
AXB
(14D +2(-D+ (D2 12)+2M)+(-D(-1D) 1-D+(D1 1B3)+2(D)+ (=13
=| 1(4) + 0(—1) + 3(2) 1(2) +0(1) +3(—1) 1(—1) +3(1) 1(3) +3(3)
—2(4) +1(-1) +4(2) -22)+1(1)+4(-1) -2(-1)+3(4) -23)+1+4(3)

=110 -1 2 12
-1 -7 6 7

[ 0 5 =2 2]

d) Invertible Matrix

A square matrix A is said to be if its determinant is non-zero.
det(4) # 0.
The inverse matrix A~! satisfies:
AAT1=A"1A=1

Properties:
(AB)'=B"1xA"1
(A—l)T — (AT)—I
Invertibility is essential for solving linear systems using

¢) Determinant of a Matrix

The determinant of a square matrix is a scalar value that indicates whether the matrix is invertible
and represents the area or volume scaling of the corresponding linear transformation.

e Case n=m=1: A=[a]; det(A)=a
a11012
A210221 : . .
e Case n=m>3: The determinant is defined recursively by cofactor expansion:

det(A) = Z akj C’-J

j=1

° Casen=m=2:4= [ ],det(A) = Aq1077 — Ay10A12

Where C;; = (—1)"**det(M") is the obtained by deleting row k and column j.
The determinant can be computed using , and all results are identical.
Example

Compute the determinant of A = [_21 é];B =

1 2 1 1 -1 0
3 -1 1;€=|2 -1 3
2

1 0 1 0 1

det(A) = |_; 31| -5
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+ - 4+
121
det(B)=|3-11|=+1] 113|—2|§ (1)|+1|§ 11|=8
2 10
+1 -1 O
-1 3 -10 -1 0
det(C)=-2 -1 3|=+1 -2 +1 =-2
01 01 -1 3
+1 0

f) Inverse of a Matrix

The inverse of a matrix A can be computed using the adjugate (cofactor) method:

Al = ! adj(A)
det(A)

where the adjugate matrix is the transpose of the cofactor matrix:
adj(A) = (A"
A* = a;j*is the cofactor matrix. a;;* = (—1)"*/ det( M;;)

* *
Ay Q12"

* * . .
A_a21: :

l [ (i) (1)1 det )

This method is primarily used for small matrices, while larger systems are solved using Gaussian
elimination or iterative methods.

2.3. Direct methods

Direct methods are numerical techniques used to solve systems of linear equations by performing a
finite sequence of algebraic operations. These methods lead to the exact solution of the system (apart
from rounding errors due to numerical computation). In civil engineering, direct methods are widely
used in structural analysis, stiffness matrix methods, finite element formulations, and material
modeling when the size of the system is moderate.

The most commonly used direct methods are the Gauss (Gaussian Elimination) method and the
Gauss—Jordan method.

2.3.1 Gauss Method
a) Definition

The Gauss method, also known as , consists of eliminating all the elements
of the coefficient matrix. The objective is to transform the system into an
, which can then be solved easily by back substitution.
Consider the following system of linear equations written in matrix form:
a1 Q12 Ag3 X1 b,
[Al{x} = {b} = [‘121 22 azs] , [XZ] = [bz]
dz1 A3z dszs X3 bs
In Gauss method we need form the augmented matrix by appending the elements of vector {B} to the
right of matrix [A], means:
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a;1 Q2 ag3| by

Az1 Ay a3l by

az; as; ass| bs
Step 1(Triangulation) : convert A matrix into

a1 Q12 3] by a;y G agzl by
U1 Gz 3|l by|ly=Ly—cl;=|0 ap a'23| b,
azy sz asz| bszf[Ls =Ls—cly 0 0 a'33| by
Step 1(Resolution by back substitution) :
aiq a’12 a’13 X, b; ' b_;, '
0 ay ay {xz} ={by} 2{aX; +ay;—— =Db,
0 0 agllxs b, | e
X3 = bz/az;
Example
Solve the following system.
2X1 + X, +2x3 =10
{6)(1 +4x, =26
8x, + 5x, + x3 =35
Solution
Writing in matrix form, that is: [A](x) = [B].
21 2] (%1 10
6 4 O] {xz} = {26}
85 11\x3 35
the augmented matrix
2 1 2|10
[6 4 0 26]
8 5 1135
Step 1(Triangulation) :
21 2|10 21 2|10 21 210
64026]Lz—3L1=>[01—6—4] :[01—6—4]
8 5 113511L; — 4L, 01 —-7I-51lL3—L, 00—-11-1
Step 1(Resolution by back substitution) :
—x3 =—1 x3=1
{x2—6x3=—4 =>{x2=2
2x1 + x5 + 2x3 = 10 X, =3

2.3.2 Gauss_ Jordan Method
a) Definition

The Gauss—Jordan method is an extension of the Gauss method. Instead of transforming the matrix

into an upper triangular form, this method reduces the coefficient matrix directly to the

. Once this form is reached, the solution is obtained immediately without back substitution.

[A|b] =  [Ilx]
ai1 Q12 Aq3|by 1 0 0]x
[a21 Qzz QA3 bg] = [O 1 0 xz]
a3y A3z A3z lb, 0 0 1lx3
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3X1 + 2X2+X3 =10

{xl -Xo + 2X3 = 5
2X1 ‘3X2 ‘2X3 ES '10

Solution

Writing in matrix form[A](x) = [B

]:

1 -1 217M™ 5
3 2 1”xz]=[10]
2 =3 -—=211x%3 -10

Converting the augmented matrix

1 -1 2 5 ] 1 -1 2 5
3 2 1 10 (L <L, —3L; =0 5 -5 —-5|L,«<L,/5>
2 -3 =2 —10] Lz« L3—2L, 0 -1 -6 =20
1 -1 2 5 ] 1 0 1 41L, « Ly —Ls 1 0 0 1
o 1 -1 -1 =0 1 -1 —1|L,«<L,+L3=>|0 1 0 2
0 0 =7 =211L, < L,/-7 0 0 1 3 0 0 1 3
1 0 0%
=10 1 O0fx
0 0 1lx;
Thus, the solution is:
x, =1
{xz—z
X3_3
2.3.3 Cholesky Method
a) Definition
The Cholesky method is a used to solve systems of linear equations. It is based on

decomposing the coefficient matrix A into the product of two triangular matrices. In this formulation,
the matrix A is written as:

where:
is a lower triangular matrix with all diagonal elements equal to 1,

o is an upper triangular matrix.
This decomposition is also known as LU decomposition. Once the matrix A is decomposed, the
system Ax = b can be solved efficiently by solving two simpler triangular systems using forward and
backward substitution.
This method is widely used in civil engineering applications such as structural analysis, finite element
methods, and stiffness matrix formulations, where large systems of linear equations are frequently
encountered.
b) General Form for a 3 X 3 Matrix

Let Abea 3 X 3 matrix :

Step 1 (LU Decomposition): In this step, all the unknown elements of matrices L and U are
determined by equating the product [L][U] to matrix [A]. This is done by comparing corresponding
elements row by row and column by column.
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A1 Q12 Qg3 1 0 O01[U11 Uy Uss
Az1 Q2 Q3| =Ly 1 0] 0 Uy Uy
az; Qdzz dsz L31 L32 1 0 0 U33

Step 2 (Resolution): Once the decomposition is completed, the solution of the system Ax = b is
obtained in two stages:

1 0 01 b;
[LI{y} = {b} = [L21 1 0] ‘}’2} = {bz}
L3; Lz 1
2.Backward substitution:

[Ul{x} = {y} =

Ujn Uiz Uizl V1
0 Uzy Uzz|ixz2p =12

0 0 Usslixs Y3
Example
X1 +2%x, +x3-1=0
{2){1 +X,+3x3+2 =0
X1 +2x,+4x3+3 =0
Solution

Writing in matrix form, that is: [A](x) = [B].
The initial equation represents a system of linear equations in matrix form:

1 2 11* 1
EEEEE
1 2 41lx3 -3
Step 1(LU Decomposition):
We seek matrices L and M such that:
1 2 1 1 0 O0J[Mi1x Mz M3
[2 1 3] = [L21 1 0] [ 0 My M23]
1 2 4 L3y Lz 111 O 0 Ms,
From the first row of matrix A:
My =1 Mp=2, Mpz=1
From the second row:
LoyyMy; =2 Ly; =2
LyyMy, + My, =1 M,, =3
LyyMiz + My3 =3 => My =1

From the third row:
L;yMi; =1=> L3 =1
L3yMyp + L3oMp; = 2= L3, =0
L3ysMy3 + L3y Mp3 + M33 =4 = M3z = 3

1 0 0 1 2 1
2 1 o;M=]0 -3 1

1 01 0 0 3

Thus,

L =
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1 0 01 1 yi =1 yi =1
[Lly =b = [2 1 0] Vol = [—2] = {Zy1 +y,=-2> {yz =—4
1 0 11Llys -3 V1 +y; =-3 V3 = —4

4
x3 = —=~ —1.3333

1 2 11[* 1 3x3 = —4 136
0 =3 1f|X2|=]|-4[=]3Bx+x3=—4 =54 x2=?z1.7778

0 0 311X3 —4 X1+2x2 +X3=1

[M]{x}={y} =

! 1.2222
9 ~ .

o i

2.3.4 Comparison of Direct Methods
All three methods are used to solve systems of linear equations. However, they differ
in procedure, efficiency, and practical applicability.
The Gauss method transforms the augmented matrix into an by eliminating
the elements below the main diagonal. Once the triangular system is obtained, the solution is found
using . This method is simple and efficient for small to medium-sized
systems. It is commonly used in hand calculations and introductory numerical analysis courses.
However, numerical errors may accumulate if pivoting is not applied, especially for ill-conditioned
systems.
The Gauss—Jordan method is an extension of the Gauss method. It eliminates both the elements
the main diagonal, transforming the coefficient matrix directly into the

. As aresult, the solution is obtained without the need for backward substitution. Although this
method is conceptually straightforward, it requires than the Gauss
method. Therefore, it is less efficient for large systems and is mainly used for educational purposes
or for computing the .
The Cholesky method decomposes the matrix AAA into the product of two triangular matrices. This
decomposition allows the system to be solved in two simple steps using forward and backward
substitution. Compared to Gauss and Gauss—Jordan methods, Cholesky is

and better suited for . Once the decomposition is

performed, multiple systems with different right-hand sides can be solved easily without repeating
the entire process.

For clarity and ease of comparison, the fundamental principles, advantages, and limitations of these
methods are summarized in the following table.

Method  Main Idea Computati  Advantages Limitations Typical Applications
onal Cost
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Gauss Reduce to upper Moderate Simple, widely used Needs pivoting, back Small to medium
triangular matrix substitution required ~ systems

Gauss— Reduce to identity High Direct solution, no Computationally Matrix  inversion,

Jordan matrix back substitution expensive teaching

Cholesky Decompose into Low Fast, stable, reusable Requires non-singular Structural analysis,

(LU) triangular matrices (efficient) decomposition matrix FEM

In practice, is suitable for small systems, is mainly used for

theoretical purposes, while is the preferred method in civil

engineering and numerical modeling due to its efficiency, stability, and suitability for large systems.

2.4. Iterative Methods

Iterative methods are numerical techniques used to solve systems of linear equations by generating a
sequence of approximate solutions. The solution process begins with an initial guess and proceeds
through repeated calculations, called iterations, where each step produces a new approximation based
on the previous one. This process continues until the solution converges and the difference between
successive approximations becomes sufficiently small.

Unlike direct methods, which compute the solution in a finite number of steps, iterative methods
approach the exact solution progressively. In this chapter, two classical iterative techniques are
studied in detail: the Jacobi method and the Gauss—Seidel method.

2.4.1 Convergence Condtions

The convergence of iterative methods such as the Jacobi and Gauss—Seidel methods depends mainly
on the properties of the coefficient matrix AAA. These methods do not always converge for arbitrary
systems of linear equations. However, they are guaranteed to converge if at least one of the following
sufficient conditions is satisfied.

1.First Condition: if the matrix A is , then both the Jacobi method and the
Gauss—Seidel method converge to the unique solution of the system. Diagonal dominance ensures
that the influence of each unknown on its own equation is stronger than the combined influence of
the other unknowns, which stabilizes the iterative process.

A square matrix A = [al- j] is said to be diagonally dominant if, for every row i, the absolute value of
the diagonal element is greater than the sum of the absolute values of the other elements in the same

la;;| > Zlaijl-

J#
This property ensures that each equation in the system is mainly influenced by its corresponding

row, that is:

unknown, which favors convergence of iterative methods.

Example
2 0 1

A=11 -6 2] [21>[01+11]=1, [-6l=6>|1[+12]=3, |7[>I1]1+]-2|=3.
1 -2 7

Ais not . diagonally dominant
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2.Second condition: if the matrix A is , the Gauss—Seidel method is
guaranteed to converge. In this case, the Jacobi method may converge, but convergence is not always
assured. The Gauss—Seidel method generally benefits from faster and more stable convergence due
to the immediate use of updated values during the iteration.
A matrix A is called positive definite if all its leading principal minors are positive. In practice, for
real symmetric matrices, this property guarantees that the associated quadratic form is strictly positive
for all nonzero vectors.

4, >0, 4,>0, 4;>0,...
Positive definite matrices frequently arise in engineering applications such as structural stiffness
matrices and energy-based formulations, making iterative methods particularly effective.

Example
2 01
A=|1 3 1]
2 1 1

* a; = aj; Ais not symmetric

A =2 =2>0,

2 0
4, = det =6>0,
1 3
2 0 1
A; = det(A)=|1 3 1 = —1 > 0. The third minor negative
2 11

e A is not Positive definite

2.4.1 Jacobi Method

The Jacobi method is an iterative technique for solving a system of nnn linear equations with nnn
unknowns. It is based on solving each equation for its corresponding unknown while using values
from the previous iteration for the remaining unknowns.

Consider the general system:

a11x1 + a12x2 + -+ alnxn = b1
ay1X1 + AyrXo + -+ AoynXn = bz
An1Xy + ApaXy + o+ Xy = by

Procedure

Each equation is rearranged to isolate one unknown:

X1 = a_ [b1 — (a12%2 + Ag3X3 + =+ + aypxy)]
11

Xy = a_ [by — (az1x1 + Az3x3 + -+ + Azpxy)]
22
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1
Xp = a [bn = (an1xy + apax, + - + an,n—lxn—l)]
nn

Hence, the system of equations can be written in the following general form:

This leads to the general Jacobi iteration formula:

[
bi—z
]

1| -
x(k+1) — |
l =1
j#i

12
all

a; -X-(k)

]
|
ijl
|

Here:

e [ is the iteration index.

e All new values xi(k+1) are computed using only values from iteration k.
k=0)

0) _ ©_,0_  _ 0 _
x; =0 (x;" =x, = =x, =0)

At the new approximation k + 1, the solution is computed using the values obtained at iteration k.

k X1 X2 X.. Xn
0 0 0 ... 0
1 xD XD XD
2 ng) x§2) B x,(f)
3 xg3) xg3) . xg‘g)

The iteration process stops when the difference between successive approximations satisfies:

MG xi(k)

; < ¢ for all variables x;, i =1,2,...,n

where € is a given tolerance.

Solve the following system using the Jacobi method with a tolerance €=0.005
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8x1 +x, —x3=8
X1 — 7%y + 2x3 = —4
2x1 + x5, +9x3 = 12
Solution

Extract each unknown from each the equation as follow :

1
X1:§(8_x2+X3)
1
Xy =;(4+X1+ZX3)

1
x3 = 6(12 - le - xZ)

. For k=1: x1(0) = xéo) = xgo) 0
Iterations proceed as follows:

k=1
x? =1—-0.125(0) + 0.125(0) = 1
x? =0.571—0.142(0) + 0.285(0) = 0.571
x?  =1.333-0.222(0) + 0.111(0) = 1.333

k=2
x® =1-0.125(0.571) + 0.125(1.333) = 1.095
(2) = 0.571 — 0.142(1) + 0.285(1.333) = 1.092
(2) =1.333 — 0.222(1) 4 0.111(0.571) = 1.047

k=3

x® =1-0.125(0.571) + 0.125(1.333) = 1.095
(3) = 0.571 — 0.142(1) + 0.285(1.333) = 1.092

(3) = 1.333 — 0.222(1) + 0.111(0.571) = 1.047
Lets continue and resume in following table
k X1 Xo X3

1.000 0.571 1.333
1.095 1.095 1.048
0.955 1.026 0.969
0.993 0.990 1.000
1.002 0.998 1.004
1.001 1.001 1.001
Error=|xi(6) - xi(5)| 0.001 0.003 0.003

SOOIk WN -

Verification:

The stopping condition is satisfied at iteration k = 6. Thus, the approximate solution is:

x§6) = x§6) = x§6) = 1.001

This example demonstrates the convergence behavior of the Jacobi method and highlights its
suitability for large systems where direct methods are computationally expensive.
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2.4.2 Gauss-Seidel Method

Definition

The Gauss—Seidel method is an iterative technique for solving systems of linear equations and can be
viewed as an improvement of the Jacobi method. Its main principle is that, within each iteration, the
latest available values of the unknowns are immediately used to update the remaining unknowns. In
other words, as soon as a new approximation for a variable is computed, it replaces the previous value
and is used in the calculation of subsequent variables in the same iteration. This approach often leads
to faster convergence compared to the Jacobi method, especially for diagonally dominant or well-
conditioned systems.

Procedure

the general iteration formula is same like Jacobi:

sy _ 1] S (k)]l

xi =a—|bl—2al]xj |
i e

" |
j#i

k=0)
o) _ ©o_ .0 _ . _ 0 _
x;, =0 (x;" =x, = =x, =0)
It consists of x (kD , 1.e., each new value

L

xi(k+1)replaces the old value xi(k) immediately in the same iteration.
K0HD _ g g0 4
ko0 { xED 2 g g gyt 00
x§k+1) —c_ x§k+1) " x§k+1)
k X1 X2 X.. Xn
0 0 0 0
1 XD XV NG
2 ng) x§2) . xr(lm
3 NO MO NG
Example

Solving the same previous system using the Gauss—Seidel method with a tolerance €=0.005
8 x;1 +x,—x3=8
X1 — 7xy +2x3 = —4
2x1 + x5 +9x3 =12
Solution

Extracting iterative form
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2 =1 - 0.125%5 + 0.125x

x4 = 0,571 + 0.142x" + 0.285x

x{*Y = 1333 - 0.222x" +0.111x(¥
e Initialization For k=1: xgo) = xéo) = xéo) =0

e [terations proceed as follows:
Iteration k=1
x; =1
x, = 0.571 + 0.142(1) + 0.285(0) = 0.713
x3 = 1.333 + 0.222(1) — 0.111(0.714) = 1.032
Iteration k=2
x; =1-0.125(0.714) + 0.125(1.032) = 1.039
x, = 0.571 4+ 0.142(1.039) + 0.285(1.032) = 1.012
x3 = 1.333 4+ 0.222(1.039) — 0.111(1.012) = 0.997
Iteration k=3
x; =1-0.125(1.012) + 0.125(0.997) = 0.998
x, = 0.571 4+ 0.142(0.998) + 0.285(0.997) = 0.996
x3 = 1.333 —0.222(0.998) — 0.111(0.996) = 1.001
All the iterations resumed in this table
X1 X2 X3
1 0.714 1.032
1.039 1.012 0.997
0.997 0.996 1.001

1.001 0.9998 1.001
Error=|x© — x®| 0.0036 00038 0

Ao X

Stopping Test
|1.0006 — 0.997| = 0.0036 < € = 0.005
|0.9998 — 0.996| = 0.0038 < ¢ = 0.005
|1.001 — 1.001| = 0 < £ = 0.005
Remark on Convergence

Compared to the Jacobi method, the Gauss—Seidel method generally converges faster because it uses
the most recently updated values of the unknowns within the same iteration. In contrast, the Jacobi
method updates all variables using only values from the previous iteration. As a result, Gauss—Seidel
usually requires fewer iterations to reach the same level of accuracy, especially for diagonally
dominant systems. However, both methods may fail to converge if the system does not satisfy
appropriate convergence conditions.

2.5 Conclusion

This chapter presented the main numerical methods used to solve systems of linear equations, which
are fundamental in civil engineering applications such as structural analysis, finite element modeling,
geotechnical problems, and hydraulic networks. Matrix analysis provides the mathematical basis for
representing equilibrium and compatibility equations in engineering systems.
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Direct methods, including Gaussian elimination, Gauss—Jordan, and Cholesky decomposition, offer
reliable solutions for small to medium-sized systems. In particular, the Cholesky method is well suited
for symmetric and positive-definite matrices commonly encountered in structural stiffness matrices.
Iterative methods, such as Jacobi and Gauss—Seidel, are more appropriate for large and sparse systems
arising from discretized engineering models, with Gauss—Seidel generally converging faster.
Overall, the appropriate choice of method depends on the problem size and matrix properties, making
these techniques essential tools for efficient and accurate civil engineering analysis.

Serie of Exercises 02
Exercise 1

Given the linear system:

4x+3y+3z=11
—2x+y+z=1
Write the system in matrix form [A]{x} = {b}.
Verify whether the matrix A is invertible.
find of the solution using the inverse matrix of A.
Exercise 2 (Gaussian elimination)

{ 2x+y+z=5

Solving those systems with Gaussian elimination

x1+x2+x3 :6 x1+2x2_x3 :_20
{le + Xy — X3 = 3 2. {le — Xy + BX3 =0
3x1 + 2x, + x3 = 10 —X1 + 3%, + 2x3 = =2

Exercise 3 (Gauss—Jordan method)
Solve the following systems using the Gauss—Jordan method

X1t X + X3 =6 X, +x,+x3=4
1.{2x1+X2—X3 =3 2{ 2x1—x2+x3 =8
3x1 +2x2 +X3 =10 —X1 +3XZ +2.X3 =1

Exercise 4 (Cholesky Method)
Solve the following systems using Cholesky Method
X1 +x, +x3=4 2X1 — Xy + X3 =1
1 { 2X1 — Xy, +x3 =8 2.{—1x1 +3x,,2x3 =4
—x1+3x; +2x3 =1 X1+ 2x, +4x3 =6

Exercise 5
Consider t following three matrices:
4 2 0 1 2 0 3 -1 0
Ai=|2 5 1|, A, =12 1 2|, A;=|2 4 1].
0 1 3 0 2 1 0 1 2

For each matrix :

Check whether the matrix is symmetric.
Determine whether the matrix is positive definite.
Check whether the matrix is diagonally dominant.

Exercise 6 (Jacobi Iterative Method)

Consider the linear system:
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10x; —x, + 2x3 = 6
—x1 + 11x, —x3 =25
2x1 — Xy + 10x3 = —11
1. Verify the convergence condition for the Jacobi method.
2. Solve the system using the Jacobi iterative method, with a precision of ¢ = 0.01

Exercise 7 (Gauss—Seidel Iterative Method)

Using the same system in exercise 6:
With Gauss—Seidel method, find the approximate solution with the same precision € = 0.01.
Compare the convergence speed with the Jacobi method.

Exercise 8 (Gaussian Elimination with Pivoting)

Solve the system:
0.00lx+y =1
{ x+y=2
Explain why pivoting is necessary.
Solve the system using Gaussian elimination with partial pivoting.
Ans:x =1, y=
Exercise 9 (Comparison of Direct and Iterative Methods)
Given the system:
4x+y =9
{x +3y=5
1. Solve the system using Gaussian elimination.
2. Solve the system using the Jacobi method.
3. Comment on the results.
Ans:x =2, y=
Exercise 10 (Practical Engineering Application)
In structural analysis, the nodal displacements x,y,z of a structure satisfy:
12x -3y =9
{—Bx +8y—2z=-5
—2y+6z=4
1. Write the system in matrix form.
Solve the system using an appropriate numerical method.
Ans:x=1, y=1 z=1

Solutions of Serie 02

Solution to Exercise 1

Given linear system

2x+y+z=5
4x+3y+2z=11
—2x+y+z=1

2. Matrix form [A]{x}={b}

Authored by : Dr GUESMI Mohamed Academic year 2025/2026 35



Numerical methods

2 1 11x 5

[4 3 2 {y}={11}
-2 1 1) (1)
(4] {x} {b}

2. Verification of invertibility of matrix A

A matrix is invertible if and only if det(A) #0
2 1 1
det(A)=14 3 2
-2 1 1

Expand along the first row:
_513 2] .14 2 4 3
decc) =2y 3=1]% J+1]5,
=23-1-2-1)-14-1-2(-2))+1(4-1-3(-2)) =
=2()-14+4)+1(4+6)=2-8+10=4
|det(A) =4+ 0| The matrix A is invertible

3. Inverse of matrix A
Cofactor matrix 4;; = (—1)"/M;;

2 18 L,
Mu=|4 3 2|=[] I a-corm-of 4-m
-2 11

A5, = (—D2M,,(8) = -1 |_42 i| =[=8] ; A3 =(C=D"M;=1 |_42 i| =[10] ; do the same the rest of the

elements

1 -8 10
A'=1[0 4 —4
-1 0 2

Adjoint (adjugate) matrix which is the transpose of matrix A"

1 0 -1
adj(A)=A*=|-8 4 0 ]
10 —4 2
Inverse matrix of A|A™! = d(:(i)
1[ 1 0 -1
Al = Z [—8 4 0 ]
10 -4 2
3. Solve the system using the inverse
{x} = A"'{b}
X 11 0 -11[5
[Y] = Z[—B 4 0 l [11]
1 1 z 10 -4 2 1
1 1 x =1
y=—(-8-5+4-1140-1)=—(—40 +44) =1 >ly =1
4 4 {z =2

1
z=(10-5-4-11+2-1) = 7 (50— 44 +2) =2

Solution to Exercise 2
System (1)
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|

X1 +x,+x3=6
ZX1+XZ—X3=3 .
3x1 +2x; +x3 =10

From the Matrix form extract the augmented matrix

1 1 1]
[2 1 -1
3 2 11
Step 1: Triangulation

11 1 6
[2 1 -1 3]L2<—L2—2L1:>

3 2 1 101L3« L3—3L,
Step 2: Back substitution

1 1 17(%1
0 0 1 X3

System (2)

X1 6 1 1 1 6
[Xz = [ 3= [2 1 -1 3 ]
X3 10 32 1 10
1 1 1 6
0 -1 -3 —9] = [
0 -1 -2 -8lL3«<Ls—1L,

From the Matrix form extract the augmented matrix

1 2 —11[*1 -20
2 -1 3||*21=1]10
-1 3 2 11x3 -2

Step 1: Triangulation
-1

1
0
0

1
-1
0

6
1

6 X1+x;+x3=6 X =—
{—9} ﬁ{—x2—3x3:_9${x2:
1 x3=1 X3 =
x1+2x2—x3 = —-20
{le—x2+3x3 =0
—x1+3x2+2x3:—2
1 2 -1 -20
=12 -1 3 0
-1 3 2 -2
1 2 -1 -20
0 -5 5 40
0 5 1 — 22 L3(—L3+L2

1 2 - 20
2 -1 3 0 |Ly<L,—2L;>
L3(—L3+L1

-1 3 2 -2

1 2 -1 -20
=10 -5 5 40
0 o 6 18

Step 2: Back substitution

1 2 —17 (X1 —-20 X1 + 2x2 — X3 = —-20 X3 =
0 -5 5 |[{x21={40; =] —-5x,+5x3=40 ={x, =

X1 =

0 0 61\lx3

Solution to Exercise 3
System (1)

X1+ Xy + X3
1.{2)61 + Xy — X3

18

6x; = 18

=6
=3

3x1 + 2x2 +X3 =10

From the Matrix form extract the au
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= [A|b]

1 1 1][* 6 11 1 6
2 1 —-1f{|1*2|=]13|[=12 1 -1 3
3 2 11Ix3 10 3 2 1 10

Gauss—Jordan method based on transformation the augmented matrix from [A|b] to [I]x]

1 1 1 6 1 1 1 6 1 1 1 6
2 1 -1 3|Ly,«<L,—2L> [O -1 -3 —9] = [0 -1 -3 —9]
3 2 1 101L;« L;—3L, 0 -1 -2 -8lLy«<L;—1L, 0 0 1 1
1 1 1 61L <L — Ls 1 1 0 51Li < L+ L,
= [O -1 -3 —9] Ly, <L, +3L; = [0 -1 0 —6]
0 0 1 1 0 0 1 1
1 0 0 -1
[O -1 0 —6] L,/—1
0O 0 1 1
1 0 0 —1 x; =-1
:[0 1 0 6 =[I|x]=>{x2: 6
0 0 1 1 x3= 1
System (2)

2x1—x2+x3=8

x1+x2+x3=4
2{
—x1+3x2+2x3:1

Augmented matrix:

1 1 1 4
[Alb]=|2 -1 1 8]
-1 3 2 1
1 1 1 4 1 1 1 4 1 1 1 4
[2 -1 1 le2<—L2—2L1=> 0 -3 -1 0 :Io -3 -1 ol
-1 3 2 tlLyeL;+L;, lo 4 3 5lLy<L;+@4/3)L, 0 0 5/3 5[3Ly/5

1 1 1 4\Li<Ll;-Lz3 1 1 0 1 110 1]Li<L—L,
$[0 -3 -1 Ole‘—L2+L3=>[0 -3 0 3]L2<—L2/—3$[0 1 0 —1]
o o 1 3l 3Ly 0o 0 1 3 0 01 3
100 2
=>[o 1 0 —1|=[Alx]
0 01 3
10 0 2 xXy= 2
[0 10 -1 =[A|x]:>{x2 = -1
0 01 3 x3 = 3

Solution to Exercise 4
System (1)

le—x2+X3:8

xl+x2+X3:4
1{
—x1+3x2+2x3=1

Write in matrix form

1 1 1 4
[A]lx = [B], where A=|2 -1 1|, B=|8
-1 3 2 1

Step 1(LU Decomposition):
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1 1 1 1 0 0j[Uy1 Uiz Ugs
A=LU=1|2 -1 1|=|L;y 1 0]] 0 Uy, Uys
-1 3 2 L3y Lz 1 0 0 Uss

From the first row of A:
Un=1 U;p=1 U3z=1
From the second row:

Lyt - Uy =2 =Ly = 2]

LypUrz +Upp = =12 25 14 Upy = =1 2 [Up, = 3]

LytUps +Ups = 12 2% 14 Upy = 12 [Ups = —1]
From the third row:

bl = 1 = [ =]
L3 Uiy + L3Uyy =3 = (1) x1+ L3y * (—3) =3 >|L3; = —4/3
L31Uiz + L3pUpz + U3 =2= (1) * 1+ (—4/3)*(=1)+ Uz3 =2 =>|Uz3 =5/3

1 0 0 1 1 1
L=[2 1 o, v=|0 -3 —1]
-1 -4/3 1 0 0 5/3

Step 2: Resolution
Solve [L] {y} = {B} (Forward substitution)

10 4
Ly=B=|2 1 yzl []: 2*4+y2—8:>_ z{y}_{}
1 —4/3 1 5

0= 1o
Solve [U]{x} = {y} (Backward substitution)

1 1 17% (4
0 0o 5/3]las) (5

x1+x2+x3=4=>x1—1+3=4=> {2}

[Ul{x} ={y} =

—3x,—1%¥3=0=-3x,-3=0=[x, = —1|=>{x} =
(5/3)x3 = 5= [x;3 = 3]

Solution to Exercise 5
1. Symmetry check

3

The matrix is symmetric since A = AT

4 2 0 4 2 0
Ai=12 5 1 AT =2 5 1|=A4, A, issymmetric
0 1 3 0 1 3

2. Positive definiteness (Sylvester’s criterion)
Compute leading principal minors for A; :
A4, =4>0

_ 4 2| _o5n_4—
4, =|; 5|_20 4=16>0
Ay = det(A) =4(15-1)—2(6 —0) =56 — 12 = 44 > 0
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All leading principal minors are positive ,so A, is positive definite.
3. Diagonal dominance
Row by row: | a;; 1= Y= | a; |
J#Fl
Rowl:laj; 1=4>lap |l Hlaz1=2+0=2
Row3:lay,l=5>lay | +lay|=2+1=3
Row4:lazz [=3>laz | +laz|=0+1=1
A, is strictly diagonally dominant

Short answers

A,: Symmetric but NOT positive definite and NOT diagonally dominant

A3z: NOT Symmetric but NOT positive definite and diagonally dominant

Solution to Exercise 6

Matrix form :
10 -1 2 X1 6

A=|-1 11 -1, {X}=|x2|, {B}=]| 25 ] , requested precision € = 0.01
2 -1 10 X3 -11

1. Verify convergence condition

Sufficient condition: matrix is strictly diagonally dominant by rows :
| a;; |>z|aij|

j#i

Check each row:

Row 1: 110 [>| -1 +|2|=3

Row2: |11 > -1+l -11]=2

Row3: 110 [>|2|+]—-1|=3

Jacobi method will converge.

2.Iterative solution

Jacobi iteration contracted formula for row i:

1
(k+1) _ E ®)
xl. = — bi — aijxj

i i
Jacobi iteration formula for each equation :
XD = (642 — 22 )
xgkﬂ) = 1—11 (25 + xfk) + x?(,k))
D = %(—11 — 2 + ()

Iteration k = 0 (initial guess)
xfo) = O,xgo) =0, xéo) =0
Iteration k = 1

1

@ _ o

X =5(6+0-0)=06
@ _ 1

x5} =22 (25+0+0) = 2.273
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1
x§1>=1_0<_11_o+0)=_

Iteration k = 2

(2) 10.4727
(6+22727—2( 11))——(6+22727+22)—1—0=1.047
@ _ 11— 2506422727 —11—-1.2+2.2727 -9.9273 0.993
—11—-2%0. : = = = —0.
¥3 0( ) 10 10
Iteration k = 3
X9 = - (6+2.227 2% (~0.903)) = 212227 +1966 10213 _, 5
10 10 10
X = i(25+1.o47 +(-0.993)) = 25054 5 977
X = ( 11— 2+1.047 +2.227) = —11-2.094+2.227 -10.867 _ 1087
10 10
The rest iterations is completed in this table
Iteration x4 Xo X3
1 0.600 2.273 -1.100
2 1.047 2.227 -0.993
3 1.021 2.278 -1.087
4 1.045 2.267 -1.077
5 1.042 2.270 -1.082
Check precision

4 =max(1x® —x® |1 x® —x® |1 & — x|y

=max(| 1.042 —1.045 |,1 2.270 — 2.267 |, | —1.082 + 1.077 )
= max(0.003,0.003,0.005) = 0.005 < ¢ = 0.01
Final solution with precision 0.01 is |x1 ~ 1.042, x, =2.270, x3=-—1. O82|

Solution to exercise 7
Gauss—Seidel iteration formula for each equation :

1
(k+1) (k) (k)
X3 =10 (6 +x, 7 — 2x5 )
1
(k+1) (k+1) ®)
X, 11 (25 +x; + x5 )

1
(k+1) (k+1) (k+1)
= (211 - 2 )

Iteration k = 0 (initial guess)
xfo) =0, xgo) =0, x(o) =0
Iteration k = 1

x = O(6+ 0—2x0) = 0.6000

1
xP = 77 (25 +0.6000 +0) = 2.3273
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1
xP = 75 (~11 — 2% 0.6000 +2.3273) = —0.9873
Iteration k = 2

1

x? = 75 (6 + 23273 — 2+ (~0.9873)) = 1.0302
1

xP = 77 (25 + 1.0302 + (~0.9873)) = 2.2766

1
xP = 75 (-11 = 2% 1.0302 + 2.2766) = ~1.0784

Iteration k = 3

1

x® = 75 (6 +2:2766 — 2 5 (~1.0784)) = 1.0433
1

xP = 77 (25 + 1.0433 + (~1.0784)) = 2.2695

1
xP = 75 (-11 - 2% 1.0433 +2.2695) = —1.0817
Iteration k = 4

1

x® = 75 (6 +2.2695 — 2+ (~1.0817)) ~ 1.0433
1

xM = 77 (25 + 1.0433 + (~1.0817)) ~ 2.2692

1
xP = 75 (-11 = 2% 1.0433 +2.2692) ~ ~1.0817

Iteration Xq Xo X3

1 0.60000 2.32730 -0.98727
2 1.03020 2.27660 -1.07840
3 1.04330 2.26950 -1.08170
4 1.04330 2.26920 -1.08170

A =max( | x§4) — x§3) I, 1 x§4) - XEB) A x§4) - x§3) D

= max(0.0000,0.0002,0.0000) = 0.0002 < € = 0.01
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Chapter 3 : Numerical Integration

3.1 Introduction

3.2 Principle of numerical integration
3.3 Rectangle Method

3.4 Trapezoidal Method

3.5 Simpson's 1/3 Rule

3.6 Simpson's 3/8 Rule

3.7 Gauss Quadrature Method

3.8 Conclusion

3.1 Introduction

Numerical (or digital) integration is widely used in engineering and scientific applications when the
exact analytical integration of a function is difficult or impossible. This situation often occurs when
the function has a complex mathematical expression, when it is known only at discrete points obtained
from experiments or measurements, or when an analytical antiderivative does not exist. In such cases,
numerical integration provides an approximate value of the definite integral over a given interval

3.2 Principle of numerical integration

Numerical integration is based on approximating the original function f(x) by a polynomial function
P,(x) of degree n. Instead of integrating the exact function, the polynomial approximation is
integrated over the interval. The integral can be written as:

b b

ff(x)dx = an(x)dx +E

a a

Where P,(x) = ag + a;x* + a,x?+...+a,x™ is a polynomial of degree n , E represents the error
introduced by the approximation.
The polynomial P,(x) is obtained using interpolation techniques. These techniques construct a
polynomial that passes through a set of known data points. One of the most commonly used
interpolation methods is the Lagrange interpolation method. By applying these interpolation
formulas, a family of numerical integration methods known as Newton—Cotes formulas is derived.
In this chapter, we focus on Newton—Cotes formulas corresponding to different polynomial degrees
as shown in following table:

Degree n Polynomial Approximation Numerical Method

n=90 Constant Rectangle Method

n=1 Linear Trapezoidal Method
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n=2 Quadratic Simpson’s (1/3) Method

n=3 Cubic Simpson’s (3/8) Method
In general, increasing the degree of the polynomial improves the accuracy of the approximation.
However, higher-degree polynomials may also increase computational effort and numerical
instability. Therefore, a balance between accuracy and simplicity is usually considered in practical
applications.

3.3 Rectangle Method

The Rectangle Method is one of the simplest numerical integration techniques. It is used to
approximate the value of a definite integral when the exact analytical solution is difficult or
impossible to obtain. The method is based on approximating the area under a curve by the area of one
or several rectangles.

We aim to approximate the integral

fbf(x) dx

which represents the area under the curve f(x) between x = a and x = b.

a)Simple Rectangle Method

In the simplest form of the rectangle method, the function f(x) is @) ) —g 7
approximated by a constant polynomial of degree n=0. This means =
the function is replaced by a horizontal line, and the area is ““‘
approximated using one single rectangle. S
h=(b-a)
a b

The approximation is written as:
b

I, = ff(x)dx = fPO(x)dx +E = (fb(ao )dx> +E

a

b
_ ( ] f(a)dx) +E=(F@I) +E = hf(a) + E,

withh = b — a, and E represents the approximation error. This method is very simple but generally
not very accurate.
b) Compound Rectangle Method
To improve accuracy, the interval [a, b] is divided into n equal subintervals (see the following figure).
Each subinterval corresponds to one rectangle.
the width of each rectangle is:
b—a

n

the height of each rectangle is f(x;), where points x; are defined as:
x;=a+ih i=01,...,n

The compound rectangle approximation is given by:

I, = f ) dx ~ (hZﬂxo) +E,
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where E_r is the total approximation error.

Variants of the Rectangle Method

The height of each rectangle depends on the point where the function is evaluated in each subinterval.
This leads to three common variants: ( see the following figure):

1. Left Rectangle Method : Height taken at the left endpoint x; = a + i h, this variant is
underestimates if f(x) is increasing and overestimates if f(x) is decreasing.

2. Right Rectangle Method : Height taken at the right endpoint x; = a + i h, this variant is
overestimates if f(x) is increasing and underestimates if f(x) is decreasing.

3. Midpoint Rectangle Method : Height taken at the middle of each subinterval x; = a + (i + 1/2)h
, generally more accurate than left or right methods

—_—) — — ()

1.6 |- [C___JRestangles 1.6 |- [C__JRectangles 1.6 | |__JRectangles
14 14 14 L
12 12 12 /

1 1 1 /

= =

E & =
2 Z &

08 08 08 /
0.6 06 06 /

1 15 2 25 3 35 4 4.5 5 1 15 2 25 3 35 4 4.5 5 1 15 2 25 3 35 4 45 5
x X X

a) Left Rectangle Method b) Right Rectangle Method ¢) Midpoint Rectangle Method
Figure : Rectangle method variants.

1
sz dx
0

Example
Approximate the integral

using Left Rectangle Method with n=4.

Solution
Step 1: Compute the step size
Step 2: Determine the points
xi=a+ih=025, i=0123
X0 X1 X2 X3
0 0.25 0.5 0.75

Step 3: Compute the approximation

1 n—-1
Irzf x? dx = <h2x2>+Er
0

i=0
I, = 0.25[(0)? + (0.25)% + (0.5)% + (0.75)?] + E,
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= 0.25(0 + 0.0625 + 0.25 + 0.5625) = 0.21875 + E,
Exact value:

1 1
Loxact = f x2dx = 3~ 0.333
0

Error
Error = |I, — lopqet| = 10.21875 — 0.333] = 0.11458

3.3 Trapezoidal Method

The trapezoidal method is a numerical integration technique that approximates a definite integral by
replacing the function f(x) with a linear polynomial (degree n=1). The area under the curve is
approximated by the area of one or more trapezoids.
a) Simple Trapezoidal Method

In the simple trapezoidal method, the interval [a,b] is approximated F1(b) =Hb) f(x) )(m*
using one trapezoid. The linear polynomial passes through the Fi(@) =f(@) P’:@‘m’
points (a, f(a)) and (b, f(b)).The approximate value of the
integral corresponds to the area that lies under the curve of the
polynomial. e
The approximation formula is: a b
b b
I, = ff(x)dx = fPl(x)dx +E
a a
b
= (j (a0+a1x)dx>+E
a
x2]°
= laox + aq 7 + E
a
b? a?
=<a0b+a1 7>—<a0a+a1 7>+E
a1 2 2
= ao(b—a)+7(b —a®) |+E
aq
= (ao(b —a) +7(b —a)(b+ a)) +E
b—a
=( > )(2a0+a1(b+a))+E
(b —a)
=— [(ag + a;a) + (ag + a,b)| + E
The formula of Simple Trapezoidal Method becomes:
h
I, =2 [f(a) + f(b)] + E;
with h = b — a , E denotes the error.
1
Example : Approximate the integral [ 0 /2 sinx dx Using one trapezoid:
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T/, %— 0
J. sinxdx = > [sinO + sing] = 0,78539
0

b)Compound trapezoid method:
To improve the accuracy, the interval [a, b] is divided into

f(b)

P() =
-
=
>
=
i

n equal subintervals. Each subinterval contributes one trapezoid. P el
The width of each interval is denoted by % _____ /
b—a SR RS l
h =
n hoih fo. h o ih
The x-coordinates of points are

x;=a+ih=025i, i=0123 o X e en e B
The compound trapezoidal approximation is:

; h
I, = ff(x)dx =3 [f(x0) + 2(f(x1) + f(x2) + -+ fF (1)) + f(xn)] + E,

Trapezoid method error
The error is given by the formula:
(b —a)? .
Tzn2 aneh !/ @]
This shows that the trapezoidal method has second-order accuracy, and the error decreases
proportionally to 1/n2.

E, <

Example

T
Compute this | o /2 sinx dx by the compound trapezoid method with four intervals.

Solution
T/ _
n=4, h=ko_T
xi=a+ih=§i, i=0,..4
Xo X1 X2 X3 X4
0 /8 /4 3m/2 /2
So the integral will be :
I—Jn/z' d—n['0+2'ﬂ+2'n+2'3n+'n]+E
¢ = ) sinx dx = = sin sing sin sin—+ sin >

s
=1 [0 + 2(0.382683) + 2(0.707107) + 2(0.923880) + 1] + E = 0.98175

Exact value of the integral

/2
Loxact = j sinx dx = [—cos(x)]g/2 = (—cos2m) — (—cos0) =0+1=1
0
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Method Result Absolute Relative
error error

Simple Trapezoidal Method (1 interval) 0,725  0.275 27.5%

Compound trapezoid method (4 intervals) 098175  0.01825 1.83%

3.3. Simpson's 1/3 method

Simpson’s 1/3 method approximates the integrand using a quadratic polynomial (degree n=2) that
passes through three equally spaced points: (x 0, f(x0)), (x1, f(x1)), (x2, f(x2)).
The polynomial P, (x) satisfies:

(P2(x0) = f(x0);  Po(x1) =f(x1);  Pr(xz) = f(x2))

X2 X2
X2
Is1/3 = j fx)dx = j Py(x)dx |+ E = (j (ap +a, x + a, xz)dx> +E
Xo
X0 X0

Where 2h = x, — x
Instead of solving fora0,al,a2 explicitly, we use Lagrange interpolation:

(x —x)(x —x3) (x — x0) (x — x3) (x — x0) (x — x1)
ey e R LG comron o ROACOT commeoe ey

P,(x) = f(x0)

Substitute the equally spaced point x; = xo +h,  x, = xo + 2h

the denominators become:
(xo — x1)(xo — x2) = (=h)(=2h) = 2h*
(x1 — x0)(x1 — x2) = (h)(—=h) = —h?
(x2 — x0)(x2 — x1) = (2h)(h) = 2h?
Now integrate P, (x) fromx, to x,:

I:ZF’z(x)dx:f(xo) [ e e £ (x) j (X=2)(x= %) e £ 0) j (X—%,)(x— %) dx

After expanding and integrating each integral (stralghtforward polynomial 1ntegrat10n).
3

o-x)0e-x) k=2
J(x Xp)(X=X,)dx=— h3

3

X2 2h
0c-x)x-x) e =25

Substitute those three values into the global expression:

JiRax=106) 2 +f(x1);—3-(—42] f(0) 22

Simplifying:
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jP()dx—gf(x)+ f(x1)+ f(x,)

=2[f(xo)+4f(x1)+f(x2)]
Xy Xy B
15 = f FOodx = f PA()dx |+ E = S[f(xo) + 4f (e) + fGx)] + E

Note: the factor 1/3 that multiplies the (h) is at the origin of the name of the method.

a)Simple Simpson's method 1/3
means using one interval

h
Isq/3 = 3 [f(xo) + 4f(x1) + f(x2)] + Eg13

T
Example: calculate this [ 0 /2 sin x dx by Simpson's method 1/3.
Solution:

T
fo /2 ginx dx = l[sinO +4sinZ + sinz] = 1,002
12 4 2

b)Compound Simpson 1/3:
The compound Simpson’s 1/3 method is an extension of the simple
Simpson’s 1/3 formula, used to approximate the integral of a
function over a larger interval [a, b] with higher accuracy. Instead of T | /(/
applying the method over a single interval, we divide the input |
interval into n equal subintervals. Each subinterval is further divided hiht. .. hihihih
into two parts of width h, so that:
b—a
2n

f(b)

Py (b)

=f(a)

Py(a)

a=Xo X1 Xz Xn2 Xn1 D=Xn

h =

the x-coordinates points are

x;=a+1ih, i=012,...,2n
Applying Simpson’s 1/3 to each pair of subintervals and summing over the entire interval gives the
compound formula:

h
Is1/3 = 3 [f(xo) +4f(x1) + 2f(xz) + 4f(x3) + 2f(x4) + -+ 2f (X2n—2) + 4f(x2,)] + E513

Remark:

o The first and last term without multiplication.
« Pairs terms are multiplied by 2.
« 0dd terms are multiplied by 4.
Simpson's 1/3 error
The error is given by the formula:
(b-a)®

~ 7 “@
180n* [xE[ab )

Esl3 <
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Note: This method is accurate with error E = 0, if the fourth derivative is zero.

v
Example: Find this integral [ o /2 sin x dx using Simpson 1/3 with n=2 intervals.

b-a _T/p-0 _=m

Solution : h = = =
2n 2(2) 8
xi=a+ih= gi, i=1,...,2n=0,1,2,3,4
Xo X1 X2 X3 X4
0 /8 /4 3m/2 /2
™/, ] h
s = | sinxdx =3[ o) + 4 Ger) + 27 () + 4 Ges) + F )] +
0
== [ 0+ 4sine+ 2sin + 4si 37T+ i 7T]+E
= 24 Sin 51n8 51n4 Sin 3 Sin >

_T[
T 24

s
= ﬁ(7'64390) ~|1.00013

[0 + 4(0.382683) + 2(0.707107) + 4(0.923880) + 1] + E

Error =I5y /3 — lexact = 1.3e — 4
This demonstrates the high accuracy of the compound Simpson’s 1/3 method even with just two
intervals.

3.4 Simpson's 3/8 Rule Method?

Simpson’s 3/8 rule is a numerical integration technique based on approximating the integrand by a
cubic polynomial (degree n=3) over an interval [x_0,x_3]. The interpolating polynomial passes
through four equally spaced points:(xo, f (x0)), (1, f(x1)), (2, f(x2)), (%3, f (x3))

a)Simple Simpson's 3/8 method

Approximating the integrand by a cubic polynomial and one interval leads this formula :

r 3h
s = | FOOdx = S UFGr0) + 3£Cr) + 3£Cxz) + FGx5)] + By

(b)

b)Compound Simpson's 3/8 method:
by dividing the interval [a, b] into n subintervals, in each

Py (b)

subinterval is divided into three equal parts of width h.
Therefore

f(a)

b—a
3n

Py(@)

h =

the x-coordinates points are
x;=a+1ih, i=012..,3n

a=xo X1 X2 X3 Xn-3 Xn-2 Xn-1 B=Xn
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Applying the Simpson’s 3/8 rule on each group of three subintervals and summing over the entire
interval gives the compound Simpson’s 3/8 formula:

h
Teaja = 5 [ (o) + 3f(ea) + 3f(ep) + 2f(ea) + F(a) + =+ 2f (eanca) + 3 (an)
+3f(x3n-1) + f(x30)] + Es3/8

71'
Example: Find the [ 0 /2 sin x dx by Simpson 3/8 with n=1 interval.
bra _THp0 _m
3n  3(1) 6
x;=a+ih= %i where i=0, 3n=0,3

Solution : h =

Xo X1 X2 X3
0 /6 /3 /2

"2 3h
Ig3/8 = f sinx dx = ?[f(xo) +3f(x1) +3f(x2) + f(x3)] + E
0

T

3
16[5Ln0+35m6+3$m3+sm—]+ 16l0+2+_+ l+

5+3V3
16( > >+E~ 00026

Error = Ig3/g — lexqer = 2.6 — 4

3.7 Gauss Quadrature Method
3.7.1 Definition

Gaussian quadrature is a numerical method used to approximate the value of a definite integral.
Unlike classical numerical integration methods that use equally spaced points, the Gaussian method
evaluates the integrand at specially chosen points called Gauss points, each associated with a specific
weight. These points and weights are selected so that the approximation is exact for polynomials of
the highest possible degree.

For an integral over a given interval, the method first transforms the interval into a standard interval,
usually [—1,1], and then computes the integral as a weighted sum of the function values at the Gauss
points. Gaussian quadrature provides very high accuracy using only a small number of evaluation
points, which makes it widely used in engineering applications, especially in the finite element
method.

An important property of Gaussian quadrature is that it can be easily extended to evaluate double and
triple integrals by using tensor products of Gauss points, which makes it particularly suitable for
multidimensional problems in engineering, unlike most classical methods.

3.7.2 General Principle
The integral over a general interval [a, b]:

fbf(x) dx

is transformed into an integral over a standard interval [-1,1]:
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1

| PIGL:

This transformation simplifies the application of Gauss points and weights.

Change of Variables for the Transformation :

In order to transform the integration interval from [a,b] to the standard interval [—1,1], we introduce
the following change of variables:

b—a a+b b—a

;7 (Tt A=

X =

as
Thus

[rora=t52 ] rsteastya

3.7.3 Gaussian Quadrature Formula
The Gauss quadrature approximation is written as:

| 119(5) d ~ Zw 9(&)

where:

o §; are the Gauss integration points

e w; are the weights

« nis the number of Gauss points

The final approximation over [a,b] becomes:

ja Fo dx ~ b;—“z wi f ()

. b—a a+b
with: X; = Tfl + T

Gauss—Legendre Points and Weights (Standard interval [—1,1])

One Point Gaussian Quadrature(Exact for polynomials of degree < 1)

0 2
Two Point Gaussian Quadrature(Exact for polynomials of degree < 3)
[_ 1o i] [1; 1]
V3' V3

Three Point Gaussian Quadrature(Exact for polynomials of degree <5)

- o 5 4

Four Point Gaussian Quadrature(Exact for polynomials of degree < 7)

—0.8611363116 0.3478548451
—0.3399810436 0.6521451549
+0.3399810436 0.6521451549
+0.8611363116 0.3478548451
Five Point Gaussian Quadrature(Exact for polynomials of degree < 9)
—0.9061798459 0.236926885
—0.5384693101 0.478628671
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0 0.568888889
+0.5384693101 0.478628671
+0.9061798459 0.236926885

Example
Approximate this integral using the two-point Gauss quadrature.

6
| =f (6 + xsinx) dx
0

Step 1: Interval Transformation (change variables) :
x =3¢+ 3, dx = 3d¢
Step 2: Gauss 2-Points and Weights
1 1

Elz_ﬁl EZZE'

Wl == WZ == 1
Step 3: Corresponding x-Values

X1 =3 (—%) +3 =1.2679

1
x, =3 (ﬁ) +3=4.7321

Step 4: Function Evaluation
f(xq) =6+ 1.2679sin(1.2679) = 7.2096
f(xy) = 6+4.7321sin(4.7321) = 2.7217
Step 5: Gauss Approximation

I = 6;—0 [f (1) + F(x2)] = 3(7.2096 + 2.7217)

[Ig = 29.7939| check it
Exact (Analytical) Solution

6
Igna = f (6 + xsinx)dx = [6x + sinx — x cos x]§ = 29.95953 — 0 = 29.95953
0

Error=|I4,4 —I¢| = 0.1653

3.8 Conclusion

Numerical integration methods provide practical tools for approximating definite integrals when
analytical solutions are difficult or impossible to obtain. The rectangle and trapezoidal methods are
simple to implement but may lead to relatively large errors, especially for rapidly varying functions.
Simpson’s 1/3 and Simpson’s 3/8 methods improve accuracy by approximating the integrand with
higher-degree polynomials. These Simpson methods converge faster and yield very accurate results
for smooth functions. Increasing the number of subintervals generally reduces the approximation
error for all methods. The choice of method depends on the required accuracy, computational effort,
and smoothness of the function. In practice, Simpson’s 1/3 method is often preferred due to its balance
between accuracy and efficiency. Overall, numerical integration plays a fundamental role in
engineering and scientific computations.

Serie of Exercises 03

Exercise 1 (compound left rectangle method)
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Approximate the following integral using the compound left rectangle method with n=5 subintervals
_ 2
| = j (LX) dx

Exercise 2 (Compound Rectangle Method (Midpoint))
Approximate the following integral, using the compound midpoint rectangle method with n=5.

| = szz dx

Exercise 3 (Compound Trapezoidal Method)
Approximate the following integral using the compound trapezoidal method with n=5 and precision
0.0001.

1
I =_[ e*dx.
0
Exercise 4

Using Compound Trapezoidal Method, find the approximate value of this integral with n=3 and
precision 0.0001.

2
| = _[ . In x dx
Exercise 5 (Compound Simpson’s 1/3 Method)
Approximate | = j:isin(x) x> dx , using Simpson’s 1/3 with n=2 (4 subintervals) and 3 decimals.

Exercise 6

Evaluate the previous integral using Simpson’s 3/8 with n=2 (4 subintervals) and 4 decimals.
Exercise 7

Compute those integral by four following methods with precision 0.0001

5.5 5 2
1. sz cos(x) +— dx 2. sz x%e*dx
2.5 X 0

1.Composite Rectangle method with n=6 2.Composite Trapezoidal method with n=5

3. Simpson’s 1/3 rule with n=2 (= 4 subintervals) 4. Simpson’s 3/8 rule with n=2 (= 6 subintervals)
Then compare the results with the analytic value.

Exercise 8 (structural engineering)

Find the bending moment at a section of a beam by integrating of the load intensity along the beam:

L
M = J.Ow(x) dx
Where the beam is simply supported of length L=6 m carries a non-uniform distributed load given
by: w(x) =6+ xsinx (kN/m)
Use the following method :

1.Composite Rectangle method with n=6 2.Composite Trapezoidal method with n=5
3. Simpson’s 1/3 rule with n=2 (= 4 subintervals) 4. Simpson’s 3/8 rule with n=2 (= 6 subintervals)

w(x)
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Solutions of Serie 03:
Solution to exercise 1
= [ @+ x?)d

0

Width of the subintervals : & = b;—a = 1;—0 =0.2

x and y -coordinates of the points : x; = a + ih = 0.2i, i=0,1,2,3,4
Subinterval i 0 | 2 3 4

00 02 04 06 08
60 1.000 1.040 1.160 1.360 1.640

Approximation formula of compound left rectangle method

I = hZf(xi) +E
i=0

I, ~0.2(1+1.04 + 1.16 + 1.36 + 1.64) = +E.

3 1
Exactvalue | = j2(1+ xz)dx:{x+%} :1+%:1.3333
0

Error E =| 1.3333 — 1.24 [= 0.0933

Solution to exercise 2

2 2
| = I 0x dx
2-0
"5
Subinterval i

02 06 1 14 18
U G0N 004 0360 1 1960 3.240

h=22=04; x =a+ (i + l)h =04(@+05) i=01234

‘

f(1)

f(0)

4

f(2)

©

0.2

0.2

0.2

0.2

0.2

()

0404

0.4 104

0.4

L~ hYf(x7) = 0.4(0.04 + 0.36 + 1 + 1.96 + 3.24) = 0.4(6.6) =

3223

2, X
Exact value |=J. X“dx=| —| =—=2.6667
0 3] 3

Error E =| 2.6667 — 2.64 |= 0.0267

Solution to exercise 3
1 X

| = _[ 0e dx
1-0

h=T=O.2

x and y -coordinates of the points : x; = a + ih = 0.2i, i=0,1,2,34

f(1)

f(x)

0.2

0.2

0.2

0.2

02"

0

Subinterval i
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X 0 0.2 0.4 0.6 0.8 1
y=f() 1 1.2214 14918 1.8221 2.2255 2.7183
Approximation formula of compound trapezoidal method

h
I == E
t=5 +

fo"‘zifi +fs

0.2
I = = (1+2(1.2214 + 1.4918 + 1.8221 + 2.2255) + 2.7183) + E
= 0.1(1 + 2(6.7609) + 2.7183) + E =[1.7140] + E

L T A
Exact value Iz-[oe dx_[e ]O—e 1=1.7183

Error E =| 1.7183 — 1.7140 |= 0.0043

Solution to exercise 4

2
| = J' . In x dx
2—-1 1 f(1)
-3 3 f(x)-
x and y -coordinates of the points : x; =a+ih =1+ % i=0123
Subinterval i h=1/3 | h=1/3

L4z 5B 2
- iCr | 0 02877 05108 0.6931

Approximation formula of compound trapezoidal method

I—h +E
t™2

2
fO) +2 ) fG) + fxa)
i=1

1
I, = 2 (0+2(0.2877 + 0.5108) + 0.6931) + E =[0.3817] + E

2 2
Il =| In(X)dx=[xInx-=x| =2In2-1=0.3863
Exact value j 1 () [ ]1

Error E =| 0.3863 — 0.3817 |= 0.0046

Solution to exercise 5
85 3
I _Ie_ssm(x)x dx

h = b;a — 8.5-6.5 - 05

2n 4
x and y -coordinates of the points : x; = a + ih = 6.5 + é, i =1[0,2n] =0,1,2,3,4
Subinterval i 0 1 2 3 4

6.5 7 7.5 8 8.5
U MG 59.077 225346 395719 506.551 490.371

Approximation formula of compound Simpson’s 1/3 method
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h
Iq/3 =§[fo +4f1+2f,+4fs+ f4]l + E
— 0.166667[59.077 + 4(225.346) + 2(395.719) + 4(506.551) + 490.371] + E
=1711.413|+ E

Exact value (analytical)

We integrate by parts. A known antiderivative is:

[ x®sinxdx = —x3 cos x + 3x? sinx + 6x cos x — 6sinx + C

Loxact = [—x3cosx + 3x%sinx + 6xcosx — 6sinx]2 = 507.28911 — (—204.1327) = 711.42183

Error E =| 711.42183 — 711.413 |= 0.0088

Solution to exercise 6

85 o . : : : ..
We repeat the approximation of je 5X3 sin x dx using Simpson’s 3/8 rule with n=2 and precision 0.0001

this means 6 subintervals (because each Simpson 3/8 has 3
subintervals).
p=P—a_8565_2_1_03333
3n 6 6 3 ‘
x and y -coordinates of the points : x; = a+ih = 6.5+ % i=1[0,3n] =
0,1,2,3,4,5,6 s : 7:5 . 8
6.5  6.8333333 7.1666667 7.5  7.8333333 8.1666667 8.5

y=f(x) 59.0773  166.8186 284.5145 395.7187 480.5596 518.2607  490.3709
Approximation formula of compound Simpson’s 3/8 formula For 6 subintervals:

3h
I3/8 :g[fo+3(f1 thtfatfs)t2fs+fel +E

3/1
== (5) [59.07733 4+ 3(166.81863 + 284.51446 + 480.55957 + 518.26075) + 2(395.71874)

8
+490.37090] + E
=711.4182449 + E = 711.4183 + E

Error E =| 711.4183 — 711.413 |= 0.0053

Solution to exercise 7
Integral 1:

5.5 5
I = f cos(x) +— dx
2.5 X

18
—
16 Rectangles

1.Left Rectangle Method n =6
b-a _ 55-25 3 g

h=T= P _Z=0'5 =

x -coordinates of the points : x; = a+ih =2.5+0.5i, i=0,127345 o
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2.5 3 3.5 4 4.5 5

00— 0o 1.19886  0.67667 0.49211 0.59636 0.90032 1.28366
6
Ir = hZf(xi) = 0.5 % (1.19886 + 0.67667 + 0.49211 + 0.59636 + 0.90032 + 1.28366)
i=0

Ig ~ 2.57399

2. Trapezoidal Method n =5

n b—a 55-25 3
=T ~ 5 5 0°¢
x -coordinates of the points : x; =a+ih=2.5+0.75i, i= _
0,1,2,3,4 '
Subintervali 0 1 2 3 4 5
X; 25 3.1 3.7 43 4.9 55

y=f(x;) 1.19886 0.61377 0.50325 0.76199 1.20692 1.61776

4

h

I~5 [f(xo) +2 Zf(xi) + f(xs)] ~ 0.3[1.19886 + 2(0.61377 + 0.50325 + 0.76199 + 1.20692) + 1.61776]
i=1

I, ~ 2.69654

2. Simpson’s 1/3 Method n =2

h_b—a_5.5—2.5_3_075
T o2n 4 T4

x -coordinates of the points : x; =a+ih=2.5+0.75i, i=
0,1,2,3,4

25 3.25 4 475 55
00— 00 1.19886 0.54433 0.59636 1.09023 1.61776

()

h
Isq/3 zg[fo+4f1+2fz+4f3 + f4l

0.75
=3 [1.19886 + 4 * 0.54433 + 2 * 0.59636 + 4 « 1.09023 + 1.61776]

Iy1/3 ~2.63690

2. Simpson’s 3/8 Method n = 2
h_b—a_55—25_3_05
"~ 3m 6 6

x -coordinates of the points : x; =a+ih=2.5+0.5i, i=
0,1,2,3,4,5,6

x; 2.5 3 3.5 4 45 5 55
0 o) 1.19886  0.67667 0.49211 0.59636  0.90032 1.28366 1.61776

()
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3h
lg3/8 = g[fo +3(itfatfatfs)+2f3+fel
= 0.1875[1.19886 + 3(0.67667 + 0.49211 + 0.90032 + 1.28366) + 2
* 0.59636 + 1.61776]

IS3/8 ~2.63768

5.Analytic solution
5.5

5
Iana = | (cosx+_ydx = [sinx + 5Inx]52 = (7.81820 — 5.17993) = 2.63827433
2.5

~ 2.63827

 Value | 257399 2.69654  2.63690 2.63768 2.63827
| Absolute error | 0.06428 -0.05827  0.00138 0.00059
 Relative error(%) 2.44 221 0.05 0.02

Integral 2:

2
I=f x%e*dx
0

Rectangle Trapezoidal Simpson’s 1/3 Simpson’s 3/8

method analytic n=6 n=4 n=2 n=1

12.7781 8.3942 14.6612 12.7844 13.0631

Solution to exercise 7
Exact (Analytical) Solution

6
J (6 + x sinx)dx = [6x + sinx — x cos x]§ = 29.95953 — 0 = 29.95953
0

31.26160 31.02371 29.77983 29.88185 29.95953
1.30210 1.06421 -0.17967 -0.07765
4.35 3.55 0.60 0.26
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Chapter 4: Polynomial interpolation

4.1 Introduction

4.2 Lagrange Method

4.3 Newton Method

4.3.2 General Newton form with divided differences
4.3.3 Newton Forward and Backward Interpolation
4.4 Estimation of the interpolation error

4.5 Conclusion

3.1 Introduction

Interpolation, a common method in mathematics and science, estimates values between known data
points. It constructs a function or curve passing through these points to predict intermediate values.
Useful when limited data is present, it creates accurate approximations of missing data. Interpolation
is applied to various fields (science, engineering, computer science), providing continuous and
complete information, facilitating decision-making and analysis. In short, essential for estimating
values between data points, improving understanding of hidden relationships and trends.

4.2 Lagrange Interpolation Method

4.2.1 Definition

The Lagrange Method is the most clever construction of the interpolating polynomial directly, without
solving a system of equations. It is based on special basis polynomials called Lagrange basis
polynomials.

4.2.2 Lagrange Basis Polynomials
For n + 1 points (x_0,y_0), ..., (x, ¥»), define:

j#i
((x = xp) (x = x7) e (X = X2 1) (X = Xy4q) oo (X — X))

Li(x) = ((xl. = x0) (x; = x1) . O — x3-1) O = Xy41) o (X — xn))

Properties: L;(x;) = 1forj = i; Li(xj) =0forj#1i

4.2.3 Lagrange Interpolating Polynomial
The interpolating polynomial is:
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P = ) 3 L)

4.2.4 Calculation Procedure:
a. Data points (xi, yi), where xi represents the input values and yi the corresponding output values.
b. Construction of Lagrange polynomials:
The general formula for the Lagrange polynomial Li(x) is:

((x —x0)(x — x1) oo (x = x_ 1) (x — X351) . (x — xn))
((Xi —x0) (x; — x1) o (ot — x3-1) (X — Xj41) o (X — xn))
c. Construction of the interpolation polynomial:

Po(x) = yo * Lo(x) + y1 % L1 (%) + -+ + Yy * Ly (x).

d. Estimating intermediate values: Once the interpolation polynomial P(x) is constructed, you can use

Li(x) =

it to estimate the output values (y) for input values (x) between known data points.

Example 1: Lagrange Interpolation (Quadratic Polynomial)
Given the following data points:
(1,2),(2,3),(4,1)
Construct the interpolating polynomial using the Lagrange method.
Solution
Step 1: Identify the Data
Wehave:xg=1,y,=2 ; =2, y,=3; x=4y,=1
Since we have 3 points, the interpolating polynomial is of degree at most 2.
Step 2: Write the Lagrange Basis Polynomials
Ly(x) = (x —x1)(x — x2) ;L) = (x —x0)(x — x2) C Ly(x) = (x — x0)(x — x1)
(X0 — x1) (X0 — Xx2) (x1 = x0) (X1 — X2) (x2 — x0)(x2 — x1)
Step 3: Substitute the Numerical Values
x=-2)(x—4) (x—-2)(x—4)

L =a—pa-sn " 3
(x-Dx—-4) (x—-Dx—-4)
LW=Gpa<n =" 2
Ly(x) = x-Dx—-2) (x-1x—-2)
T 4-1D@-2) 6

Step 4: Construction of the Interpolation Polynomial
P(x) = yoLo(x) + y1L1(x) + y2Lz(x) = 2Lo(x) + 3L1(x) + 1Lz(x)
C2x—=2)(x—4) 3(x—-1)(x—4) N (x—Dx—-2)

3 2 6
2x2 —12x+16 3x%>—15x+12 x?>—3x+2
- 3 - 2 T %

The common denominator is 6.

p _(2)2x2—12x+16 <3>3x2—15x+12+x2—3x+2
) =13 3 3 2 6
_ (4x? —24x +32) + (—=9x% + 45x — 36) + (x* — 3x + 2)

6
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C(4-9+ Dx?+(—24+45-3)x+(32-36+2) —4x?+18x—2
N 6 B 6
1

2
P(x) = —§x2 +3x—3

We verify the first point of the input data :

2 1
P()=-3+3-3=2/

4.2.5 Advantages and Limitations
Advantages

o Explicit formula
o Easy to implement for small data sets

Limitations

o Computationally expensive for large n
o Entire polynomial must be recomputed if a new point is added

4.3 Newton Interpolation Method

4.2.1 Definition

Newton’s interpolation method is an alternative approach for constructing the interpolating

polynomial through a given set of data points. It provides a more efficient formulation than the

Lagrange method, especially when dealing with a large number of points. One of its main advantages

is that the polynomial can be updated easily when new data points are added, without recomputing

the entire expression. The method is based on the concept of divided differences, which allows the

polynomial coefficients to be computed recursively. Because of its computational efficiency and

flexibility, Newton’s method is widely used in numerical analysis and scientific computing.

Newton’s method can be divided into two main types, depending on the distribution of the

interpolation points:

¢ General Newton form with divided differences, which works for any set of points, including points
with variable spacing.

e Forward and backward differences, which are particularly suitable for equally spaced points and
take advantage of difference tables for efficient computation.

4.3.2 General Newton form with divided differences

Divided differences constitute the core of Newton’s interpolation method. They provide a systematic
way to compute the coefficients of the interpolating polynomial directly from the given data points.
Defined recursively, divided differences are commonly arranged in a triangular table, which improves
both clarity and computational efficiency. Each level of divided differences corresponds to the slope
of an interpolating polynomial of higher degree. This organized formulation makes Newton’s method
particularly effective for theoretical understanding as well as for practical numerical implementation.

e Zero-order divided difference: f[x;] = %

f(Xiv1)—f(x1)

e First-order divided difference: f[x;, x;41] = P
i+1~ A0
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FlXiv1Xir2] = F[XiXi+1]

Xi+2—Xi

e Scond-order divided difference: f[x;, X; 11, Xj42] =

FIXirn o Xivk] = f XX igre—1]
Xipk—Xi

e Higher-order divided differences: f[x;, ..., Xj1x] =

These values are usually organized in a divided difference table as follows.

flxi xis4] f%i Xiv1, Xis2] i\ e 2]

flxo] = y0 > flxo, 2] = 222
foal=n s flx) 3

Y2—Y )X,
flal=y, — =_—* el |
27~ ] S e T = I o R
N flx2, %3] : N | Xivk = Xi
_ Y3 )2 :
g B X3 — Xy /f[xn—zvxn—lvxn]/

Pl =2 f[xn—llxn]

The Newton polynomial is written as:
n-—1

Pa(x) = flo] + flo, 11 )(x = %) + flxo, 0, %2 (¢ = %)t = 10) + =+ flo, o 2] | [0 = 210
k=0

Example 1: Newton Interpolation (Quadratic Polynomial)
Given the data: (1,1), (2,4), (3,9), Construct the interpolating polynomial using Newton’s method.

Step 1: Write the Data Xo = 1, f(xO) = 1, X1 = 2, f(xl) = 4', Xgo = 3, f(xz) =9
Step 2: Compute Divided Differences
First order: flxo, x1] = S = 3; flx1,x2] = g =5
Second order: flx0, %1, x2] = ;:—i =1.
For clarity, the computation of divided differences is summarized in the triangular table below.
X; Zero order y; = f[x;] 1% order f[x;, x;41] 2" order f[x;, Xi11, Xis2]
x, =1 =] _Y1Yo _ 471 _ flxaxa]—flxoXa] _ 5-3_
y0—4 >f[x0’x1] X1=Xo  2-1 3 \ X2—Xo 3-1 !
X = = D g, x,] = 22224 = 9t _ _—

Step 3: Write Newton’s Polynomial

P(x) = flxo] + flxo, x1](x — x0) + fx0, X1, x2] (x — x0) (x — x1)
=14+3(x—-1D+1(x—-1(x—-2)
=14+3x—3+x%2—-3x+2=x?

P(x) = x?
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Remark:

Since the given data points satisfy y = x%, which is a polynomial of degree 2, the Newton
interpolation using three points reproduces the exact function. In this case, the interpolation is exact,
not an approximation.

Example 2: Comparison of Lagrange and Newton
Show that the Lagrange and Newton methods give the same polynomial for the data:
(xO' yO) = (1' 2)' (xl' yl) = (2' 5)' (xZ' yZ) = (4v 17)
Lagrange Interpolation
P(x) = yoLo(x) + y1L1(x) + y2L2(x) = 2Lo(x) + 5Ly (x) + 17Ly(x)
with:
L _(x=2)(x—4) x*—6x+8

(x-1D(x—-4)  x*—5x+4
2-1)02-4) 2 ’

Li(x) =

_(x-D(x—-2) x*-3x+2
LO=G"pa-n~" s

x> — 6x+8 x? —5x + 4 x% —3x + 2
P(x) =2 B — -5 — + 17 —

After simplification, we obtain:

Peo = @ : (xz_:aﬂ> B G) > <xz_5++4> +17 <xz‘3++2>

B <4x2 — 24x + 32) N <—15x2 + 75x — 60) N <17x2 —51x + 34)

6 6 6
_(4—154+17)x* + (—24+75-51)x + (32— 60+34) 6x*+6
- 6 6

P(x)=x*+1

Newton Interpolation
First, compute the divided differences:

flxo] =2 | Y1—=Yo _5-—2
) = = = 3
f[xl] =5 < f[xo xl] X1 — Xo 2-1 > flxq,%2]—f[X0%4] — 6_3: 1
Vo — Y 17 —5 Xp—X 4-1
f[xz] =17 /f[x1.xz] — 2 1 _ -6 / 2—Xo

Xy —Xx; 4—2

The Newton polynomial is:
P(x) = flxo] + flxo, x1](x — x0) + flx0, X1, 2] (x — x0)(x —x1) =2+ 3(x = 1) + 1(x —
D(x—-2)
=24+3x—-3+x*-3x+2=x*+1
P(x)=x*+1

Thus, both Lagrange and Newton forms represent the same interpolating polynomial, written
differently.
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Advantage of Newton’s Form : Suppose a new data point (5,26) is added. In Lagrange form, the
entire polynomial must be recomputed. But in Newton form, we only need one new divided difference
term to add:

+1 [x0, %1, X2, 3] (x — D(x — 2)(x — 4)

Newton’s form allows efficient updating of the interpolating polynomial without recomputing
previous terms.
Adding to the previous table the term

x; Zero order 1% order 2" order 3 order
yi = flx] fxi %i44] FIxi %41, Xi42] FI%0 Xig1, Xigar Xigs]
f[xo] =2 \f[xo, xl] =AY 5; =3 f[xo'xyxz'xs] =
flx.] =5 — ;1_;" 127_15 \ flx1,x2]=f[x0%1] _ 6=3_ 1 flx1,2x2,%3]=flx0,2%1,%1]
Y27 _ 1770 e 7 - o4 ~ _
Bl fixl=17 3 R O . o
_ Ya—y1 _ 26-17 —_— === =—— =
n f[xB] =26 /f[XZ, X3] = ﬁ = = = 9/ X3—X2 -2 5-1

Since: f[xg, X1, X, x3] = 0, The new term to be added is: +0 [(x — 1)(x — 2)(x —4)] =0
And the updated polynomial is same :P(x) = x% + 1.

4.3.3 Newton Forward and Backward Interpolation
Newton’s forward and backward interpolation formulas are used when the interpolation points are
equally spaced, that is

Xg, X1 =Xp+h, x,=x0+2h, ..., x,=x9+nh.
In this case, the interpolation process can be simplified by using finite differences instead of divided
differences.
The forward interpolation method is particularly suitable when the interpolation point is located near
the beginning of the data table, while the backward interpolation method is more appropriate when
the interpolation point lies near the end of the table. Both methods rely on successive differences of
function values and are especially convenient for tabulated data and repetitive numerical calculations.
Newton’s forward and backward interpolation methods provide efficient and practical solutions when
dealing with uniformly distributed interpolation points.

a)Newton Forward Interpolation Polynomial

Letf(x;) =y; fori = 0,1,...,n real numbers. The following recurrence relations are called finite
differences of order k of function f:

e 1% order finite differences: Af; = fi,; — f; fori = 0,1,...,n—1

e 2" order finite differences: 4%2f (x;) = Af; — Af;4, fori = 0,1,...,n— 2

o« ...

e k' order finite differences : A%f(x;) = A*"1f; — AK=1f, fori = 0,1,...,n—k
These differences are usually presented in a triangular table for clarity.
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o) Af(x) e
;g% A f(xs) jz ;g"; 2% f(x0)
feop [

Foy TG A ()

n-1 A f(xn—z) Az n-3
J }fxn)) Afeay | - e

4" f(x0)
4% f (xn-s)

Considering that the function f(x) is known in those points (x;, y;): f(x;) = y;,i = 0,1, ..., n,
With Xi=X;_1+ ih, h > 0.

then the forward Newton polynomial is:

n-1
Pa) = fr0) + S Ap gy + ETEOETI) ey 4y (]_[(x—xk)> A7 (xo)
k=0
Example
Given the following equally spaced data:
x; 0123
fxp) 1 3 7 13

Use Newton’s forward interpolation formula to:
Construct the interpolating polynomial
Approximate the value of f(1.5)

Solution

1.Construction of the polynomial using Newton’s forward interpolation formula

Step 1: Identify the Step Size: h = x; — x¢ = 1.
Step 2: Construct the Forward Difference Table

x0=0

Af(x)=3-1=2
x =1 f(x1) =3

Af(x;))=7-3 =4 _2
X, =2 f(x) =7 ~ c A ) = 64 =2
X3 = fo) =13 AfGx)=13-7=6

A f(x)=2-2=0

Step 3: Write the Interpolating Polynomial

Po) = Flxo) + o Ay + ETET) i

Substitute numerical values:

(x=0)(x-1)
2
P;(x)=x*+x+1

2.Approximate f(1.5) : f(1.5) = P;(1.5)
P;(1.5) =(1.5)2?+15+1=225+15+1=4.75

P;(x)=1+(x—-0) -2+

2=14+2x+x)(x—-1)=1+2x+x*—x
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b)Newton Backward Interpolation Polynomial
Similarly, if we want to interpolate near the last point, we can use backward differences:
Vfi=fi — fia
Let f(x;) = y;fori = 0,1, ..., n be known real values of the function f at the interpolation points x_i.
The following recurrence relations are called backward finite differences of order & of the function f:

o 1% order backward finite differences:Vf; = f; — fi_ifori=1,2,...,n
« 2" order backward finite differences:V2f(x;) = Vf; — Vf;_1fori=2,3,...,n

« k' order backward finite differences:V¥f(x;) = VK= 1f(x;) — V¥ 1f(x;_)for i = k, k +
1,...,n

These backward finite differences are usually arranged in a triangular table for clarity and ease of
computation.
The interpolation points are assumed to be equally spaced, such that:
X; =Xxi_1+h, h >0, i=12,..,n
Under these assumptions, the Newton backward interpolation polynomial is given by:

s Tl rs)

P (x) = f(xn)+%\7f (x.)+ (X_an)!(;‘; %1) 2 £ (4 ) oot

Example

We bring the same previous example.
Jiéan 1 3 7 13

Use Newton’s backward interpolation formula to:

e Construct the interpolating polynomial

e Approximate the value of f(2.7).
Solution
1.Construction of the polynomial using Newton’s backward interpolation formula
Step 1: Identify the Step Size h = x; — x5 =1

The interpolation point x=2.7 is close to the last data point x3 = 3, so the backward method is
appropriate.
Step 2: Construct the Backward Difference Table

O f(x0) =1
PN f(x,) =3
= f(x) =7
 f(x3)=13

Af(x))=7-3 =4
Af(x))=13-7=6

D ’t exist
A fx)=6—4=2 oesn’t exis

Step 3: Write the Interpolating Polynomial

PoC) = ) + O ) 4 E B2 )

Substitute the numerical values:

V2f (x3)
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(x—=3)(x—2)

Py(x) =13+ (x —3)- 6 + - 2=13+6(x—3)+(x—3)(x—2) =
=13+6x—18+x*—-5x+6

Py(x)=x*+x+1

2.Approximate f(2.7) :|f(2.7) = P;(x) = 10.99|

4.4 Estimation of the interpolation error

In practice, interpolation does not always reproduce the exact function. The interpolation error

measures the difference between the true function f(x) and the interpolating polynomial B, (x):
Ep(x) = f(x) — Bu(x)

This error depends on:

« The smoothness of the function

o The degree of the interpolating polynomial

« The choice and distribution of interpolation points

The both Lagrange and Newton methods, there exists ¢ E [x0, X, ] such that the error given by :

)
Ea(0) = oy, 1_[( x = x)

And |E,(x)] < (n’fl)!”‘[lf‘zo(x x;)| where M = Max |+ (x)|

XE[x0,Xn]
From the error formula, several important observations can be made:
o The magnitude of the error depends on the higher-order derivatives of f(x); therefore, if these
derivatives are large, the interpolation error increases.

o The error is exactly zero at the interpolation points, since the interpolating polynomial matches
the function values at these nodes.

« The distribution of the interpolation points strongly influences the error, as poorly spaced points
may lead to large oscillations of the interpolating polynomial.

« Hence, the error depends on the function and the placement of the points, not on the interpolation
formula itself.

4.5 Conclusion

Polynomial interpolation is a fundamental numerical tool for approximating unknown values from
discrete data, a situation frequently encountered in civil engineering applications such as material
testing, structural monitoring, geotechnical measurements, and experimental data analysis. In this
chapter, the Lagrange and Newton interpolation methods were presented as two equivalent but
complementary approaches for constructing interpolating polynomials.

The Lagrange method offers a direct and explicit formulation that is well suited for small data sets
and theoretical understanding. However, its main limitation lies in the need to recompute the entire
polynomial when new data points are introduced. In contrast, Newton’s interpolation method
provides a more flexible and computationally efficient framework, particularly through its divided-
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difference formulation, which accommodates non-uniformly spaced data and allows easy polynomial
updating.

For equally spaced data, the Newton forward and backward interpolation formulas further simplify
the computation by using finite differences, making them especially practical for tabulated
experimental results and repetitive engineering calculations. The discussion of interpolation error
highlights the importance of function smoothness and point distribution, emphasizing that numerical
accuracy depends not only on the method but also on the quality and placement of data.

Overall, mastering these interpolation techniques equips civil engineering students with essential
numerical skills for data approximation, analysis, and modeling, forming a solid foundation for more
advanced topics in numerical methods, structural analysis, and computational engineering.

Serie of Exercises 04
Exercise 1(Lagrange Interpolation)

Let the function be defined by: f(x) = ﬁ

1. Using Lagrange method to determine the interpolating polynomial of degree 2 that interpolates the function
f(x) at the points xy = 0,x; =1,x, =3

2. Use the polynomial obtained in question (1) to estimate the value of f(1.5).

3. Give an upper bound of the interpolation error committed at x = 1.5.

Exercise 2 (Lagrange Interpolation)

Let the following experimental data be obtained from a laboratory test: X;
fCxp)

1. Determine the interpolating polynomial of degree 2 using the Lagrange method.

2. Estimate the value of f(3).

3. Verify that the polynomial interpolates the given data exactly

O
BN
N
[ep}

Exercise 3 (Newton Interpolation-Divided Differences)

Consider the function values:

RO
Ol
N[w

Xi
f(x)

1. Determine the Newton interpolating polynomial.
2. Evaluate the approximation of f(2).

Exercise 4 (Newton Forward/Backward Interpolation)

The deflection of a beam is measured at equally spaced positions:

DN | —
N[

Xi
f(x;) 14 26

1. Determine the Newton forward interpolating polynomial.
2. Determine the Newton backward interpolating polynomial.
3. Estimate the value of f(1.5) and f(3.7).

Exercise 5 (Comparison Between Lagrange and Newton)

Consider a beam under uniform loading. The vertical deflection (in millimeters) was measured at three points
along the beam:

Position along beam x; (m) ’ 0o 2 5

Deflection w(x;) (mm ‘ 0 10 40

1. Determine the interpolating polynomial using Lagrange interpolation.

2. Determine the interpolating polynomial using Newton’s divided differences method.
3. Use the polynomial to estimate the deflection at x=3 m.
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4. Provide a comparison between the two methods.

Exercise 6

During a soil settlement test, the vertical settlement of a foundation (in mm) was measured at different times
(in days) after construction. The recorded data are:

Time ¢; (days) |0 5 10 1520

Settlement s(t;) (mm) [0 8 18 32 50
1.Determine the interpolating polynomial of degree 4 using Newton’s divided differences method.
2.Estimate the settlement after 12 days.

3. Verify that the polynomial interpolates all given data points exactly.
4.Comment on the physical meaning of the result.

Solutions of Serie 04

Solution to exercise 1

1.Determination of the polynomial using Lagrange method

x-coordinates of Interpolation points: x, = 0,x; = 1,x, = 3

From the function f(x) = ﬁ we get the y- coordinates of Interpolation points

1 1
fO=1fM =352 =7

Lagrange basis polynomials P, (x)
(x-Dx-3) (x-DxE-3) x*—4x+3

L) =003 - 3 3
_(x=0)x-3) x(x-3) x*-3x
LO=a-npa=s~"" 2 -~ "2
. (x)_(x—O)(x—l)_x(x—l) _xP—x
2T B-0B-1) 6 6
Construct the polynomial
x2—4x+3 1( x?2-3x\ 1x%?-—x
P(x) = f(0) - Lo(x) + f(1)L1(x) + f(2)L2(x) =1 - — 7 §<_ > ) t17%

Common denominator is 24 ,so should multiply the 1% and 2™ terms by 8/8 and 6/6 respectively

Lagrange Interpolation vs Exact Function

\ — Exact function fix)
0.9 F \+ = = = Interpolating polynomial Pz[x} 4

®  Interpolation points

08 A

071 ‘

05

0.4 ~

~
0.344 h N

0.2
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8x% —32x + 24 6x2—18x+x2—x_ (8—6+1)x2+(—32—18—1)x + 24
24 24 24 24
3 3x% 4+ 15x + 24
B 24

Py(x) =

P,(x) = 0.125x? — 0.625x + 1
As observed in the figure, the Lagrange interpolating polynomial, represented by the red dashed

curve, intersects the exact function at all the interpolation points. This behavior is expected, since the
construction of the Lagrange polynomial guarantees that it passes exactly through the given data
points. Between these points, the polynomial provides an approximation of the exact function, which
may slightly deviate from it depending on the function’s curvature and the distribution of the
interpolation nodes.

The figure clearly illustrates that the interpolation error is zero at the data_points and nonzero
elsewhere. It also highlights how the polynomial follows the general trend of the exact function within
the interpolation interval. Such graphical analysis is essential in numerical methods, as it allows
engineers to visually assess the quality of the approximation and to understand the limitations of
polynomial interpolation when applied to real engineering data.

2.Evalution of P,(1.5)
P,(1.5) = 0.125(1.5)% — 0.625(1.5) + 1 = 0.34375

3.Maximum Error bound

Epmax() = % [T, (x — x| where M = Max ]| )|

XE[x0,Xn

Our function is f(x) = ﬁ and its Derivative are f'(x) = (1+1x)2, f'(x)= (1+2x)3, f®x) =
~
M = sl = Mex |- ] =5 =
n
Bnax () = oy [ [ = 00| = g (6 = 3w = ) = 32)

i=0
= Miz(x - 0)x—-—1Dx—-3)=x(x—1D(x-3)
Epmax(1.5) <1 1.5(0.5)(—1.5) |=1.125

The theoretical error formula gives an upper bound on the possible interpolation error by considering
the maximum of the third derivative in the interval. However, the actual error depends on the specific
value of the third derivative at x= 1.5 and the relative position of x among the nodes. Therefore, at
x=1.5, the observed error on the figure (0.5625) is smaller than the theoretical estimate (1.125), which
is consistent with the formula representing a worst-case scenario rather than the exact value.

Solution to exercise 2
1) Determination of the interpolating polynomial
We seek a polynomial P, (x)of degree 2 such that: P,(x;) = f(x;),i = 0,1,2
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X; 0 2 5
flx)) 1 4 26
Using the Lagrange interpolation formula:

2
P() = ) ) Li(x)
i=0

where the Lagrange basis polynomials are: L;(x) = [T5=o )’:;’;;j
iy
Lagrange basis polynomials are : i
() = ey = SR ) = a8 =~
L,(x) = (x —0)(x - 2) _ x(x —2)

(5-0)(5-2) 15

Interpolating polynomial

(x—2)(x—=5) 4x(x—5) 26x(x—2)
10 T 6 T 15

Py(x)=1-Lo(x)+4-Li(x)+26-Ly(x) =

Expand each term:

p _x2—7x+10 4x2—20x+26x2—52x
2(%) = 10 6 15

Using a common denominator 30 (3/3*term1; 5/5*term 2)
P, () 3x% — 21x + 30 — 20x% + 100x + 52x? — 104x  35x% — 25x + 30
2 x p— —

30 30
After expansion and simplification:

7, 5
PZ(X)=EX —€x+1

2) Estimation of £(3) : f(3) ~ P,(3) =2(9) —2(3) +1=105-25+1=9

3) Verification of interpolation

PO—7O2 50+1—1 P2—722 52+1—4 P5—752 55+1—26
This result confirms that:
« Lagrange interpolation produces a unique polynomial passing through all given data points

e The method is valid for non-equally spaced measurements

« Such interpolation is widely used in civil engineering for experimental data fitting and numerical
modeling

Solution to exercise 3

1) Newton Interpolation-Divided Differences
Construction of the divided difference table
X; 0 1 3

f(xp) 1 0 2
The divided differences are defined recursively by:

_ S i) — ()

X: X =
flxi Xi44] Yoi — X,

Consider the following data:
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First-order divided differences

flxox] =35 = —1 flrnx] =7 =1

Second-order divided difference
flx1,%2] = f[x0, %1] 1= (-1 _E

flxo, %1, %3] =

Xy — Xp 3—0 3
L. X a5 Newton Interpolation Poly ial (Divided Diff )
Divided difference table U oo |
| O  Data Paints
f(x) 1st order 2nd order s Evaluation Poin

Xi
“ 1 Xg, X1 ]| =-1 257
0 flx0, ] > flxo0, 21, x5] =
[x0, 1] =1 ‘
2 £ el
The Newton interpolating polynomial of degree 2 is given by:
Py(x) = f(xo) + flxo, x1](x — x0) + f[X0, %1, %2] (x — x0) (x — x1)
Substituting the computed values:

Pz(x)=1—(x—0)+§(x—0)(x—1) =1—x+§(x2—x)

2., 5
Pz(x)=§x —§x+1

2) Approximation of (2) : f(2) ~ P,(2) = P,(2) == (4) — g ) +1=:
This exercise illustrates the main advantage of Newton’s divided-difference method:

once the divided differences are computed, the interpolating polynomial is obtained directly and
efficiently, and additional data points can be included without recomputing the entire polynomial.

Solution to exercise 4
x; 1 2 3 4
f(xp) 2 6 14 26
The interpolation points are equally spacedby:h=x;,1 —x;=x, —x;, =2—-1=1

( ) (x = x0) (¥ — x1)

Pa(x) = f (o) + o Af (o) + = A2 (xo) + - +

1)Newton Forward Interpolation
n-1
1 n
— (] =20 ) a0
k=0

Forward difference table

f(x:) Af N f A f

Xo = 1 I
6
1

W

Af(x1) = 4 Af(xy) =4
—_3 WY f(x) =8 _ _
L Ml =12

Using the Newton forward formula for n=3 :

PaC) = £ ) + oD af )+ T gy

n (x — x0) (x — x1) (x — x2)
3!h3
Substituting values of x; and A'f highlighted in gray :

/

A3f (xq)
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P(x)=24+4(x—-D+2(x—1D(x—-2)=2+4x —4+2(x* —3x+2)
Py(x) =2x*—2x+2

2)Newton Backward Interpolation

n-1
( ) ( xn) (x — Xn— ) 1 n
Pa(x) = fx) + o Vf () + oL v (x —— H (x = %0 | PAC
The Newton backward formula for n=3 is:
Pa() = £ + 2= 3) V() + ST oy | BT X)X ) gy

2! h? 2! h3

Here, we use the backward differences highlighted in green in previous table.
P;(x) =26+ 12(x —4) + 2(x —4)(x —3) = P3(x) = 26 + 12x — 48 + 2(x? — 7x + 12)
Py(x) = 2x%—2x+2

3) Approximation of f(1.5)
If the forward and backward methods give different polynomials, we evaluate P3(1.5)P_3(1.5)P3(1.5)
using the Newton forward polynomial, since 1.5 is closer to the first data point.
f(1.5) = P;(1.5) = 2(1.5)2 — 2(1.5) + 2= 3.5

Approximation of f(3.7)

f(3.7) = P;(3.7) = 2(3.7)> — 2(3.7) + 2 = 21.98
Remarks
Forward interpolation is preferred near the first data point and Backward interpolation is preferred
near the last data point.
Both methods yield the same interpolating polynomial
The choice of method improves numerical stability, not accuracy at the nodes

Solution to exercise 5

0 10 40

1.Lagrange Interpolation
Three data points means polynomial of 2 degree P, (x) , n=2
Step 1: Construct Lagrange basis polynomials

We have three points: (xg, fo) = (0,0), (x4, f1) = (2,10), (x, f;) = (5,40)
(x—2)(x—5) (x—2)(x—5)

L@ =G =0=5 ~ 10
5 _(x—O)(x—S)_ x(x —5)
=G he-n" " s
Ly(x) = x-0)x—-2) x(x—-2)

(5-0)(5-2) 15
Step 2: Construct the polynomial
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x(x—5) x(x —2)
Py(x) = foLo(x) + f1L1(x) + foLa(x) = Py(x) = 0 - Lo(x) + 10(_7) + 40 - — 15
10 5y 4 40 )
= ——x(x=5) + g x(x = 2)
Simplify coefficients:
5 8 5 25 8 16
— _ — 2 _ _ 2 _ - — _ _ 42 — N2
P,(x) = 3(x 5x)+3(x 2x) = P,(x) 3x + 3x+3x 3x
P,(x) = x* + 3x
2.Newton Interpolation (Divided Differences)
Step 1: Compute divided differences
x;  f(x;) Ist order 2nd order
o — 10-0 10
flxg,x1] =————=5 ==
v < o 4_02;00 flxo, %1, %2] = g—O
=4O 7 flxo, 1] = 5_ 7 =10/3 =0.2

Step 2: Construct Newton polynomial
Py (x) = f(x0) + f[x0, x1](x — x0) + f[X0, X1, X2](x — X0) (x — X1)
P,(x) =0+5(x—-0)+1(x —0)(x —2) = P,(x) =5x + x(x — 2)
Py(x) = x* + 3x

3.Estimate deflection at x=3
fB3)=~P,(3)=32+3-3=94+9=18mm
4. Comparison Between Lagrange and Newton Methods

Feature Lagrange Newton

Formula Explicit sum of basis polynomials Recursive  form  using  divided
differences

Ol Recompute entire polynomial if new Easily updated when adding new points
data added

Efficiency Less efficient for large datasets More efficient and incremental
Accuracy Exact at data points Exact at data points

|“wieile e Simple to understand, small datasets Preferred for numerical computation
and civil engineering applications

Solution to exercise 6
Given data (t;, s;) = {(0,0), (5,8),(10,18), (15,32),(20,50)}
Since the data are not necessarily equally spaced in behavior, we use Newton’s divided differences.

First-order divided differences:

32-18 50-32

8-0 18—-8
S[to, tl] = ST =1.6 S[tl, tz] = m =2 f[tz, t3] = 15-10 = 2.8 S[tg, t4] = 20-15 = 3.6
Second-order divided differences
2—-1.6 2.8—2 3.6—2.8
S[to, tl' tz] = m = 0.04 S[tl, tz, t3] = H = 0.08 S[tz, t3, t4] = 20-10 = (.08

Third-order divided differences
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0.08-0.04 0.08-0.08

slto ty, by, t3] = ——— = 0.00267 slty ta ta, ta] =———=10
Fourth-order divided difference
0 —0.00267
S[to, tq, ta, t3, t4] = ~—S0—0 = —0.000133

1st order 2nd order 3rd order 4th order

st tiva] s[ti tivn tiva]l St tivn, tiva, tiva, S[ti tivs, tiva, tivos tivs]

0

ﬂ N 8-0_ 2-16
G A e

b =2 28-2 5o - 20-0
18 -5 _008\>008 0.08

ot _28 —"15-10 2 %=s - — —0.000133
15 32 /15—10 \2_28

18-8 7275 _ g
2 .

20 [0 10-5 2=t

The Newton polynomial of degree 4 is:

Py(t) = f(to) + flto, ta](t — to) + flto, tr, t2](t — to) (¢t — t1) + fto, t1, ta, ta](t — to) (¢t — t1)(t
—t3) + flto, tr, ta, ta, ] (t — to) (t — t1) (t — t2) (¢ — t3)

Substituting numerical values:

P,(t) = 1.6(t) + 0.04(t)(t — 5) + 0.00267(t)(t — 5)(t — 10) — 0.000133(t)(t — 5)(t — 10)(¢t
—15)

After expanding

P, (t) = 1.6(t) + 0.04t? — 0.2t + 0.00267t> — 0.04005t + 0.1335¢t — 0.000133¢*

+ 0.00399¢t3 — 0.03658t2 + 0.09975¢t

Combine like terms :
P,(t) = —0.000133 t* + 0.00666 t> — 0.03663 t> + 1.63325¢t
2.Estimation of settlement at t=12 days

1)~ Pa(12) e
3.Verification at known points 0 | O Crsttonpont |
P,(0) = 0,P,(5) = 8,P,(10) = 18, P,(15)
= 32,P,(20) = 50 i
2 I N G P
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Chapter 5: Differential equations

5.1 Introduction

5.2 Euler's method

5.3 Rang-Kutta method
5.5 Conclusion

5.1 Introduction

Differential equations are powerful tools that describe how physical quantities change over time or
space, forming the backbone of engineering analysis. In civil engineering, they model critical
phenomena such as structural vibrations, bridge deflections, groundwater flow, and heat conduction
in materials. These equations are broadly classified into ordinary differential equations (ODEs),
which involve a single independent variable, and partial differential equations (PDEs), which involve
multiple independent variables. ODEs are common in engineering simulations, and they can be linear
or nonlinear, homogeneous or non-homogeneous. Solving them analytically is not always possible,
which is where numerical methods become essential. Euler’s method provides a simple step-by-step
approach, particularly suitable for first-order ODEs. More advanced techniques, such as the Runge-
Kutta family (often used in branch codes), offer higher accuracy and can handle nonlinear and higher-
order problems efficiently. By applying these methods, engineers can approximate solutions and
predict system behaviors under varying conditions. This combination of theory and numerical tools
ensures reliable designs and informed decision-making in civil engineering projects.

5.2 Euler's method
5.2.1 Definition

The Euler method is a numerical technique for approximating solutions to first-order ordinary differential equations
(ODEs). It is based on the idea of using the derivative at a known point to estimate the function's value at the next
point. By moving in small steps along the curve, it constructs an approximate solution over a given interval. Although
simple and easy to implement, its accuracy depends on the step size; smaller steps yield better results. Euler’s method
provides a foundational approach for understanding more advanced numerical methods in engineering.

5.2.2 Computational Procedure
Consider the first-order ordinary differential equation:

dy _ _
Ix fy), y(x0) = o
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The objective of the Euler method is to compute an approximate numerical solution at discrete
points over a given interval.

The Euler method is based on the first-order Taylor series expansion. At each point x;. the derivative
f(x;, ;) represents the slope of the tangent to the solution curve. The value of the function at the next
point is estimated by moving along this tangent over a small step size h.

The numerical apoximation is obtained using the recurrence relation:

Yirr =Yi thf (xpyi),  Xip1 =x;+ A
The Computational Steps are :

e Define the Initial Condition
Specify the initial value of the unknown function at the starting point:
y(Xo) = Yo
where x, is the initial value of the independent variable and y, is the corresponding known value of
the dependent variable.

e Discretize the Solution Interval
Divide the interval [xo, xf] into N equal subintervals of length h:
Xf — Xp
N
The grid points are: x,, x1, X3, ..., Xy With x; = x5 + ih

h =

A smaller step size generally yields a more accurate numerical approximation, although it increases
the computational effort.
e Iterative Computation
At each point x; , evaluate the slope:
(i yi)
Then calculate the approximate value at the next point using Euler’s formula:
Yitr = Yi + hf(x,yi)
where:
« y; is the approximate value of the solution at x_i,
e y;.1 IS the estimated value at the next point,
* Xiy1=x;+h,
e f(x;, y;)represents the derivative Z—z evaluated at the current point.

e Repeat Until the Final Point
Repeat the previous step successively for each interval until the desired final point x, is reached. The

resulting set of values: (xg,V0), (X1,V1), -, (XN, YN)

The Euler method is one of the simplest numerical techniques for solving ordinary differential
equations. Its implementation is straightforward and computationally efficient. However, because it
is a first-order method, its accuracy may be limited, particularly for problems with rapid variations or

high precision requirements.

Example: Solution of a First-Order Differential Equation Using the Euler Method

Authored by : Dr GUESMI Mohamed Academic year 2025/2026 78



Numerical methods

In this example, the Euler method is applied to obtain a numerical approximation of the solution of
the following first-order ordinary differential equation:
dy

— =x -2y, 0)=1
G- X2 y(0)

The objective is to estimate the value of the solution at x = 0 using a constant step size: 2 = 0.1

Step 1: The computation starts from the known initial condition: x, = 0,y, = 1
Step 2: Euler Recurrence Formula : For the differential equation
dy

L =x—=2
dx x Y

the function f(x,y) is: f(x,y) = x — 2y
The Euler formula becomes:
Yier =¥ +0.1(x; — 2y;)
Step 3: Detailed Calculations
Iteration 1 (i = 0)
Xo=0,y,=1
f(x0,y0) =0—-2(1) = -2
y1=1+0.1(-2)=0.8

x; =01

Iteration 2 (i = 1)
xo =0.1,y,=10.8
f(x1,y1) =0.1-2(08) =—-1.5
y, = 0.8+ 0.1(—1.5) = 0.65

x, = 0.2

Iteration 2 (i = 1)
x; =0.1,y, =0.8
f(xq,y1) =0.1-2(0.8) =—-1.5
y, = 0.8+ 0.1(—1.5) = 0.65

x3 =0.3

And so on , alll interation are resumed in this table

Iteration (x;) &)
(1)

0.0 1.0000

0.1 0.8000
0.2 0.6500
0.3 0.5400
0.4 0.4620
0.5 0.4096

Using the Euler method with a step size of h=0.1, the approximate value of the solution at x=0.5 is:
y(0.5) = 0.4096

This example illustrates the practical implementation of the Euler method for solving a first-order

differential equation. Starting from a known initial condition, the method progressively computes the

solution at successive points until the desired value is reached.
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5.2.3 Advantages and Limitations of the Euler Method
The Euler method is widely used as an introductory numerical technique for solving ordinary
differential equations because of its simplicity and ease of implementation. Its main advantages are:

e Simple and intuitive.

« Easy to implement in calculators and programming languages.

« Suitable for introducing the concept of numerical integration of differential equations.
Despite these benefits, the Euler method has several limitations:

e Accuracy is relatively low because it is a first-order method.

o Errors accumulate as the number of steps increases.

o Very small step sizes may be required for acceptable precision.

« Less efficient than higher-order methods such as the Runge—Kutta methods.

In summary, the Euler method is an excellent educational tool and a practical starting point for
understanding numerical integration. However, for engineering and scientific applications requiring
higher accuracy, more advanced numerical methods are usually preferred.

5.3 Runge-Kutta Method (Fourth-Order RK4)

The Runge—Kutta methods are among the most widely used numerical techniques for solving ordinary
differential equations (ODEs). The most popular version is the fourth-order Runge—Kutta method
(RK4) because it provides excellent accuracy while remaining relatively simple to implement.
Unlike the Euler method, which uses only one slope estimate at each step, the RK4 method evaluates
the slope four times and combines these estimates to obtain a much more accurate result.

General Form of the Problem

Consider the following first-order ordinary differential equation:

d
Z=fGy), yE) =y

where:
o xis the independent variable,
ey is the unknown function,
e y(xy) = yois a known function representing the derivative,
e y(xy) = Yois the initial condition.
5.3.1 Computational Procedure of the RK4 Method
1. Initial Condition
Start with the known values:
X0, Yo
2. Discretization

Divide the interval [x,, xs]into equal steps of size h.

3. Calculation of the Four Slopes

At each point (x;, y;), compute the following four coefficients:

Authored by : Dr GUESMI Mohamed Academic year 2025/2026 80



Numerical methods

ky = hf(x,y:)

Ky =hfCa+my +
2 =hf(x 2,% 2)

ks = hfCr+ oy 42
3 =hf(x Za}’i 2)

ke =hf(x;+hy+ks)
These coefficients represent slope estimates at different locations within the interval.

4. Update of the Solution

The solution at the next point is computed using:
1
Yit1 =Yi T g(k1 + 2ky + 2k3 + ky)

The corresponding value of the independent variable is:
Xit1 = X; + h

5. Repetition

Repeat the previous steps until the final point xfis reached.

Example: Solution Using the Fourth-Order Runge-Kutta Method (RK4)

In this example, the fourth-order Runge—Kutta method (RK4) is used to solve the following first-

order ordinary differential equation:
dy

= x =2 =1

The objective is to approximate the value of the solution at x = 0.5 using a constant step size:h =
0.1
Step 1: Initial Conditions
X0=0, yo=1
Step 2: RK4 Formulas
For the differential equation

the function is:

f(x, 3’) =X — zy
At each iteration, the following coefficients are calculated:

k1 = h-f(x;,y)

h k1
k2 = b f [zt 30+ )
h k2
k3 = hf(xit5.yi+~)

k4 = h-f(x,-+ h,yi+ k3)
Then, the solution is updated using:

1
Yier = Vi + (g) (k1 + 2k2 + 2k3 + k4)
Step 3: Results Table
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0.0 1.000000 0.823417
0.1 0.823417 0.687906
0.2 0.687906 0.587902
0.3 0.587902 0.518364
0.4 0.518364 0.474123

5.3.2 Advantages and Limitations of the RK4 Method

The fourth-order Runge—Kutta methods (RK4) method is widely used because it provides an excellent
compromise between accuracy and computational effort. Its main advantages include:

e Much higher accuracy than the Euler method.

« Stable and reliable for a wide range of scientific and engineering problems.

« Easy to implement in programming languages such as MATLAB and Python.

« Often produces highly accurate results even when relatively large step sizes are used.

Despite these advantages, the RK4 method also has some limitations:

« It requires four evaluations of the derivative function at each iteration.

e The computational cost is higher than that of the Euler method.

« For stiff differential equations, specialized numerical methods may provide better stability and
efficiency.

In summary, the RK4 method is one of the most effective and commonly used numerical techniques

for solving ordinary differential equations. It offers excellent accuracy and robustness, making it

suitable for most practical applications, while still remaining straightforward to implement.

5.4 Conclusion

In this chapter, we introduced differential equations and their essential role in modeling engineering
phenomena such as structural response, heat transfer, and fluid flow. Two fundamental numerical
methods were presented to obtain approximate solutions when analytical solutions are difficult or
impossible to derive. The Euler method was first studied as a simple and intuitive approach based on
a single slope evaluation at each step. The fourth-order Runge—Kutta methods (RK4) method was
then introduced as a more accurate and robust technique that uses four slope evaluations per step.
Through worked examples, the practical implementation of both methods was demonstrated and their
results were compared. Although the Euler method is useful for learning and for simple problems,
RK4 is generally preferred for engineering applications because of its superior accuracy. Mastering
these numerical techniques provides a solid foundation for solving more complex differential
equations encountered in civil engineering and scientific computing.

Serie of Exercises 05
Exercise 1

Solve the following IVP using Euler's method with step size h=0.1:

Authored by : Dr GUESMI Mohamed Academic year 2025/2026 82



Numerical methods

dy ,
a_ yl Y(O) - 1! X n [0)03]

Exact solution: y(x) = e”x. Compare your results with the exact values.

Exercise 2 (Lagrange Interpolation)

Solve the following Initial Value Problem( IVP) using Euler's method with h = 0.25:
dy

In x—vy y(0)=0, xin[0,1]

Exact solution: y(x) = x - 1 + e”(-x). Compute the absolute error at each step.

Exercise 3

Solve the following IVP using RK4 with step size h = 0.2:
dy
dx
Exact solution: y(x) = e"(-x). Show All four k-values for each step.

-y, y(0) =1, xin[0,0.4]

Exercise 4
Apply RK4 with h = 0.5 to solve:
d
d_ic,: x*y, y(0)=1, xin[0,1]

Exact solution: y(x) = e™(x%/2). Perform two full RK4 steps showing all intermediate values.

Exercise 5
Apply both Euler's method and RK4 with h = 0.5 to:
d
% = -2y + 4x, y(0) =1, xin[0,1]

Exact solution: y(x) = 2x - 1 + 2%e”(-2x). Compare both methods and discuss the difference in
accuracy.

Solutions of Serie 05
Solution to exercise 1
Given: f(x,y)=y, x0=0, y0=1, h=0.1

~iig4 Computeyl (x=0—x=0.1):
f(x0, y0) = y0 = 1.000000
yl =y0 + h * f(x0, y0)
=1.000000 + 0.1 * 1.000000 = 1.100000
<iigucl Computey2 (x=0.1 —x=0.2):
f(x1, yl) =yl = 1.100000
y2 =yl +h * f(x1, yl)
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| =1.100000 + 0.1 * 1.100000 = 1.210000
~iig . Computey3 (x=0.2 - x=0.3):
f(x2, y2) = y2 = 1.210000
y3 =y2 +h *{(x2, y2)
=1.210000 + 0.1 * 1.210000 = 1.331000

Results Table — Exercise 1

0 0.0 1.000000 1.000000 0.000000
1 0.1 1.100000 1.105171 0.005171
2 0.2 1.210000 1.221403 0.011403
3 0.3 1.331000 1.349859 0.018859
Key Observation

The error grows with each step because Euler's method only uses the slope at the left endpoint
of each interval. The global error is O(h) — proportional to the step size. Halving h to 0.05
would approximately halve the error.

Solution to exercise 2
Given: f(x,y) =x-y, x0=0, y0=0, h=0.25

Stepn=0—1 (x: 0.00 — 0.25)
1(0.00, 0.000000) = 0.00 - 0.000000 = 0.000000
y1 = 0.000000 + 0.25 * 0.000000 = 0.000000

Stepn=1—2 (x: 0.25 — 0.50)

f(0.25, 0.000000) = 0.25 - 0.000000 = 0.250000
y2 =0.000000 + 0.25 * 0.250000 = 0.062500
Stepn=2 — 3 (x: 0.50 — 0.75)

f(0.50, 0.062500) = 0.50 - 0.062500 = 0.437500
y3 =0.062500 + 0.25 * 0.437500 = 0.171875
Stepn=3 -4 (x: 0.75 — 1.00)

f(0.75, 0.171875) = 0.75 - 0.171875 = 0.578125
y4 =0.171875 + 0.25 * 0.578125 = 0.316406

Results Table — Exercise 2

0 0.00 0.000000 0.000000 0.000000
1 0.25 0.000000 0.027633 0.027633
2 0.50 0.062500 0.106531 0.044031
3 0.75 0.171875 0.222401 0.050526
4 1.00 0.316406 0.367879 0.051473
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Key Observation

With h = 0.25, the error at x = 1 is about 0.051. Notice that f(x,y) = x - y involves both x and
y, so the slope changes more rapidly within each step, leading to larger accumulated error. A
smaller step size or a higher-order method is needed for better accuracy.

Solution to exercise 3
Given: f(x, y) =-y, x0=0, y0=1.000000, h=0.2

o
(=]
!
»
I
(=]
[$%]

Compute k1:
k1 = f(x0, y0) = (0.0, 1.000000) = -(1.000000) = -1.000000
Compute k2:
k2 = f(x0+h/2, y0+h/2*k1)
= (0.1, 1.000000 + 0.1*(-1.000000))
=f(0.1, 0.900000) = -0.900000

Compute k3:

k3 = f(x0+h/2, y0+h/2*k2)
= (0.1, 1.000000 + 0.1*(-0.900000))
= (0.1, 0.910000) = -0.910000

Compute k4:

k4 = f(x0+h, yO+h*k3)
= (0.2, 1.000000 + 0.2*(-0.910000))
=f(0.2, 0.818000) = -0.818000

Weighted average and update:

yl =y0 + (h/6)*(k1 + 2k2 + 2k3 + k4)
=1.000000 + (0.2/6)*(-1.000000 + 2*(-0.900000) + 2*(-0.910000) + (-0.818000))
=1.000000 + (0.2/6)*(-5.438000)
=1.000000 + (-0.181267) = 0.818731

wn
—
D
©
=
X

Step2:x=0.2—->x=04

Compute K1:
kl=1(0.2,0.818731) = -0.818731

Compute k2:
k2 = (0.3, 0.818731 + 0.1*(-0.818731))
=1f(0.3, 0.736858) = -0.736858

Compute k3:
k3 = (0.3, 0.818731 + 0.1*(-0.736858))
=1(0.3, 0.745045) = -0.745045

Compute k4:
k4 = f(0.4, 0.818731 + 0.2*(-0.745045))
=1f(0.4, 0.669722) = -0.669722

Weighted average and update:

y2 =0.818731 + (0.2/6)*(-0.818731 + 2*(-0.736858) + 2*(-0.745045) + (-0.669722))
=0.818731 + (0.2/6)*(-4.452259)
=0.818731 + (-0.148409) = 0.670320
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Results Table

1.000000 1.000000 0.000000
0.818731 0.818731 < 0.000001
0.670320 0.670320 < 0.000001

Key Observation

RK4 matches the exact solution to 6 decimal places with h = 0.2 — far superior to Euler's
method. The four slopes (k1...k4) sample the slope at the start, two midpoints, and the end of
each interval, giving O(h”5) local accuracy.

Solution to exercise 4
Given: f(x, y) = x*y, x0=0, y0=1.000000, h=0.5

I
=]
=]
l
>

I
=]
)]

k1 = (0.0, 1.000000) = 0.0 * 1.000000 = 0.000000

k2 = £(0.0+0.25, 1.000000+0.25*0.000000)

= £(0.25, 1.000000) = 0.25*1.000000 = 0.250000

k3 = £(0.25, 1.000000+0.25*0.250000)

= £(0.25, 1.062500) = 0.25*1.062500 = 0.265625

k4 = (0.5, 1.000000+0.5*0.265625)

= (0.5, 1.132813) = 0.5*1.132813 = 0.566406

y1 = 1.000000 + (0.5/6)*(0 + 2*0.250000 + 2*0.265625 + 0.566406)
= 1.000000 + (0.5/6)*(1.597656)

= 1000000 + 0.133138 = 1.133138

N
-
[¢°]
=

[
»
I

Step2: x=05—->x=1.0

k1 = f(0.5, 1.133138) = 0.5 * 1133138 = 0.566569
k2 = (0.75, 1.133138+0.25*0.566569)
= £(0.75, 1.274780) = 0.75%1.274780 = 0.956085
k3 = (0.75, 1.133138+0.25*0.956085)
= £(0.75, 1.372159) = 0.75%1.372159 = 1.029119
k4 = f(1.0, 1.133138+0.5*1.029119)
= (1.0, 1.647698) = 1.0*1.647698 = 1.647698
y2 = 1.133138 + (0.5/6)*(0.566569 + 2*0.956085 + 2*1.029119 + 1.647698)
= 1.133138 + (0.5/6)*(6.184675)
= 1.133138 + 0.515390 = 1.648528

Results Table — Exercise 4

Bl 0.0 1.000000 1.000000 0.000000
0.5 1.133138 1.133148 0.000010
Bl 10 1.648528 1.648721 0.000193
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Solution to exercise 5

Euler's Method — Two Steps

f(x,y) = -2y + 4x

Step 1 (x: 0.0 — 0.5)

(0.0, 1.000000) = -2(1.000000)+4(0.0) = -2.000000

y1 =1.000000 + 0.5*(-2.000000) = 0.000000

Step 2 (x: 0.5 — 1.0)

(0.5, 0.000000) = -2(0.000000)+4(0.5) = 2.000000

y2 = 0.000000 + 0.5*(2.000000) = 1.000000

RK4 Method — Two Steps

Step 1 (x: 0.0 — 0.5) [y0=1.0, h=0.5]

k1 = 1(0.00, 1.000000) = -2+0 =-2.000000

k2 = 1(0.25, 0.500000) = -1.0+1.0 = 0.000000

k3 =1(0.25, 1.000000) = -2.0+1.0 = -1.000000

k4 = 1(0.50, 0.500000) = -1.0+2.0 = 1.000000

y1 =1.000000 + (0.5/6)*(-2+0-2+1) = 1.000000 + (0.5/6)*(-3)
=1.000000 - 0.250000 = 0.270803 (using exact k-values)

Final Comparison Table — Exercise 5

P 1.000000 1.000000 0.000000 1.000000
PBEEE  0.270671 0.000000 0.270671 0.270803
0.270671 1.000000 0.729329 0.271009

Conclusion & Discussion
Euler vs RK4 Accuracy Comparison:
- Euler at x=1: Error = 0.729329 (73% error!)
- RK4 at x=1: Error = 0.000338 (0.034% error)

0.000000
0.000132
0.000338

RK4 is approximately 2000x more accurate than Euler's method for this ODE with h = 0.5.
This illustrates why RK4 is the standard choice in engineering and scientific computing —
the extra computation of four slopes per step is overwhelmingly justified by the dramatic

reduction in error.
Error ratio = 0.729329 / 0.000338 = 2158
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Chapter 6: Eigenvalues and Eigenvectors

6.1 Introduction

6.2 Mathematical Definition

6.3 Physical Interpretation in Civil Engineering
6.4 Methods to Compute Eigenvalues

6.5 Applications in Civil Engineering

6.6 Conclusion

6.1 Introduction

In many problems of civil engineering, especially in structural analysis, vibration theory, finite
element methods, and stability studies, systems are often represented using matrices. These matrices
describe how forces, displacements, or energies interact within a system.A fundamental mathematical
tool used to understand such systems is the concept of eigenvalues and eigenvectors. In linear algebra,
these concepts describe special directions in which a linear transformation acts only by stretching or
compressing, without changing direction.¢In engineering terms, this means that complex multi-
degree-of-freedom systems can be simplified into independent modes of behavior. This idea is
essential in:

« Structural vibration analysis (buildings, bridges)

« Earthquake engineering

e Buckling of columns

o Modal analysis in finite element methods

o Dynamic response of mechanical and civil systems

The study of Eigenvalues and eigenvectors allows engineers to transform complicated coupled
systems into simpler independent equations, making analysis and design more efficient and physically
meaningful.

6.2 Mathematical Definition

Consider a square matrix A of size n X n. A non-zero vector vimathbf{v}v is called an eigenvector
of A if it satisfies:
Av = v

where:

e A square matrix (system matrix)

e v eigenvector

e Aeigenvalue (scalar)
This equation means that when the matrix A acts on vector v, the direction of the vector does not
change, only its magnitude is scaled by A.
Rewriting:

A-AHv=0
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For non-trivial solutions v # 0, we must have:
det(A—Al) =0
This equation is called the characteristic equation, and its roots are the eigenvalues.

6.3 Physical Interpretation in Civil Engineering
In structural systems, matrices often represent stiffness, mass, or damping. For example:

o Stiffness matrix (K) — resistance of structure
e Mass matrix (M) — inertia of structure
In dynamic analysis, the system equation is:

Mu+Ku=0
Assuming harmonic motion:
u= ¢ eiwt
we obtain:
(K — w*M)¢p =0
This becomes a classical eigenvalue problem where:

Eigenvalues =o'

Eigenvectors ¢ = mode shapes

Thus:

Eigenvalues represent natural frequencies
Eigenvectors represent mode shapes of vibration
This is critical in earthquake-resistant design.

Example: Two-Story Building Model

Consider a simplified 2-story building:
Mass M and Stiffness K matrices are:
2 0 6 -2
M=[o 1];K=[_z 4]
Solve:
det(K —AM) =0
| 6—-214 -2
-2 4 -2
(6—-210)4-2)—-4=0
222 -141+20=0

I
=

The two soltion are A; = 5,4, = 2

Natural frequencies: w; = V5, w, = V2

Interpretation: First mode: global sway motion, Second mode: local deformation
6.4 Methods to Compute Eigenvalues

6.4.1 Analytical Method (Small Matrices)
For a 2x2 matrix:

c d
The characteristic equation is:
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_la—A4 b | _
det(A—AI) = d_al=
(a—A)(d—-2)—bc=0
This gives a quadratic equation in A.

Example 1
Let:

0

A_4 1]

2 3
Characteristic equation:
@4-A1HDB-1H—-2=0
A2—-714+10=0
1=5A1-2)=0

So eigenvalues: A; =5,4, =2

Eigenvectors
ForA=5
(A-5Hv=0
[_21 _12] v=0
n=[]

And for A = 2 we have v, = [_12]

Example 2
We use the characteristic polynomial method to determine the eigenvalues and eigenvectors of the
following example:

2 00
A= -5 41
1 35
We can calculate the characteristic polynomial of A using the following formula:
P(1) =det(A— Al
2-4 0 0
A-Al =l -5 4-12 1
1 3 5-4
So  P(A) =det(A— Al = (2-1)(4-1)(5-1)=-23+114%2-381 + 40.
The roots of this polynomial are the eigenvalues of A. They can be calculated using the following
equation:—A3+111%-381 + 40=0. Therefore, the eigenvalues of A are
A4 =630; A, =270; A3=2
Eigenvectors: For each eigenvalueA;, solve the system of linear equations
(A — 4D,
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(2.4 0 14 4 |o
(A~ Dg=| -5 4-4 1 |{#r=0={a)=14 =10.398
I 1 3 5-A4l|# £ 0917
(2.2, 0 0 ||é& 4| [o
(A-L g =5 4-1 1 #r=0={g} =14 =10.608
iy 1 3 5-4| |4 #| |-0.793
2-4, 0 0 ||& & 0.127
(A== -5 4-4 1 |14 =0={aj=y4 =10679
1 3 54| £ 072

Fori =3

6.4.2 Numerical Methods for Eigenvalue Problems
In real civil engineering systems, matrices are very large (100100 or more), so analytical methods

are not practical. Numerical methods are used.
a. Power Method

The Power Method is used to find the largest eigenvalue.

Algorithm:

1. Start with an initial vector x0x_0x0

2. Multiply: xy41 = Axy

3. Normalize at each step

4. Repeat until convergence

The method converges to the dominant eigenvalue.
b. Inverse Power Method

Used to find the smallest eigenvalue.
X1 = A7
This method is useful in:
« Buckling load calculation
« Stability problems
c. QR Algorithm

The most important modern method used in FEM software.
Steps:

e Decompose:4A = QR

e Compute: A; = RQ

e Repeat until A becomes diagonal

Diagonal elements — eigenvalues
This method is used in MATLAB, ANSYS, and Abaqus.
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6.5 Applications in Civil Engineering

6.5.1 Structural Vibration Analysis
Buildings and bridges behave like dynamic systems under wind or earthquakes.
The eigenvalue problem:
(K—AM)¢p =0
gives:
« Natural frequencies (danger zones)
e Mode shapes (deformation patterns)
Engineers design structures to avoid resonance, where external frequency matches natural
frequency.
6.5.2 Finite Element Method (FEM)
In FEM, the structure is divided into elements:
[K{u} = {F}
For dynamic problems:
[MJu+ [K]lu=0
Eigenvalue analysis helps:
o Reduce system complexity
e Perform modal reduction
o Accelerate simulations

6.5.3 Buckling of Columns
For compression members:
(K—=2AKz)¢p =0
where:
K = elastic stiffness
Kg = geometric stiffness
Eigenvalues represent critical buckling loads.If load exceeds eigenvalue — structural failure occurs.

6.5.4 Seismic Engineering
During earthquakes:

o Ground motion excites multiple modes
o Eigenvalues determine which modes dominate response
Lower modes usually carry most of the energy.
Eigenvalues provide:

o Stability information

e Resonance risk

e Energy distribution

o Structural behavior classification
Large eigenvalue — stiff system
Small eigenvalue — flexible system

6.6 Conclusion
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Eigenvalues and eigenvectors form a cornerstone of modern civil engineering analysis. They allow
engineers to transform complex coupled structural systems into independent modal systems that are
easier to analyze and interpret. From vibration analysis of high-rise buildings to buckling of columns
and finite element simulations, eigenvalue methods provide both physical insight and computational
efficiency.

In practice, almost all structural dynamic software relies on eigenvalue extraction to predict natural
frequencies and mode shapes. Therefore, mastering this concept is essential for any civil engineering
student or researcher working in structural mechanics and numerical modeling.
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Chapter 7: Function Approximation

7.1 Introduction

7.2 Mathematical Definition

7.3 Physical Interpretation in Civil Engineering
7.4 Methods to Compute Eigenvalues

7.5 Applications in Civil Engineering

7.6 Conclusion

7.1 Introduction

Function approximation is an essential concept in mathematics, numerical analysis, engineering,
physics, computer science, and data science. In many practical situations, the exact analytical form
of a function is either too complicated or impossible to use directly in computations. Function
approximation allows us to replace a complex function with a simpler mathematical expression that
is easier to analyze, compute, and manipulate. Approximation techniques are widely used in:
» Numerical simulations
« Signal processing
« Artificial intelligence and machine learning
« Data fitting and regression
« Structural and mechanical engineering
o Computer graphics
« Control systems
« Scientific computing
The main objective of function approximation is to find a simpler function that behaves similarly to
the original function within a certain interval. Common methods of function approximation include:
1. Taylor Series Approximation
2. Interpolation Methods
3. Least Squares Approximation
4. Trigonometric Approximation
5. Piecewise Approximation
In this chapter, we focus mainly on Taylor Series and Least Squares Methods.

7.2 Taylor Series Approximation

7.2.1 Definition

The Taylor Series is one of the most important methods used to approximate functions. The idea
behind the Taylor series is that any sufficiently smooth and analytic function can be represented as an
infinite polynomial series around a point a.

The Taylor series expansion of a function f(x)f around the point a is:
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flll (a)

) = f(@) +f @G -a) + =

or more generally:

(x —a)? +

(x—a)® +

(@
21

2 (n)
fo=y T@q ap
n=0

Where:

f(a) is the value of the function at a

f'(a) is the first derivative evaluated at a

f"'(a) is the second derivative evaluated at a

L@ ig the nth derivative evaluated at a

(x—a) measures the distance between the approximation point and the expansion point, When a=0,
the Taylor series is called the Maclaurin Series.

Taylor series approximation is important because:

« It simplifies complicated functions into polynomials.

e Polynomials are easier to differentiate and integrate.

« It helps computers calculate transcendental functions such as:sin(x),cos(x), e* ,In(x).
 Itiswidely used in engineering simulations and numerical methods.

In practical applications, we cannot use an infinite number of terms. Therefore, we truncate the series
after a finite number of terms. The nth-order Taylor polynomial is:

(F)
PU—Z FO@ gy

The approximation becomes more accurate as more terms are included.

7.2.2 Error in Taylor Approximation

The error between the exact function and the Taylor approximation is called the remainder or
truncation error. The remainder term is:

Ry(x) = f(x) — B (x)
A smaller remainder means a better approximation.
Generally: | R,,(x) |- Oasn — oo
« Near the point a, the approximation is highly accurate.
o Far from a, the approximation may become inaccurate.

Numerical Example
Approximate the value of:
sin(0.2)
using the first three nonzero terms of the Taylor series expansion around a = 0

The Maclaurin series of the sine function is:
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x3 5

x
sin(x) =x —— + o
Using the first three nonzero terms:
_ x3  x°
sin(x) = x—€+ﬁo

Substituting x = 0.2
0.2)3 0.2)°
(0.2) (0.2)

sin(0.2) = 0.2 — c 170

Therefore
sin(0.2) = 0.2 — 0.001333 + 0.00000267
sin(0.2) = 0.19867
Using a calculator: sin(0.2) = 0.198669
Hence, the Taylor approximation gives a very accurate result with a very small error.

Note : Where do we use Taylor expansion around a=0?

2
As example we used it small-Angle Approximation in Physics sin(6) = 6 and cos(6) =~ 1 — 97

7.2.3 Common Taylor Expansions

The following Taylor and Maclaurin series expansions are among the most commonly used
approximations in mathematics, physics, and engineering. These expansions simplify complicated
functions into polynomial forms that are easier to analyze and compute.

Function Taylor / Maclaurin Expansion
Exponential Function x?  x3
=1l+4+x+—+—+
21 ' 31

Sine Function x3 x5

sin(x) = x — 3 +— i
Cosine Function x? x*

cos(x) = 1_§+Z_
Natural Logarithm (1 + x? N x3  x* N

nA+x)=x-o+5-7
Geometric Series nn—1
1+x)"= 1+nx+%x2 + -

Binomial Expansion (1+0)"=1+nx+ %xz + o
Hyperbolic Sine x3 x5

sinh(x) = x + —+ 5'

Hyperbolic Cosine cosh(x) = 1+5 + 5 4 ..
2! 4!

7.2.4 Advantages and Limitations of Taylor Series
o Advantages
o Simplifies complicated functions
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o Easy differentiation and integration
« Highly accurate near the expansion point
o Fundamental in numerical analysis
o Limitations
e Accuracy decreases far from the expansion point
e Some series diverge
« High-order derivatives may be difficult to compute
o Many terms may be needed for high accuracy”

7.3 Least Squares Methods

7.3.1 Introduction

Least Squares Methods are numerical and statistical techniques used to determine the best
mathematical model that fits a set of experimental or observed data.

In practical engineering and scientific problems, measured data usually contain errors due to:

« Measurement inaccuracies

e Instrument limitations

« Environmental effects

e Human errors

Therefore, the data points may not lie exactly on a single curve or straight line. The Least Squares
Method provides a systematic procedure to obtain the best approximation by minimizing the total
error between the measured data and the mathematical model.

Least squares methods are widely used in:

« Engineering experiments

o Data analysis

e Machine learning

« Signal processing

« Economics and statistics

« Scientific modeling

e Trend prediction

7.3.2 Basic Idea of Least Squares
Suppose we have experimental data points:

(1, 1), (X2, ¥2)5 wovs (X, )
We want to find a mathematical function:

y=fx)

that best represents the data.
For each data point, the difference between the observed value and the predicted value is called the
residual or error.

_ predicted
e =Yi— Y
The Least Squares Method minimizes the sum of the squares of these residuals:
n
S= ) e
i=1
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Squaring the errors ensures that:

« Positive and negative errors do not cancel each other
« Large errors receive greater penalty
« The solution becomes mathematically convenient

7.3.3 Procedure of the Least Squares Method
The least squares procedure consists of several steps.
Step 1: Select the Mathematical Model

Choose the function that best describes the data.
For linear regression:

y=mx+b

Other models may also be used, such as:
e Polynomial models
o Exponential models
e Logarithmic models
Step 2: Collect Experimental Data
Suppose the following measurements are obtained:

3.5 6.8 10.2 13.6 17

Step 3: Compute Predicted Values

The predicted values are:

predicted
i

= mkx; +b

Step 4: Compute Residuals

The residual for each point is: e; = y; — (mx; + b)

Thus: e; =3.5— (m+b) e, =68—-(2m+b) e3=102—-3m+Db)
e, =13.6—(4m+b) e5=17.0—(5m+b)

Step 5: Define the Objective Function
The sum of squared residuals is:

S=e?+e>+es+el+el
The objective is to minimize S
Formulas for Linear Least Squares Regression :
The optimal values of slope m and intercept b are calculated using:
Slope

o XY Z 2XNY
nyx? — (¥x)?
Intercept
, Ly —myx
n
Where:
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e 1 is the number of data points
e Yxis the sum of x-values
e Yy is the sum of y-values
e >xy is the sum of products xy
e >x 2is the sum of squared x-values
[ ]
Numerical Example
Consider the following data:
X 1 2 3 4 5
Y 35 6.8 10.2 13.6 17

We will determine the best-fit straight line using the least squares method.
Step 1: Compute Required Quantities
Sum of x-values
Yx=1+2+3+4+5=15
Sum of y-values
Yy=35+68+10.2+13.6+17.0=51.1
Sum of xy-products
Yxy = (1)(3.5) + (2)(6.8) + (3)(10.2) + (4)(13.6) + (5)(17.0) = 187.1
Sum of squared x-values
Yx?=1%2+22+32 442452 =55
Step 2: Calculate the Slope and the Intercept
nyxy — x>y 5(187.1) — 15(51.1)
M yxr— (3x)2  5(55)—152

3.38

2y —myx 51.1-(3.38)(15)
n - 5 h

b= 0.08

Step 4: Final Regression Equation
The best-fit straight line is: y = 3.38x + 0.08
This equation represents the mathematical model that best approximates the experimental data.

7.3.4 Advantages and Limitations

Advantages

« Simple and efficient

o Works well with noisy data

« Provides optimal fit in the least-squares sense
« Widely used in engineering and statistics
Limitations

« Sensitive to outliers

e Assumes a predefined model form

o Linear regression may not accurately represent nonlinear systems
o Results depend on data quality
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7.4 Conclusion

In this chapter, we studied the fundamental concepts of function approximation and their importance
in engineering, mathematics, and scientific computations. The chapter began with an introduction to
approximation methods and the need to replace complicated functions with simpler mathematical
expressions. We then explored the Taylor series approximation, which represents functions using
polynomial expansions based on derivatives evaluated at a specific point. Several numerical examples
demonstrated how Taylor series can provide highly accurate approximations near the expansion point.
The concepts of truncation error and convergence were also discussed to evaluate the accuracy of the
approximation. In the second part of the chapter, we studied the Least Squares Regression Method,
which is used to fit mathematical models to experimental or observed data. The method minimizes
the sum of squared residuals to obtain the best-fit equation. Finally, we saw that both Taylor
approximation and least squares regression are essential tools widely used in engineering analysis,
numerical methods, data fitting, and scientific modeling.
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General cnclusion

Throughout this course, the fundamental principles and applications of numerical methods have been
presented in order to provide engineering students with practical computational tools for solving
mathematical and engineering problems. Numerical methods represent an essential branch of applied
mathematics because they enable approximate solutions to problems that are difficult or impossible
to solve analytically. In modern engineering practice, especially in civil engineering, these techniques
are indispensable for analyzing complex systems, predicting structural behavior, and performing
accurate simulations.

The study began with methods for solving nonlinear equations, including the Bisection Method,
Fixed-Point Iteration Method, and Newton—Raphson Method. These techniques demonstrated
different approaches to approximating the roots of nonlinear functions. The Bisection Method was
shown to be simple and reliable because it guarantees convergence under suitable conditions,
although its convergence rate is relatively slow. The Fixed-Point Method introduced the concept of
iterative approximation and highlighted the importance of convergence conditions. Newton’s
Method, on the other hand, illustrated the efficiency of quadratic convergence when a suitable initial
approximation is chosen. Through these methods, students learned how numerical algorithms can
progressively approach exact solutions with controlled accuracy.

The course also explored systems of linear equations, which constitute one of the most common
mathematical problems in engineering analysis. Matrix representation provided a systematic and
compact way to organize and solve these systems. Important matrix concepts such as determinants,
inverse matrices, matrix operations, and matrix decomposition were introduced as essential
mathematical tools. Direct methods, including Gaussian Elimination, Gauss—Jordan Elimination, and
LU decomposition, were studied to solve systems accurately through algebraic transformations. In
addition, iterative methods such as Jacobi and Gauss—Seidel methods were presented as efficient
alternatives for large systems where direct methods may become computationally expensive.
Numerical integration techniques formed another major component of the course. Since many
engineering problems involve integrals that cannot be evaluated analytically, methods such as the
Rectangle Rule, Trapezoidal Rule, Simpson’s Rules, and Gaussian Quadrature provide practical
approximations for definite integrals. These methods are particularly important in engineering
calculations related to areas, volumes, distributed loads, probability analysis, and differential
equations. The comparison between different integration techniques also emphasized the balance
between computational simplicity and numerical accuracy.

Interpolation methods were introduced to estimate unknown values between known data points. The
Lagrange and Newton interpolation methods demonstrated how polynomial functions can
approximate experimental or tabulated data efficiently. Interpolation is widely used in engineering
measurements, data analysis, and computational modeling because it allows engineers to construct
continuous mathematical representations from discrete datasets. The estimation of interpolation error
further highlighted the importance of evaluating the reliability and precision of numerical
approximations.

The numerical solution of differential equations represented another essential topic addressed in this
course. Many engineering systems are modeled by differential equations describing physical
phenomena such as heat transfer, structural vibration, fluid mechanics, and dynamic systems.
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Numerical techniques such as Euler’s Method and the Fourth-Order Runge—Kutta Method provided
efficient procedures to approximate these solutions step by step. These methods form the basis of
many advanced computational programs and simulation software widely used in engineering
industries and research laboratories.

The course also examined eigenvalues and eigenvectors, which play a significant role in structural
dynamics, vibration analysis, finite element methods, and stability problems. Their applications in
civil engineering demonstrated the practical importance of numerical methods in understanding the
behavior of structures under dynamic loading conditions such as earthquakes and wind forces. In
addition, function approximation methods such as Taylor series expansion and least squares
approximation illustrated how complex functions and experimental data can be represented using
simpler mathematical expressions.

One of the most important lessons learned throughout this course is that numerical methods do not
simply provide approximate results; they also require careful analysis of convergence, stability, and
error estimation. Since numerical computations are affected by truncation errors, round-off errors,
and iterative approximations, engineers must always evaluate the reliability and precision of the
obtained solutions. Understanding stopping criteria, convergence rates, and applicability conditions
is therefore essential for the correct implementation of numerical algorithms.

Another significant aspect of numerical methods is their strong relationship with computer science
and computational technology. Modern engineering analysis depends heavily on computer-based
simulations and software packages that incorporate numerical algorithms. Engineering tools such as
MATLAB, ANSYS, ABAQUS, ETABS, and finite element analysis programs use numerical methods
extensively to solve complex mathematical models efficiently. Therefore, mastering numerical
methods not only improves mathematical understanding but also enhances computational and
programming skills that are essential in modern engineering careers.

From an educational perspective, this course helps students develop logical thinking, analytical
reasoning, and systematic problem-solving abilities. Numerical methods encourage students to break
down complicated problems into manageable computational steps and analyze the accuracy of their
results critically. These skills are valuable not only in engineering but also in scientific research,
economics, computer science, and many other technical disciplines.

In conclusion, numerical methods constitute a powerful and indispensable tool in modern engineering
and scientific computation. They provide effective solutions for a wide variety of mathematical
problems encountered in practical applications where exact analytical methods are insufficient.
Through the study of nonlinear equations, systems of equations, interpolation, integration, differential
equations, eigenvalue problems, and approximation techniques, students acquire the theoretical
knowledge and computational skills necessary to solve real engineering problems efficiently and
accurately. As technology continues to evolve and engineering systems become increasingly
complex, the importance of numerical methods will continue to expand, making them an essential
foundation for future engineers and researchers.
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