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Course Academic and Pedagogical

Specifications

Course (Module): Elasticity

Semester: 2

Teaching Unit: UEF 1.2.1

Total Hours (VHS): 67h30 (Lectures: 3h00, Tutorials: 1h30)

Credits: 6

Coefficient: 3

Assessment Method: Continuous Assessment: 40% and Final Exam: 60%

Recommended Prerequisites: Basic knowledge of Mathematics and Strength of Materials
Course Objectives:

This course aims to provide students with fundamental analytical and computational methods
for studying the mechanical behavior of elastic bodies and structural elements. It enables
students to understand stress, strain, and constitutive relations, and to apply elasticity theory
in solving engineering problems. The course develops the ability to analyze and design
structures in a rational and safe manner under different loading conditions. It also strengthens
problem-solving skills through mathematical modeling of continuum mechanics problems.
Students will acquire the theoretical foundations necessary for advanced structural analysis
and numerical methods, particularly the finite element method. In addition, the course
prepares students to effectively use engineering software for simulation and analysis.
Ultimately, the course seeks to build a solid foundation for practical applications in civil and

structural engineering.
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Elasticity

General Introdution

Context and Motivation

The mechanical behavior of solid bodies under external loading constitutes one of the most
fundamental and practically significant areas of engineering science. From the analysis of civil
infrastructure to the design of aerospace structures, the ability to predict how materials
deform, develop internal stresses, and ultimately reach their limits of safe operation is central
to the work of structural and mechanical engineers. Elasticity theory provides the rigorous
mathematical and physical framework that underpins all such analyses, offering tools to
describe reversible deformation, stress distributions, and the recovery of shape upon removal
of loads.

The present course handout is designed for first-year Master's students in Civil Engineering,
specializing in Structures, at Ziane Achour University of Djelfa. It responds to the need for a
unified, self-contained, and pedagogically accessible treatment of elasticity theory at an
advanced undergraduate and early graduate level. The course spans two theoretical pillars: the
mathematical formalism necessary to express field equations in compact and invariant form,
and the physical insight required to interpret solutions in terms of real engineering phenomena.

Scope and Objectives

The primary objective of this course is to equip students with both the analytical and
conceptual tools needed to study the mechanical behavior of elastic bodies and structural
elements. Students are expected to gain a deep understanding of the interrelated concepts of
stress, strain, and constitutive laws, and to develop the capacity to formulate and solve elasticity
problems in two and three dimensions. The course also prepares students for the study of
advanced structural analysis techniques, in particular the finite element method, which is now
indispensable in professional engineering practice.

Beyond the acquisition of analytical skills, this course aims to cultivate a rational and critical
approach to structural modeling. By working through the derivation of governing equations
from first principles, students learn to distinguish between exact solutions and engineering
approximations, to recognize the limitations of classical theories, and to apply simplifying
assumptions judiciously in practical contexts. This capacity for theoretical rigor combined with
engineering judgment is the hallmark of a well-trained structural engineer.

Structure of the Course

The course is organized into eight chapters, each addressing a distinct but interconnected
aspect of elasticity theory. The first chapter introduces the foundational concepts of continuum
mechanics, including the classification of elastic materials, Hooke's Law in its elementary form,
and the mathematical tools of index notation and tensor algebra. These tools are essential for
the compact and invariant expression of field equations throughout the course.

Chapters Two and Three are devoted to the theory of stress and strain states, respectively.
In Chapter Two, the Cauchy stress tensor is introduced, including its physical interpretation,
principal stresses, stress invariants, the differential equations of equilibrium, and Mohr's circle
for graphical representation. Chapter Three treats the kinematics of deformation, covering the
Green-Lagrange and linearized strain tensors, the small perturbation hypothesis, strain-
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displacement relations in multiple coordinate systems, principal strains, compatibility
equations, and experimental measurement techniques.

Chapter Four presents the constitutive laws governing the elastic response of materials,
including the generalized Hooke's law in one, two, and three dimensions, the role of Lamé and
engineering elastic constants, orthotropy and anisotropy, thermoelastic effects, and the strain
energy concept. Chapter Five consolidates these developments into the general equations of
linear elasticity, specifically the Navier-Cauchy displacement equations and the Beltrami-
Michell stress compatibility equations, together with Saint-Venant's principle.

The remaining three chapters shift the focus toward structural applications. Chapter Six
develops the theory of plane elasticity, including plane stress and plane strain formulations and
the Airy stress function approach for solving two-dimensional problems analytically. Chapter
Seven addresses beam bending through both the Euler-Bernoulli and Timoshenko beam
theories, comparing their assumptions, governing equations, and ranges of applicability.
Chapter Eight introduces the study of thin plates using the Kirchhoff-Love model, covering
plate kinematics, constitutive behavior, equilibrium equations, the governing biharmonic
equation, and strain energy formulations.

Prerequisites and Learning Outcomes

This course assumes a solid background in mathematics, particularly in linear algebra,
differential equations, and vector calculus, as well as a working knowledge of Strength of
Materials at the undergraduate level. Upon successful completion of the course, students will
be able to apply index notation and tensor calculus to formulate elasticity problems; analyze
stress and strain states including principal values, invariants, and graphical representations;
use constitutive laws to relate stress and strain for isotropic, orthotropic, and anisotropic
materials; derive and apply the Navier-Cauchy and Beltrami-Michell equations; solve plane
elasticity problems using Airy stress functions; analyze beam bending using Euler-Bernoulli
and Timoshenko theories; and study the bending behavior of thin elastic plates.

Together, these competencies form a comprehensive foundation for graduate-level work in
structural mechanics, numerical methods, and advanced material design, positioning students
to contribute meaningfully to research and professional practice in civil and structural
engineering.
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Chapter 1: Introduction to Elasticity Theory

1. Introduction

2. General concepts of elasticity
3. Index notation

4. Fundamentals of Vectors

5. Conclusion

1. Introduction

Continuum mechanics is a branch of mechanics whose objective is the study of the dynamic
(motion) or static behavior of continuous media. This field can be considered the engineering
science par excellence, as it allows us to describe and understand the material world around us
and the common phenomena that occur within it. It deals with deformable solids, fluids (liquids
and gases), and materials exhibiting intermediate behaviors.

Continuum mechanics includes elasticity, plasticity, fluid mechanics, and strength of materials
(SM). Elasticity theory studies the behavior of homogeneous, isotropic, perfectly elastic,
deformable solids with a linear constitutive law. An additional simplifying assumption is made:
displacements are small. Elasticity theory examines displacements, strains, and stresses in a
solid subjected to external forces.

This chapter begins with the general concepts of elasticity, where the basic assumptions,
physical meaning, and fundamental principles governing the elastic behavior of materials are
presented. This section aims to clarify how deformable solids respond to external loads under
elastic conditions.

Then, a mathematical review is provided to recall the essential tools needed to develop the
theory. This includes vector and tensor algebra, differential operators, and other mathematical
concepts frequently used in continuum mechanics.

The chapter continues with index notation, which is introduced as a powerful and compact way
to express tensorial equations. This notation simplifies complex derivations and makes the
formulation of elasticity equations more systematic and easier to manipulate.

Finally, a conclusion summarizes the key points of the chapter and prepares the reader for the
next developments in the study of elasticity.
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2. General concepts of elasticity
2.1 Definition of Elasticity

Elasticity is the property of a material to return to its original shape and size after the
external forces causing deformation are removed. In simple words, if you stretch or compress
an elastic material and then release it, it goes back to its initial state.

Elastic behavior is reversible, meaning no permanent deformation remains after unloading (as
long as the material does not exceed its elastic limit).

2.2 Types of Deformation in Solids

When a solid is loaded, it can deform in different ways:
e Tensile or compressive deformation: The material becomes longer (tension) or shorter
(compression).
e Shear deformation: The shape changes without a significant change in volume, like
sliding layers over each other.
e Volumetric deformation: The volume of the material changes due to pressure
(compression or expansion).
These deformation types can occur separately or together in real structures.

2.3 Stress and Strain Concepts (Physical View)

Stress represents internal forces inside a material due to external loading. It is force per unit
area.
Example: pulling a rod creates internal resistance forces.
Strain represents how much the material deforms compared to its original size. It is a measure
of deformation.
Simply:
Stress = “cause” (forces applied)
Strain = “effect” (deformation produced)
Elasticity studies how stress leads to strain.

2.4 Assumptions of Linear Elasticity
To simplify real material behavior, we use some assumptions:

e Small deformations: The changes in shape are very small compared to the original size.

e Linear behavior: Stress is directly proportional to strain (doubling force doubles
deformation).

o Homogeneous material: Material properties are the same everywhere.

o Isotropic material (often assumed): Properties are the same in all directions.

o Continuity: Physical properties vary continuously from one point to another of the
studied medium.

These assumptions make mathematical modeling much easier.

2.5 Hooke’s Law (Basic Formulation)

Hooke’s Law describes the simplest relationship in elasticity(Stress is proportional to strain).
In 1D form, if you stretch a spring or bar, the deformation increases linearly with the applied
force. This law is valid only within the elastic limit of the material.

It introduces the concept of elastic constants, which define a material's stiffness.
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2.6 Elastic Material Properties

These are constants that describe how stiff or flexible a material is:
e Young's Modulus (E): Measures stiffness in tension or compression.
e Poisson’s Ratio (v): Describes how a material contracts in one direction when stretched
in another.
o Shear Modulus (G): Measures resistance to shape change under shear forces.
e Bulk Modulus (K): Measures resistance to volume change under pressure.
Each material has its own values of these properties.

2.7 Classification of Elastic Materials

Materials can be classified based on their behavior:
o Isotropic materials: Same properties in all directions (steel, aluminum).
e Anisotropic materials: Properties depend on direction (wood, composites).
o Homogeneous materials: Same properties at every point.
o Non-homogeneous materials: Properties vary from point to point (functionally graded
materials).
This classification is important in engineering modeling.

2.8 Energy Concept in Elasticity (optional but strong)

When a material is deformed, it stores energy inside it called strain energy.

e This energy comes from the work done by external forces.
o If the material is elastic, this energy is fully recovered when the load is removed.
Think of it like stretching a rubber band: the energy you put in is stored and released when it

returns to its original shape. This concept is very important in structural analysis and failure
prediction.

3. Index notation

In Elasticity, index notation, also called tensor notation or Einstein notation, is widely used to
express mathematical relations in a compact and elegant form. This notation simplifies vector
and tensor operations and provides a coordinate-independent formulation of physical laws.
Index notation is particularly useful in elasticity theory because stress, strain, displacement,
and constitutive equations involve multiple components in three-dimensional space.

3.1 Components of Vectors and Tensors

A vector in a three-dimensional Cartesian coordinate system is written as:

;1) = aigi
where:

e q; are the components of the vector,

e ¢, are the basis vectors,

o theindexiii takes the values 1,2,3

Similarly, a second-order tensor is represented by
- -
T = Tijel- ® e]-
where
o Tjjare the tensor components.
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e ¢ and ?]’ are the basis vectors,
¢ @ denotes the tensor product,
The indices i and j vary from 1 to 3 in a three-dimensional Cartesian coordinate system.
T = T1161 ® el + leel ® ez + T1381 ® e3
+Ty16; Q e+ Tre; @ € + Toze, ® ez
+T31e5 @ eq + T3e5 R e, + T3e53 K es
This expansion shows that a second-order tensor is formed by combining all possible tensor
products between basis vectors.

3.2 Einstein Summation Convention

The Einstein summation convention states that whenever an index appears twice in a single
term, summation over that index is automatically implied.
For example:

Thus:
A;B; = A1B; + A;B, + A3B;
This convention considerably reduces the complexity of mathematical expressions in
continuum mechanics.
The tensor expression may be expanded as:
3.3 Free and Dummy Indices
Indices in tensor notation are classified into two categories:
e Afree index appears only once in each term of an equation and determines the
component of the resulting quantity.
Ci=A;+B;

The index i is free because it appears once on each side of the equation.

e A dummy index appears twice in a term and implies summation. For example, A;B;
Dummy indices may be replaced by another symbol without changing the meaning:

3.4 Kronecker Delta
The Kronecker delta is a second-order identity tensor defined by:
P {1 ifi=j
U0 ifi#j
It possesses the important property:
5,_}14] = Ai

The Kronecker delta is frequently used in tensor manipulations and constitutive equations.
Example
Let: 4; = (7,—-2,4)
Then:
A i=1
8ijA; = {Az i=2
A; i=3
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Therefore:
0i;4; = (7,-2,4)
The Kronecker delta acts as the identity operator.
3.5 Levi-Civita Symbol
The Levi-Civita symbol is a third-order antisymmetric tensor denoted by ¢; ;.. It is defined as:
+1  for even permutations 0f(1,2,3)

&jx =1—1 for odd permutations of(1,2,3)
0 if any two indices are equal
Example
+1  if (i,j,k)=(1,2,3);(2,3,1); (3,1,2)
gjir =1-1 if (i,j,k)=(3,2,1);(2,1,3);(1,3,2)
0 if i=j, j=k; k=i

It is commonly used in cross-product operations:

3.7 Advantages of Index Notation

Index notation offers several advantages in elasticity and continuum mechanics:

e compact representation of equations,
o simplification of vector and tensor operations,
e coordinate-independent formulation,
e easier manipulation of complex tensor equations,
o efficient derivation of constitutive and equilibrium equations.
This notation forms the mathematical foundation for the study of stress analysis, strain theory,

and material behavior in elasticity.
4. Fundamentals of Vectors

Continuum mechanics makes extensive use of scalar, vector, and tensor fields. Through vector
and tensor operations, the equations governing mechanics can be expressed in an intrinsic and
compact mathematical form. A physical quantity may be represented mathematically by [3]:

e A scalar quantity (density, temperature, pollutant concentration, etc.).

e Avector quantity (acceleration, body forces, body moments, etc.).

e Asecond-order tensor (strain, stress, etc.).

e A higher-order tensor, such as the elasticity tensor, which is a fourth-order tensor.
The use of tensors in continuum mechanics provides a rigorous framework for describing the
mechanical behavior of materials and physical systems independently of the chosen coordinate
system. This mathematical formalism is essential in solid mechanics, fluid mechanics, elasticity
theory, and computational mechanics.
4.1 Vector

In a three-dimensional Euclidean space over the field of real numbers R*, we define three unit
vectors denoted by e, €”,, and e”3, associated respectively with the coordinate axes x4, X,, and
X3. Let

B(e”1, €3, €73) be an orthonormal basis . A vector V_ is represented by its components V3, V,

and Vs
- - - - 3 -
V=V181+V282+V363 = Viei
i=1

authored by: Dr Guesmi mohamed year 2025/2026 13




Elasticity

X2

Vi 4> P Xy

e

The basis vectors €™, € 5, and e s have the respective components:

e 1=(1,0,0)
e 2=(0,1,0)
e 3=(001)

Using Einstein’s summation convention, repeated indices imply summation over the index
range. This notation simplifies tensor and vector expressions commonly used in continuum
mechanics and mathematical physics.

In matrix notation, the vector can be written as:

V =

The transpose of the vector is expressed as:

Vi=1[Vy V, Vi]
The magnitude (or norm) of a vector V with components (Vy, V, V3) relative to the orthonormal
coordinate system (O, €”;, €, €73) is denoted by ||V and is defined by:

"Vhfﬁ+ﬁ+@

The vector norm represents the geometric length or magnitude of the vector in space. It is a
fundamental quantity in mechanics and physics because it characterizes the intensity of
physical quantities such as force, velocity, and displacement

4.2 Tensors

In continuum mechanics, tensors are mathematical entities used to represent physical
quantities that possess magnitude and direction in multiple dimensions. Unlike scalars, which
are represented by a single value, or vectors, which are represented by one-dimensional
components, tensors provide a more general mathematical framework capable of describing
complex physical phenomena such as stress, strain, deformation, and material behavior.

A tensor of second order in a three-dimensional Euclidean space is represented by a set of nine
components relative to an orthonormal basis. These components are arranged in matrix form
as follows:

Ty Tip Tis
T = T21 Tzz T23
T31 T32 T33

Using Einstein’s summation convention, a second-order tensor can also be written in compact
form as:
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In elasticity, tensors are essential for describing internal mechanical states within deformable
bodies.
The stress tensor represents internal forces acting on material surfaces, while the strain tensor
characterizes deformation. Tensor notation allows the governing equations of continuum
mechanics to be expressed in compact and invariant form independently of the coordinate
system.

4.3 Vector Operations
Let Aand B be two vectors defined in a three-dimensional Euclidean space:
A=A, B = Bie;

where €, denotes the basis vectors andA4;, B; are the vector components.

4.3.1 Vector Addition and Subtraction
The addition of two vectors is performed by adding their corresponding components:

C=A+B
Means the Addition and subtraction of the components side by side:
Ci=A;tB;
Example :
Let: 4; = (1,2,3) and B; = (4,—1,2)
The vector sumis: C; = A; + B;
Component-wise calculation:
C;=1+4=5
C,=2+(-1)=1
C3=3+2=5

C; = (51,5) or C = 5e; + e, + Ses

4.3.2 Scalar Multiplication

Multiplication of a vector by a scalar A changes its magnitude without altering its direction:
C=21A

The components of the resulting vector are:
Cl' = AAL

If A>0, the vector keeps the same direction; if A<0, its direction is reversed.

4.3.3 Dot Product (Scalar Product)

The dot product of two vectors A and B is a scalar quantity defined by using Einstein
Summation:
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A-B= AiBi
In Euclidean space, it can also be written as:
A-B=IlAll lIBllcosé
where 0 is the angle between the two vectors.
Example
Consider: 4; = (2,1,—1) and B; = (3,4,2)
Using Einstein summation convention,the dot product is written as:
AiBi ES AlBl + AZBZ + A3B3
AiBi=2)B)+ (B +(-D(@2)=8
A-B=38

The dot product is frequently used to determine:

o the angle between two directions,

e vector projections,

o the mechanical work of a force.
4.3.4 Cross Product (Vector Product)
The cross product of two vectors produces a new vector perpendicular to the plane formed by

Aand B
C=AXB
Its magnitude is given by:

- -

HCH=IlAIl |IBllsinf
Using index notation:
Ci = gijkAjBk
where ¢y is the Levi-Civita symbol.
Example
Let A and B have those components 4; = (1,2,3) ; B; = (4,5,6)

- -

The cross product is: E =AXB
Using Levi-Civita symbol is Ci = & A; By
First Component C4
Cy = &1k AjBy
The indices j and k vary from 1 to 3. According two nation ofLevi-Civita symbol, whenever two
indices are equal. €;;; = 0. The only nonzero terms are: €53 = +1 and &;,3 = +1 Therefore:
C1 = €1234,B3 + €13,43B;
G =EHD@6)+(-1DB)(GB) =-3
Second Component C,
C, = & AjBy
C; = €23143B1 + €31341B3
C=HDRM@ +(=D(@)(6) =6
Third Component C3
(3 = &5k AjBy
C3 = €31241B; + €3314,B4
G=FDOOG) +D@®@)

Combining all components:
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C = (Cll CZ) C3) = (_3I6I _3)
The same result can be verified using the determinant form:

- -

- - ;1 €e- és3
AXB=11 2 3
4 5 6

The cross product is commonly used in:

« moment calculations,

 rigid body mechanics,

e rotational mechanics.
4.3.5 Norm of a Vector
The norm of a vector represents its magnitude or length:

1A ll=/A;A;

The vector norm is widely used in mechanics to evaluate the intensity of physical quantities
such as displacement, force, and velocity.

4.3.6 Trace of a Tensor
For the tensor:
2 1 0
1 2 6

the trace is defined by:
tr(T) =Ty
Applying Einstein summation:
tr(T) =Ty =Tyy + Top + T3
=2+54+6=13=13
The trace is an important invariant quantity in elasticity and stress analysis.
4.3.7 Tensor Product
The tensor product of two vectors produces a second-order tensor:

T=AQB

The components of the resulting tensor are:

Tij = ALB]
This operation plays a fundamental role in the formulation of stress and strain tensors in
elasticity theory.
Example

Consider the two vectors: A = (1,2,3)and B = (4,—1,2)
We want to calculate the tensor product:

T=AQB
Apply the Tensor Product Formula

Tij = AlB]

each tensor component is obtained by multiplying one component of Zby one component ofl;.
FirstRow (i = 1)

o T;1=4:B,=(1)(4) =4

e Ty, =4:B,=(1)(-1)=-1

o Ty;3=A4:B;=(1)(2)=2
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Second Row (i=2)

o Tyy =48, =(2)(4) =8

o Ty =A3B, =(2)(—1) = -2

o T3 =A4B;=(2)(2)=4
Third Row (i=3)

e T3y =438, =(3)4) =12

e T33=A3B;=03)(2) =6

o T33=A43B;=(3)(2)=6
Combining all components:

55 4 -1 2
T=AQB=|8 -2 4
12 -3 6

5. Conclusion

This chapter introduced the fundamental mathematical concepts used in Elasticity and
continuum mechanics. Scalars, vectors, and tensors were presented as essential tools for
describing physical quantities such as displacement, force, stress, and strain. The principles of
index notation and Einstein summation convention were discussed to provide a compact and
efficient formulation of vector and tensor equations. Basic vector and tensor operations,
including dot products, cross products, and tensor products, were also examined in detail.
Special mathematical tools such as the Kronecker delta and the Levi-Civita symbol were
introduced for advanced tensor manipulations. These mathematical foundations constitute the
basis for the formulation of equilibrium equations, constitutive laws, and deformation analysis
developed in the following chapters of elasticity theory.

Exercises

Exercise 1
Two points A and B have the coordinates:A(2, 3, -3) ; B(5, 7, -3)

1.Determine the magnitude, the direction (direction cosines), and the sense of the vector AB.
2.Determine the components of the vector V perpendicular to AB and belonging to the plane

(0, %,y).

Exercise 2

> > - - > >

Let the vectors be: V; = 2i — j + 5k, V, = —3i + 1.5j — 7.5k, Vs = —5i + 4j + k

1.Calculate the dot products: V; - Vy;  V; - V5; V, -V,

> > -

2.Calculate the cross products: V; X V,; V, X Vs V3 XV,

3.Calculate: V; - (V, X V3), Vy x (V, X V3)

Exercise 3

- - > - - >

In an orthonormal coordinate system, the vectors are givenby:V; =3i+5k , V, =5i+yj +

zk, V3 =3i+2yj—2k, V,=xi+2j+ 10k
1.Determine y and z so that vectors 71) and 72>are collinear.

2.Determine x so that vectors 7; and 74,) are perpendicular.
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Exercise 4
In a coordinate system (0, X, y, Z),consider the three vectors:

U0,1,1), V(-101), W(,-11)

Determine the tensor Tsuch that: T - U = /T; T V= E; T -W=C¢C

where:
- 2b - b+c—a\ — 2c
A=<a+b—c>,B=< —2c ),C=<b—c—a>
a+b+c c+a—»>b a—b—c

1.Determine the symmetric tensor D and the antisymmetric tensor G components of tensor T.

2.How should the values (a,b,c) be chosen so that tensor Tis symmetric?

Exercise 5
Let (1,]) be a basis of a vector space E,, and let two vectors of E, be:

X=20+4] y =50+ 3]
1.Determine the expression of the tensor product: X Q y
2.The following tensor: U = 117 Q@ T+ 8T ® j + 20] ® T+ 12 ® J. Is it a tensor product in E,?
3.Show that tensor U is the sum of the tensor product ¥ @ y and another tensor W to be
determined.

Solutions
Soluion to exercise 1
1) Vector AB:AB =(5—-2,7—-3, —3—-(-3)) =(3,4,0)

Magnitude: | AB |= {/x2 +y? +2z%2 =5
N . 3 3 4 3 4

Direction cosines: (cos a=;c,cosa=r, cospf = E) = (E'E’O)

2) Vector perpendicular to AB in plane (Oxy)

A vector in plane (Oxy) has form: V = (x,y,0)

Orthogonality condition: V - AB = 0
(x%,y,0)-(34,0)=3x+4y =0

Take: x = 4 Then: 3(4) + 4y =0so y = -3

One possible vectoris: V = (4, —3,0)

Soluion to exercise 2
1) Dot products

A . B — xle + }’1}’2 -|- ZIZZ = 2(—3) + (—1)(15) + 5(_75) = —4‘5
Vi-Vy =224 (-1D*+52 =30

V, -V, =(-3)%+ (1.5)* + (-7.5)2 = 67.5
2) Cross products
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— — —

— —

i i k
° V1 X VZ = 2 _]1 5
-3 15 =75

>

= i[(~1)(=75) = 5(15)] ~ J[2(~75) = 5(=3)] + k[2(L5) = (-1)(-3)]
= i(7.5—7.5) — j(—=15 + 15) + k(3 — 3) = (0,0,0)

> - -

o ik
c 2XVs=|_3 15 _75
) -5 4 1 )
= i(1.5+30) — j(—=3 — 37.5) + k(=12 + 7.5) == (31.5,  40.5, —4.5)
L V3 >< VZ

Using the property: A X B = —(B X A)

V3 XV, = —(31.5,40.5,—4.5)
3) Triple products
e Scalar triple product

Vi (V, xV3)=(2,-1,5) - (31.5,40.5,—4.5) = 2(31.5) + (—1)(40.5) + 5(—4.5) =0
e Vector triple product

- > > > o

Using thisAX (BxC)=B(A-C)—C(A-B)
V]_ X (VZ X V3) = _9V2 + 4'5V3

Soluion to exercise 3

1.Determine y and z so that Vl)andvz) are collinear

.

Write vectors in component form: V; = (3,0,5),V, = (5,y,2)

Two vectors are collinear if: V, = AV;
(5,y,z) = 2(3,0,5)

So5=31,y=0,z=54

5 5 25
A—E, _'y—O, Z_S(E)_?

2) Determine xxx so that VT,andV‘; are perpendicular

> -

First substitute y=0: V; = 3i — 2k
Component form: V; = (3,0, —-2),V, = (x,2,10)

Two vectors are perpendicular if: V5 - V, = (3,0,—2) - (x,2,10) = 3x + 0(2) + (=2)(10) = 0

=>3x=20=>x=§

Soluion to exercise 4

1) Determine the tensor T
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.. .0
UsingTU =4, U=(1)
1

_~ ti2 + 13 2b
TU= |ttt |=|la+b—c
3z + t33 a+b+c

t12+t13=2b
t12+t13:2b
t32+t33:a+b+c

- —t11 T 13 b+c—a
TV = —ty Ttz | = —2c
—t31 t+ 133 c+a—b>b

—t11+t13=b+C—a
_t11+t13:b+c_a
—t31+t33=C+a—b

_- —t12 +t13 2c
TW = —t22+t23 =|b—c—a
_t32+t33 a—b_C

After determine the coefficients we have

_ a b—c b+c
T=<b+c a b—c>

b—c b+c a

B - 0
UsingTW =C, W = <—1>

2) Determine the symmetric tensor D

2
_ a b+c b-—c _ 2a 2b 2b
TT=<b—c a b+c>, T+TT=<2b 2a 2b
2b

b+c b-—c a

3) Determine the antisymmetric tensor G

I 0 —c ¢
G=-(T+T")={c 0 -c
2
B —-c ¢ 0
4) Condition for to be symmetricT

A tensor is symmetric if: T = TT
Thus antisymmetric part must vanish: G =O0meansc =0
Soluion to exercise 5

1) Determine the tensor product X @ y = (2i + 4j) ® (5i + 3j)
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Use distributivity: = 2(5i @ i +3i @ j) + 4G Q@ i + 3j ® j)
xQy=10iQRi+6iQXj+20/QR@i+12j R j
2)Is U a tensor productin E, ?

20 12)

A tensor is a simple tensor product if: det((=]) =0

WriteU in matrix form:U = (

det(0) = 11(12) — 8(20) = —28, U is not a simple tensor product.

Uis not a tensor product inE,
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Chapter 2: Theory of Stress State

1. Introduction

2. Stress tensor

3. Differential equations of equilibrium

4. Particular Stress Tensors

5. Geometrical representation (Mohr’s circle)
6. Conclusion

1. Introduction

Using a cutting surface S, let us isolate a part (1) of a solid body (2 as shown in Figure 2.1.
On the cut surface, we consider a small area element dA, called a surface element or facet, with
an outward unit normal vector 7 (taken as positive by convention).

The interaction between the material of fragment (1) and fragment (2) appears in the form of
internal forces acting across all the surface elements dA that make up the cutting surface. These
internal forces are responsible for the development of stresses inside the material.

Figure 2.1 Cutting surface S with element dA and normal vector n.

The study of the stress state makes it possible to understand how forces are distributed within
a solid body and how the material reacts under external loading. This chapter introduces the
stress tensor, equilibrium equations, stresses acting on different planes, principal stresses, and
their graphical representation using Mohr’s circle.
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2. Stress tensor

The concept of the stress tensor is fundamental in continuum mechanics and elasticity.
When a solid body is subjected to external forces, internal forces develop inside the material in
order to maintain equilibrium. These internal forces are distributed over imaginary surfaces
within the body and are represented mathematically by stresses.

Since stresses may act in different directions on different planes passing through the same
point, a simple scalar or vector description is not sufficient. For this reason, the state of stress
at a point is represented by a second-order tensor called the stress tensor. This tensor
completely describes the distribution of internal forces inside a deformable body.

The stress tensor allows the determination of:

e normal stresses acting perpendicular to a surface,
o shear stresses acting tangentially to a surface,
e stresses acting on arbitrary planes,
e principal stresses and their directions.
To introduce the stress tensor progressively, this section is divided into the following

subsections.

2.1 Euler-Cauchy Principle

The Euler-Cauchy principle states that the internal forces acting on an infinitesimal surface
element inside a continuous medium can be represented by a force vector per unit area called
the stress vector or traction vector.

Consider an infinitesimal surface element dS with outward unit normal vector\buildrel n\
over n\rightarrow. \buildrel n\over n\rightarrow. The material located on one side of the
surface exerts an internal force d\buildrel F\over F\rightarrow on the material located on
the other side. The stress vector is defined by:

—

dF
. . A _ . GF
{\buildrel T\over T\rightarrow}*{(n)} = dl}lr_rgo 7S

The vector T™ depends both on the considered point and on the orientation of the surface
defined by n.

I Fn /

Figure 2.2 Euler-Cauchy stress principle.

This principle forms the basis for the mathematical formulation of stresses in continuum
mechanics.
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2.2 Stress Components

Consider a material parallelepiped constructed around the origin O of a Cartesian coordinate
system (x;)(Figure 3).
On the three positive faces normal to the coordinate axes act the stress vectors E, E, and f;
(Figure 3a). Each stress vector has three components parallel to the coordinate axes:

e one normal component ¢;; (no summation),

e two tangential or shear components o; i with (i#)).
The first index indicates the face on which the stress component acts, while the second index
indicates the direction parallel to the corresponding axis. A stress component is considered
positive when it acts in the positive direction of the axis on a positive face (Figure 3b). On the
negative face, the positive direction is reversed according to the principle of action and reaction.

}X_')

s
.\"; .
-
a) 7 X; b)

Figure 2.3 Sign convention and notation:(a) Stress vectors acting on three surface elements,
(b) Stress components oij.

For clarity in the figure, the faces are represented with finite dimensions. In reality, these
surface elements must be imagined as infinitesimally small and all centered at the same point
O, which is the origin of the coordinate system. Therefore, the quantities o;;represent the
components of three stress vectors acting at the same point on three mutually orthogonal
planes.
The nine stress components are conveniently arranged in the following matrix form, called the
stress tensor. The first representation uses index notation, while the second follows the
notation commonly used in engineering mechanics. Each row corresponds to one stress vector:

011 012 013 Oxx  Txy Txz

o= [021 022 023] = [Tyx Oyy Tyz]

031 O3 033 Tzx Tzy Oz
Remark
In index notation, the symbol ¢ is used for both normal and shear stresses. However, in
engineering notation, shear stresses are usually denoted by the symbol 1, while the symbol o is
reserved for normal stresses.
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2.3 Normal and Tangential Stresses

The stress vector acting on a surface can be separated into(Figure 2.4):

e acomponent perpendicular to the surface called the normal stress,
e acomponent parallel to the surface called the tangential stress or shear stress.
The normal stress is given by:

o, =T™ ‘n

It represents tensile or compressive effects inside the material.

The tangential stress vector is:

T=TM— crn1_1)

It represents sliding effects between adjacent material layers.
Normal stresses are generally denoted by o, while shear stresses are denoted by T.

T'(M,n) o =nT(M,n)

Figure 2.4 - Decomposition of the stress vector acting at point M on the surface element with
normal vector n.

In Figure 2.5, Considring in small parallelepiped surrounding point P .

Let Tl)Tj andﬁ, be the stress vectors associated with the surfaces whose outward normal
unite vectors are ey, e, andes, , respectively. Each of these stress vectors can be decomposed
along the three coordinate axes x4,x, , and x; (Figure 4). The nine components of the three
stress vectors can therefore be written in the following form:

011 012 013
T, =\021|,T, =022 ]|,T3 =| 023
031 032 033

&
Gy

b

Figure 2.5 — Normal and tangential Components of the stress vectors in 3d case.

As an example lets compute the scalar product:

- — o —>
T,-e;=IT,| |eg|cos(T,e)

. g
Since : cos(T,,e;) = ﬁ
2
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we obtain: g, =| T, | cos(T,, e;)

Because: | T, =T, and |& |=1

Than
e NN e N
071 = T2COS(T2, 61) = Tz *eq
Similarly:
o d— =
O =T2-€3; O3 =T €3
e — - —
o011 =T "€ o1, =Ty " €
— m —)l — o >
031 = T3 - eg; o33 =T3-e3
From these relations, we deduce the general expression:
O'ij = Ti . ej

The components g;; ,0,, and 033 represent the normal components of the stress tensor
0;j whereas the off-diagonal components such as oy, , 0,3, and 0;3 represent the shear stresses.
The first index indicates the direction in which the stress component acts, while the second
index indicates the normal direction of the surface element.

2.4 Cauchy’s Theorem
To establish Cauchy’s theorem, let us consider an infinitesimally small tetrahedron MABC

surrounding a point M inside the solid body. The tetrahedron is aligned with the Cartesian axes
X1,X,, and x5 (Figure 2.6).

Xy

Figure 2.6 Tetrahedron under the action of surface forces.

Let n be the outward unit normal vector to the plane (ABC), whose components are
(n4,ny,n3).The area of the triangular face ABC is denoted by dS.

A surface force dF acts on the inclined face ABC, while the forces dF_l), dFj , and ng) act on the
three faces perpendicular to the coordinate axes. These forces represent the internal stresses
acting on the infinitesimal tetrahedron.

Equilibrium of Forces

For the tetrahedron to remain in equilibrium, the sum of all surface forces must be zero:

dF + dF, + dF, + dF; = 0
Using the traction vectors, this relation becomes:
dST(M,n) +dS, T(M,—e;) +dS, T(M,—e,) + dS;T(M,—e3) =0
The projected areas of the coordinate planes satisfy:
dS; =n,dS,dS, = n,dS,dS; = n3dS
Moreover, according to the action-reaction principle:
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T(M,—n) =-T(M,n)
Substituting these relations 1nt0 the equlhbrlum equatlon gives:

ds T(M n) + n,dS T(M —el) +n,dST(M, ez) + nzdS T(M _63) =0
This equation shows that the traction vector acting on any plane with normal vector n can be
expressed as a linear combination of the traction vectors acting on the coordinate planes.

Matrix Form
In matrix notation, the relation may be written as:

. ) L e e ny
{T(M,n)} =<TM,e;) TM,e;) T(M,e3) > {nz}
ns
Therefore, at every point M, there exists a second-order tensor called the Cauchy stress tensor,

>
>

which defines a linear mapping between the normal vector 7 and the traction vector T(M, n):

T(M,n)=0c(M)-n

where the Cauchy stress tensor is written as:

011 012 013

o(M) =021 022 0323

031 032 033

In index notation, the traction components are expressed as:
Tl'(M, Tl) = O'l'jnj

The Cauchy stress tensor o(M) is symmetric (o;; = 0j;), This symmetry results from the
rotational equilibrium of the infinitesimal element.

2.5 Principal Stresses and principal directions

The state of stress at a point inside a material depends on the orientation of the considered
plane. Among all possible planes passing through a point, there exist particular planes on which
the shear stresses vanish completely (Figure 2.7) .

T(M,n)=0(M) -n=o,mn, 7, =0
The normal stresses acting on these planes are called principal stresses (a;, 01, 071;), and the
corresponding directions are known as the principal directions (e;, e}, €;;7)-

A

i | (7
Figure 2.7 Principal stresses and principal directions.

The quantity g, is then an eigenvalue of the stress tensor g(M), while the vector 7 is the
associated eigenvector. Since the stress tensor o is symmetric, it can always be diagonalized in
a suitable coordinate system:
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011 012 013
o(M) = [021 022 023]
031 032 033
For a general three-dimensional stress state, the traction vector acting on a plane of normal
vector n is given by:

N
>

T=0'n
On a principal plane, the traction vector becomes purely normal to the plane, meaning that it is
parallel to n. Therefore:

T =1n
where A represents a principal stress.
o-n=4n
or equivalently:
(c—An=0

.

For a nontrivial solution (n # 0), the determinant must vanish:
det(c —Al) =0
This equation is called the characteristic equation of the stress tensor. Solving it provides the
three principal stresses:
0y > 0y > 0Oypp
The associated eigenvectors define the principal directions ej, ;;, e/

The determination of principal stresses is very important in solid mechanics because they
represent the extreme values of normal stress experienced by the material and are frequently
used in failure criteria and structural analysis.

2.6 Stress Invariants

The coefficients of the characteristic equation are independent of the coordinate system. These
quantities are called the stress invariants.
For the stress tensor o, the three invariants are:

2.6.1 FirstInvariant
The first invariant represents the trace of the stress tensor and is related to the volumetric
effect of stresses.
Iy = 011 + 03 + 033

2.6.2 Second Invariant
This invariant combines both normal and shear stress effects.

_ 2 2 2
I = 011033 + 022033 + 033011 — 01, — 033 — 031

2.6.3 Third Invariant
The third invariant corresponds to the determinant of the stress tensor.
I3 = det(o)
Using these invariants, the characteristic equation may be written as:
MB—LA2+LA-13=0
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The roots of this cubic equation are the three principal stresses. Because the invariants do not
depend on the orientation of the coordinate system, they provide an intrinsic description of the
stress state at a point.

3. Differential equations of equilibrium

Consider an infinitesimal parallelepiped particle of dimensions(Ax;, Ax,, Ax3)(Figure 2.8). To
establish the differential equations of equilibrium, we apply the law of conservation of linear

fpgdv+f;ds=fp;dv
174 S 174

Three types of forces act on the particle:

momentum along the axis x;.

o Body forces due to gravity: f p 5 dv
14

o Surface forces generated by stresses acting on the faces of the element: J Tds
S

o Inertial forces associated with acceleration: fp )7 av
14

where:p is the mass density, g is the body force per unit mass, y is the acceleration vector.

on(x1.x2,x3+Ax3)

on(x1-x2,X3)
oa(x1:x2:X3) \ Bx, /

Bxs ’,"ﬂ ’(' on(x1.x2+Ax>,x3)

x‘ - \ Bx
on(xi+Ax;,%2,x3)
Xz 631(X1 +X2:X3)

X

" Figure 2.8 infinitesimal parallelepiped particle under external load.

3.1 Surface Forces

The resultant surface force along the direction x; is obtained by summing the stresses acting
on the opposite faces of the infinitesimal element.
Thus:

fde = JJ [o11 (x1 + Axy,x5,%3) = 071 (X1,%5,%3) |dxpdxs
S

+ jj [o21 (x1,x, + sz,x3) - 021(x1;x2;x3)]dx1dx3

+ [ [031 (x1,%2,%3 + Dxs) — 031 (%1,%2,%3) ]dx; dx;

To simplify these expressions, we use a first-order Taylor series expansion.
For example:

doq4
011 (%1 + Axq, X5, X3) — 011(X1, X2, X3) = ax Axq
1
Similarly:
do,,
021 (X1, %5 + szlxs) - 021(x1,x2,x3) = _ax Ax,
2
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dos,
dx;

Substituting these results into the surface force expression gives:

do do do
ff—dszﬂf( L2 Shay
s vy O0x;  0xp  Ox3
The volume of the infinitesimal particle is:
dV = dxldxzdx3

Since the element dimensions are infinitesimally small, we may use the approximation:
dx; = Ax;

031 (X1, X2, X3 + Ax3) — 031(X1, X2, X3) = Axs

3.2 Body Forces and Inertial Forces

The body forces acting on the particle along the direction x; are :

fffvpgxl av
vayxl av

Applying Newton’s second law along the axis x;, we obtain:

while the inertial forces are:

0oy, 00y 003 d?x,
+ +PGx, = PVx, =P dt2

dx; 0x,  Oxs
In the same way, equilibrium along the axes x,and x;leads to :
004, N d0,, 003, d?x,

dx; 0xy
0013 00,3 0033 d?x;
oz, T ox, [ ox, [ PIsTPGe
Final Form of the Equilibrium Equations
By introducing the notation: f; = pgy,

the differential equations of equilibrium become:

(0o, 00,; 003 d?x,
ox, T ox, Tom, T TP
0o, 00y, 003, d?x,
ox, T ox, Tom, TP
00,3 00,3 0033 £ = d?x,
Cox, | 0x, | Oxs 2T Pace

Index Notation
Using Einstein’s summation convention, the equilibrium equations can be written in compact
tensor form:

do;; d?x;

ox, TIi= Py
These equations are called the differential equations of equilibrium or the equations of motion
of a continuous medium. They express the balance between internal stresses, external body

forces, and inertial effects inside the material.
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4. Particular Stress Tensors

Certain stress states occur frequently in mechanics and engineering applications. These special
forms of the stress tensor simplify the analysis of structures and materials under loading. The
most important cases are presented below.

4.1 Uniaxial Stress State (Simple Tension or Compression)
The stress state at a point M is said to be uniaxial (Figure 2.9) when only one normal stress
component is nonzero. In this case, the stress tensor is written as:
c 0 O
0 0 O
The corresponding traction vector becomes:

>

T(M,n)=o0-

D

1

—
0 — pte T
—

Figure 2.9 Uniaxial stress state.

In this stress state, the material is subjected only to a normal stress along the direction x;

e If 0>0, the material is under simple tension (traction).
e If 0<0, the material is under simple compression.
This type of stress state is commonly encountered in tensile and compression tests on bars and

rods.
4.2 Plane Stress State

At a point M, the stress state is said to be a plane stress state (Figure 2.10) when all stress
components perpendicular to one direction vanish. The stress tensor then takes the form:
[011 021 0]
Oij = |012 022 O
0 0 O
In this case, all stresses evolve only in the plane (x;, x,), while stresses involving the direction
x5 are neglected. This approximation is widely used in the analysis of thin plates and shells

subjected to in-plane loading.
o2 4

—— 12

‘ Ol1

X1

Figure 2.10 Plane stress state.

If, in addition, the normal stress o35 # 0, the stress tensor becomes:
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011 031 0
0jj =012 022 O
0 0 o33
This situation is referred to as a pseudo-plane stress state.

4.3 Isotropic Stress State

The stress state at a point M is called isotropic or hydrostatic (Figure 13) when the traction
vector is always normal to the considered surface, regardless of its orientation:

T(M,n) =on
In this case, the three principal stresses are equal, and the stress tensor has the same form in

every coordinate system:
g 0 O
O'ij =10 o O

0 0 o
e If 0>0, the material is subjected to hydrostatic tension.
e If 0<0, the material is subjected to hydrostatic compression.
P

Figure 2.11 Isotropic stress state.
This type of stress state is commonly found in fluids at rest and in materials subjected to
uniform pressure.

4.4 Simple Shear Stress State

The stress state at point M is called a simple shear state (Figure 2.12) with respect to the
directions x;and x,when the stress tensor reduces to:

0 7 O
O'ij=T00

0 0 O
T
—
X2
—_—
T
X1

Figure 2.12 - Simple shear stress state.

In this configuration:

e only shear stresses are present,

« normal stresses vanish,

o the material experiences sliding deformation between adjacent layers.
Simple shear is encountered in torsion problems, riveted joints, and adhesive layers.
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5. Geometrical representation (Mohr’s circle)
5.1 Principle of Mohr’s Representation

Mohr's representation is a graphical method used to describe the stress state at a point inside
a material. It allows the determination of:
« normal stresses,
o shear stresses,
e principal stresses,
e maximum shear stresses,
o and the orientation of critical planes.
The traction vector acting on a surface of normal vector 71 can be decomposed into(Figure 2.12):
e anormal component ¢

e and a tangential (shear) component .
Thus:

¥(M,T_)l) = O'T_)l + T?
where:

e 7 is the unit normal vector to the surface,

o {isthe unit tangent vector to the surface,
e o the normal stress,
e Tisthe shear stress.

Figure 2.12 Traction vector acting on a surface.

A

We consider the plane defined by 7 and, and orient it such that (ﬁ,?)z;

An auxiliary plane is then introduced, defined by the vectors ¢ and t, with (Og, O1) = g , in

which the components cand t are aassociated with each vectorT (M) [4 malika].

5.2 Mohr Circle from Principal Stress

Consider a plane stress state where the principal o; stresses og;; and are known (Figure 2.13) .
We seek the stress components ¢ and T acting on a plane whose normal makes an angle 6 with
the principal direction x; .
The stress tensor in the rotated coordinate system is obtained through a rotation
transformation:

o] = [ co_sB sinB] [01 0 ] [ colst9 sin @

—sinf cos6!1l0 oyll—sinf cos6

The resulting stress components are:

o = g;c0s? 0 + oy;sin? 0
T = (0; — 07;)cos Bsin 6
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Using the trigonometric identities:

1+cos26 . 1—cos 26 . .
cos? 0 = — sin? @ = ——; sin2¢ = 2sindcos §
Xqr
= S X1
X, /T\(M. n)
O ¢«

o

Figure 2.13 Determination of 6 and t from known principal stresses.

The equations become:
op+oy o0p—0
2 2
Oy — 0q1

T= —Tsinze

o IcosZH

otoyp o;—0oj1
Let: a = T; r = T

Then the stress become:
o =a+rcos 20
T = —7rsin 20
Squaring and adding the two equations gives:
(c—a)?+12=r?
This is the equation of a circle in the (o,t) plane with a center (a,0) and a radius r. This circle is
called the Mohr Circle (Figure 2.14).

“Tmax

Figure 2.14 Description of Mohr’s Circle from the principal stresses..
Important Properties of Mohr’s Circle
The Mohr Circle provides a simple graphical interpretation of the stress state:

o Each point on the circle represents the stress state on a particular plane.
e The coordinates of a point correspond to: normal stress and shear stress
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e Two perpendicular planes correspond to two diametrically opposite points on the
circle.

e The intersections of the circle with the o-axis give the principal stresses where t=0.

e The maximum shear stress is equal to the radius of the circle:

0y — 0y
Tmax - i 2

5.3 Tri-Circle of Mohr

In a three-dimensional stress state, the stress tensor possesses three principal stresses:

ap > 0y > 0y
In this case, three Mohr circles can be constructed (Figure 2.15): (circle (ay, a;;) ; circle (o3, ayyp)
;circle (o7, 0711))

f
M e
Ry
i <
A(0y;;,0) B(0y;,0) C(0;,0)
! : %
RIE ERIII
A A '
7777777777777777777 T(M, 1)

Figure 2.14 Description of Mohr’s Circle from the principal stresses..

The equations of the three circles are:

2 2
o1 + o 01 — O
(0 - +7? (—)

2 2
o, + a1\ ? 07 — O\ 2
(0 g 111) 42 = ( I 111)
2 2
o; + o\ ? 07 — O\ 2
(6_ I 11) +T2=( I 11)
2 2
Raduis of these circles are:
R, = 011—0111; R, = ooy Ry = o1—oj]

2 2’ 2
The largest circle corresponds to the pair (oy, gy;;). Therefore, the maximum shear stress in

. . . o1—0,
three dimensions is: T,q, = %

The Mohr representation is an essential graphical tool in solid mechanics because it provides a
clear visualization of stress transformations and principal stress states.

1. 5. Conclusion

In this chapter, the fundamental concepts of the theory of stress state have been introduced and
developed. The stress tensor was presented as a mathematical tool used to describe the
distribution of internal forces within a continuous medium. The Euler-Cauchy principle and
Cauchy’s theorem established the relationship between traction vectors and the stress tensor,
while the notions of normal and shear stresses allowed a clearer understanding of the
mechanical behavior of materials. The study of principal stresses, principal directions, and
stress invariants provided important information about the critical stress conditions inside a
solid body. Furthermore, the differential equations of equilibrium expressed the balance
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between internal stresses, body forces, and inertial effects. Particular stress states such as
uniaxial, plane, isotropic, and shear stress states were also examined. Finally, Mohr’s circle
offered a powerful graphical representation for stress transformation and the determination of

principal and maximum shear stresses.

The concepts developed in this chapter form the basis for the next chapter devoted to the
Theory of Strain State, where the deformation and displacement of materials under the action

of stresses will be studied.
2. Exercises
Exercise 1
The stress state at a point in a solid body is defined by the following stress tensor:
6 3 0
c=1|3 6 0| (MPa)
0 0 8
1. Determine the principal stresses of the stress tensor o.

2. Determine the traction vector acting at point M on the plane whose unit normal vector is:

111
"= (FEE

Then deduce the norm stress and the shear stress acting on the plane.

Exercise 2
In an elastic solid, the stress field is described by the following tensor:
4x3x3  x; —x3  4x3
o=|x; —x3 —4x3 0 | (MPa)

4x2 0 4x,x3
1. Using the equilibrium equations, determine the expression of the body force vector:
S (A
f=9r
f3

2. Write the stress tensor o at the point M(1,1,1)

Exercise 3

Consider a solid body in equilibrium made of a linear elastic and isotropic material. The body

is subjected over its entire boundary to surface forces of the form:
T, = —Pn

where:P is a constant pressure,n is the outward unit normal vector.
1.Determine the stress state inside the solid.

Exercise 4
The stress state at a point of a solid is defined by:

2 0 0

o= [0 4a 6a] (MPa) , where a is a real constant.
0 6a 4a

1. Determine the stress state for a=0

2. Determine, as functions of a, the principal stresses.
3. Draw the Mohr circle for a=1.

authored by: Dr Guesmi mohamed year 2025/2026

37




Elasticity

3. Solutions

Solution to exercise 1
The stress tensor is given by:

6 3 0

o= [3 6 0] (MPa)

0 0 8
1. Determination of the Principal Stresses
The principal stresses are obtained from the characteristic equation:

det(c —AI) =0

Substituting the stress tensor:

6 3 0 1 0 0
det||3 6 O0|—A(0 1 O0]|=0
0 0 8 0 0 1

From the tensor, it is immediately observed that A = 8Mpa is one principal stress associated

with the direction 23. The remaining two principal stresses are obtained from the reduced
2 X 2 matrix :
6—1 3

det[ 3 6 A] =0

Expanding the determinant:
(6-1)2-9=0
6—1+3)(6—1-3)=0

Thus: 1, = 9Mpa; A, = 3Mpa
Finally, the principal stresses are: 6; = 9Mpa; o;; = 8Mpa; oy = 3Mpa

2. Traction Vector Acting on the Plane
: .2 101 1
The unit normal vectoris: n = (\/—g,\/—g,\/—g)
The traction vector is calculated using Cauchy’s relation:

;(M,z> =a-z

(1)
3
ﬁ( ﬁ) [6 3 o] \/1_
T\M,n)=13 6 0|{—
0 0 8 V3
1
\\/3/
which gives:
(9
V3
?(M,ﬁ)=<i>Mpa
V3
8
\\/3/

3. Normal and Shear Stresses
The normal stress is obtained by projecting the traction vector onto the normal direction:
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The shear stress is determined from:

T = 4/ | T II?°— 0% = 0.45Mpa

4x2x; x; —x3 4x3
o=|x;—x3 —4x2 0 | (MPa)
4x2 0 4x,x3
1. Determination of the Body Force Vector

>

Solution to Exercise 2
The stress tensor is:

Using the equilibrium equation: div(o) + f = 0
we obtain:
(001, 00y, 0013

dx; 0x, Ox; th=0

do,y 00y, 00,3
=0
ox, T ox, Tox, T2

doz, 003, 0033
+ +£f=0
Ldx;  Ox,  Oxs /5

After differentiation:
8x 1x3+f1=0
1-8x,+f,=0
8x1x3+f3=0
Therefore, the body force vector becomes:
- (—8xyx3
f= {sz - 1}
—8x1x3
2. Stress Tensor at Point M(1,1,1)
Substitutingx; = x, = x3 =1

4 0 4
o(M)=|0 —4 0|MPa
4 0 4

Solution to Exercise 3
The surface force applied on the boundary is:

.

Td = —Pn
Using Cauchy’s relation:

>
N

o-n=Ty
we obtain:
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o-n=-—Pn
This condition is satisfied only if the stress tensor is isotropic:
-P 0 0
o= [ 0 —-P O ]
0 0 -P
Thus, the solid is subjected to a uniform hydrostatic compression state.

Solution to Exercise 4
The stress tensor is:
2 0 0
o= [O 4a 6a] (MPa)
0 6a 4a

2 00
o= lO 0 0]
0 0 O
This corresponds to a uniaxial stress state along the first direction.

2. Principal Stresses
The characteristic equation is:

1.Stress State fora =0

det(c —Al) =0
which gives:
(2—MD[(4a—21)*—(62)*]=0
Solving: 4, = 2; A, =10a; 13 = —2a

Therefore, the principal stresses are: 0; = 10aMPa; g;; = 2Mpa; g;;; = —2aMPa
3.Mohr Circle for a=1
For a=1, the principal stresses become: g; = 10Mpa; o;; = 2Mpa; g;;; = —2Mpa

Tricercle de Mohr
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Chapter 3: Theory of Strain State

1. Introduction

2. General concepts

3. Strain tensor

4. Relations between strains and displacements
5. Principal strains and principal directions

6. Geometrical representation

7. Strain compatibility equations

8. Measurement of strains

9. Conclusion

1. Introduction

The theory of strain state is an essential part of elasticity and solid mechanics. When a body is
subjected to external forces, its shape and dimensions change. These changes are called
deformations or strains. The study of strain helps engineers understand how structures behave
under loading conditions and whether they remain safe during service.

In elasticity theory, strain analysis is closely related to displacement and stress analysis. While
displacement describes the movement of points inside a body, strain measures the relative
deformation between neighboring points. The theory of strain state, therefore, provides the
mathematical and physical tools necessary to describe the deformation of solid bodies.

This chapter introduces the main concepts of strain, the strain tensor, the relations between
strains and displacements, principal strains, compatibility equations, and experimental
methods used to measure strains. The presentation is simplified and adapted for engineering
students studying elasticity and continuum mechanics.
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2. General concepts
2.1 Kinematic Description (Lagrangian and Eulerian Approaches)

2.1.1 Configuration of a Continuous Medium

Consider a continuous body occupying a region D of the Euclidean space E at a given instant t.
A continuous medium S is defined as a set of material particles whose positions evolve over
time.

The set of all positions occupied by the particles of S at time ttt is called the configuration of
the body and is denoted by C. The transition from one configuration, C, at the initial time ¢, to
another configuration C at time ttt represents the deformation or motion of the medium. The
initial configuration C is generally chosen as the reference configuration.

- - -

Let the Cartesian reference be defined by: R(0, e, e,, e3) .cFor a material particle M belonging
to the body C:

>

—

e In the reference configuration C, at time ty: X = OM,,

e In the current configuration C at time t: x = OM

(Co)

Figure 3.1

where: X denotes the initial position vector, X denotes the current position vector after
deformation.

2.1.2 Lagrangian Description

In the Lagrangian description, the motion of the body is studied by tracking each material
particle from its initial position. Thus, the current position of any particle at time t is expressed
as a function of its original position at time t0.

The motion is described by the transformation:

X = p(X,t) =x = @(Xq,X5, X3, )
where: @ is a bijective vector-valued mapping, X;, X,, X3 are the material coordinates of the
particle in the reference configuration, t represents time.
This approach is widely employed in solid mechanics because it naturally follows the
deformation history of each material point.

2.1.3 Eulerian Description

In the Eulerian description, physical quantities are defined with respect to the current spatial
position of the particles rather than their original locations. The observer focuses on fixed
points in space and studies how the material flows through them.
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For example, the velocity field is expressed as:

V=V(xt)
or in component form:

- -

V = V(Xl, Xz, X3, t)
where x4, x,, x5: are the spatial coordinates, t is time.

These variables are known as Eulerian variables, spatial variables, or geometrical
variables. This formulation is particularly suitable in fluid mechanics, where the interest lies
in describing the flow behavior at fixed locations in space.

2.2 Study of Deformation Using Lagrangian Variables

2.2.1 Deformation Gradient Tensor
Consider an infinitesimal material (Figure 3.2)vector represented by:
o In the reference configuration Cy:

>

X = MyM,
e In the current configuration C:
dx = MM’
(Co) £ Mo (C)
M /] M’
° dx
] X
es 4
X
0 &
o >
Figure 3.2

The displacement vector of a particle is defined as:

UX,t)=x—-X
Suppose that the neighboring particle M|in the reference configuration moves to M’ in the

current configuration. OM) = OM,, + M, M,
Then:

X' =X+dX
And

x'=@pX+dX,t)
Using a first-order Taylor expansion:
do;

X{ = q)i(X,t) +a—X]dX]
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In vector notation:

x'=x+VpX,t)dX
Hence:

dx =Ve(X,t)dX

The tensor:

FX,t) =Vo(X,t)
called the deformation gradient tensor.

Its components are given by
axi

Fij:a_Xj

Therefore, dx = FdX
The deformation gradient tensor characterizes the local deformation of the body around a
material point and contains information about stretching, rotation, and distortion.

2.2.2 Green-Lagrange Strain Tensor

Deformation measures the variation of lengths and angles between material elements during
motion. It can therefore be characterized through the change in the scalar product of two
infinitesimal vectors between the configurations C_0 and C.

Let:

dx = FdX
And
6x = FéX
The scalar product in the deformed configuration becomes:
dx-6x =dX - (FTF)6X
Define the tensor:
C=F"F
where C is known as the right Cauchy-Green deformation tensor or the dilatation tensor.
Thus:
C=F"F
The variation of the scalar product between the initial and deformed configurations is:
dx -dx—dX-6X=2dX -Ed&X
where E is the Green-Lagrange strain tensor, defined by:
1
E==(C-1
S(C=D
or equivalently,
1
E= > (FTF—1)

In index notation:

1
Eij = E(Fkiij — 6;j)
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The Green-Lagrange strain tensor is a fundamental measure of finite deformation and is
particularly suitable for large displacement and large strain analyses in continuum mechanics.

3. Strain tensor
3.1 Small Perturbation Hypothesis (SPH)

In the theory of linear elasticity, it is generally assumed that the body undergoes only very small
deformations compared with its initial dimensions. This assumption is called the Small
Perturbation Hypothesis (SPH) or the Hypothesis of Small Displacements and Small
Strains.

Under this hypothesis, the current configuration CCC remains very close to the initial
configuration Cy: C = C,

The displacement field and its spatial gradients remain very small compared with unity:

— —_—

| Ul land || VU I 1
or equivalently:
| Ui |<< 1and | Ui,j |<< 1

> >

Means || U |IK 1land || VU |IK 1

Consequently:
e The coordinates in the deformed and undeformed configurations are nearly identical:
x; = X;
Nonlinear terms involving products of displacement gradients are neglected.
Therefore, the Green-Lagrange strain tensor simplifies into the linearized strain tensor, also
called the infinitesimal strain tensor.

3.2 Linearized Strain Tensor

For small deformations, the strain tensor becomes:
1 - R
&= E(VU + (VI)D)

In matrix form:

U, 1,0U, 0U,\ 1,0U, 0dU3\]

x, z(@ (’)_x1> z(m*a)

1,0U, U, ou, 1,0U, 0U,

€= z(a—xz a_xl) 7, E(a_x3+a_x2)
1,0U, 0U;\ 1,0U, 0U, U,
E(Oxg axl) E(ax3 * axz) a_x3

In index writing is : &;; = %(Ui,j + U ;)
where:

e U, U,, U; are the displacement components,
e Xi,X,,X3are the spatial coordinates,
 g;jare the components of the infinitesimal strain tensor.

Because the tensor is symmetric:
€ij = &

only six independent strain components exist.
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3.3 Normal and Shear Strains

The diagonal terms of the strain tensor represent the normal strains:

€11, €22, €33

These components describe elongation or contraction along the principal coordinate axes.

The off-diagonal terms represent the shear strains:

€12, €13, €23
Engineering shear strains are defined as:

Y1z = 2€12, Y13 = 2613, V23 = 2823
In index writing is :y;; = 2¢;;

3.4 Linearized Extension and Shear Relations

>

For a material direction represented by the unit vector n,, the normal strain becomes:
& <Tl0> = nOisijnoj

3 <e1> =& e(ey) = €11, €(ez) = &3

Special cases:

- -

Similarly, the angular distortion between two initially orthogonal directions nyand m,, is:

)4 <no:mo> = 2ng;&;;my;

For the Cartesian basis vectors:

- > >

V(ep ez) = 2¢&15, Y(e1,€) = 2&15, Y(ez €3) = 2623

These relations are fundamental in the analysis of deformation in solid mechanics.

4. 4.Relations between strains and displacements

The deformation of a solid body is completely described by the displacement field of its material
points. In elasticity theory, strains are obtained from the spatial derivatives of the displacement
components. Therefore, the relationship between strain and displacement constitutes the

fundamental kinematic basis of continuum mechanics.

For infinitesimal deformations, the strain components are linearly related to the displacement
gradients. These relations depend on the coordinate system used to describe the geometry of

the problem. The common coordinate systems in engineering applications are(Figure 3.3):

o C(Cartesian coordinates (x,y,z),
e Cylindrical coordinates (r1,0,z),
o Spherical coordinates (r, 6, ¢).
Each coordinate system is particularly suitable for specific structural geometries:
e Cartesian coordinates — beams, plates, rectangular solids,
e Cylindrical coordinates — pipes, shafts, pressure vessels,
e Spherical coordinates — spherical tanks, domes, planets.
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—  Displacement vector u

|
|
| " . "
| — e, : radial direction
|
|
{

— ¢ circumferential or
polar direction

U= (U, g, u)i

1
1
|
| ; o
| —> e, azimuthal direction
|
|
N

» e, :axial direction

(b) Cylindrical coordinates (r, 6, z)

(a) Cartesian coordinates (x, y, z) (c) Spherical coordinates (r, 6, ¢)

Figure 3.3 Common coordinate systems.

4.1 Strain-Displacement Relations in Cartesian Coordinates

Cartesian coordinates are the simplest and most widely used coordinate system in elasticity.
The displacement vector is written as:

u=(uvw)
where: u is displacement along the x-direction, v is displacement along the y-direction, w is
displacement along the z-direction.
a) Normal Strains

The normal strains represent elongation or contraction along the coordinate axes.
ou ou ow

Exx = ax Exx = ax €22 = 3z
These equations indicate that normal strain is simply the spatial rate of change of displacement
in the same direction.

Physical Interpretation :Positive strain — extension, Negative strain - compression,

b) Shear Strains
The shear strains measure the variation of angles between initially perpendicular material

lines.
du v v ow

_du  dv v ow v ow
Yay = oy = ox’ Vyz = dz = dy’ Vyz = 0z = dy

Physical Meaning : Shear strains produce angular distortion without necessarily changing the
volume of the material.

c) Tensor Form
The infinitesimal strain tensor in Cartesian coordinates is:

Yoy Yaz]

XX 2 2

_ yxy yyz
=15 & 7 .,
Vo Yyz | 0 8 il
L2 2 T# Figure 3.4 Axially loaded bar.

4.2 Strain-Displacement Relations in Cylindrical Coordinates

Spherical coordinates are used when the geometry possesses spherical symmetry.
The coordinates are: (1,6, ¢)
where: r is radial distance, 6 is polar angle, ¢ in azimuthal angle.
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The displacement field becomes:

>

u = (U, ug, Ugp) | 58
a) Normal Strains

. . ]
e Radial Strain: ¢, = aurr 5
. a - - . -
o Polar Strain : ggg = %% + % Figure 3.5 Thick cylindrical pressure vessel.
: : a 6
o Azimuthal Strain : g5 = rsilne ai(:’ + % %

The additional geometric terms arise from the curvature of spherical coordinates.

b) Shear Strains
L Our , Oup Uy
rsinf d¢ ar r
1 du, , Oug _Up
rsinf d¢ ar r
1 dug , 10uy ugcotd
rsinf 0¢ r 00 T

o Radial-Azimuthal Shear : Yre =

o Radial-Azimuthal Shear: Yre =

» Polar-Azimuthal Shear : ygy =
c) Engineering Applications
Cylindrical strain relations are extensively used in:

e torsion of shafts,

e pressure vessel analysis,
e pipeline mechanics,

e rotating machinery,

e tunnel engineering.

4.3 Strain-Displacement Relations in Spherical Coordinates

Spherical coordinates are used when the geometry possesses
spherical symmetry.

The coordinates are: (1,6, ¢)

where:r is radial distance, 0 is polar angle, ¢ is azimuthal
angle.

The displacement field becomes:

>

Figure 3.6 Spherical shell.

u = (U, Ug, Ugp)

a) Normal Strains

; . ou
e Radial Strain: &, = 6Tr
: 10u u
» Polar Strain: ggg = ;6—9" +
i i 1 Ou u ugcot®
o Azimuthal Strain: g4 = rsine_ad(f oLy

b) Shear Strains
10u,r | dug ug
r 00 ar T

1 duy  Oup Uy
rsinf d¢ ar r

1 Odug , 10uy ugcotd
rsinf d0¢ r 00 r

o Radial-Polar Shear: y,g =

» Radial-Azimuthal Shear: y,4 =

» Polar-Azimuthal Shear : yg4 =
c) Engineering Applications
Spherical coordinate strain relations are used in:

e spherical pressure vessels,
e geomechanics,
e astrophysics,
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e biomechanics,
e shell structures,
¢ seismic wave propagation.

5 Principal strains and principal directions

5.1 Principal Strains

>

Consider an orthonormal basis: B(0, e4, €3, e3). The strain tensor is written as:
€11 €12 €13
&£ = [321 €22 323]
€31 €32 €33
Since the tensor is symmetric: &;; = ¢j;
there exists a principal coordinate system in which the tensor becomes diagonal:
&g 0 0
£= [0 & O]
0 0 &
The quantities:
€1, €2, &3
called the principal strains.
They are obtained by solving the characteristic equation:
det(e —Al) =0
which leads to the cubic polynomial:
“B+ LA -LA+1;=0
where:
I;, I,and I are the invariants of the strain tensor.
Generally:
&1 > & > &
The principal strains correspond to the maximum and minimum normal deformations at the
point.

5.2 Principal Directions

The principal directions are obtained by solving:

(e=ADX =0
where:

N

X is a principal direction vector,
Ais a principal strain.
The principal directions are mutually orthogonal because the strain tensor is symmetric.

5.3 Decomposition into Spherical and Deviatoric Parts

The strain tensor can be decomposed into:

e aspherical (volumetric) part,
o adeviatoric (distortional) part.
Thus:

e=¢gpl +e
where spherical part is
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1
En = §tr(e)
And deviatoric part is
e=¢c—¢&,l
Physical Interpretation

e The spherical part produces volume change.
e The deviatoric part produces distortion without changing volume.
4, This decomposition is very important in elasticity, plasticity, and failure theories.

5. 6.Geometrical representation

Introduce Mohr’s circle as a graphical method used to represent the strain state at a point.
Explain that it simplifies the transformation of strains and allows the determination of:

e principal strains,
e maximum shear strain,
e strain components on inclined planes.

6.1 Mohr's Circle for Plane Strain

In the case of plane deformation, the strain state at a point is completely defined by three
components:

Exr Eyy Vxy
The associated strain tensor is written as:
Yay
X
_ 2
[e] = Vay
2 &

Mohr’s circle is constructed in a coordinate system where the horizontal axis represents the
normal strain (€), while the vertical axis represents half of the shear strain (y/2) 5(Figure 3.7).
The center of the circle is located at:

&ty

-2

The radius of the circle is:

R = \/(Q)Z + (yxTy)Z

The geometrical construction of the circle allows the determination of the principal strains,
which correspond to the intersections of the circle with the horizontal axis:

&§=C+R, &=C—R
At these points, the shear strain becomes zero, meaning that the corresponding planes are
principal planes.
The orientation of the principal directions is obtained from:

)4
tan 26, = —=
Ex — &
The maximum shear strain corresponds to the upper and lower points of the circle and is

expressed by:

Ymax = 2R or Ymax = &1 — &2
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2D strain element Element rotated by 6

y ’

Ae Y

y y &y
= i >/ )’x'y'
\< &
E'( EX
0
L D /AW
i i ¥ &
| RE

Mohr’s circle for strain

y/2
A Lxl
5 | R O 2
2
B
‘= 8
L) &
(Principal (Principal
strain) strain)
_ Yo
Dl e e B : y—plane
ny
&y, — —2“ 2 20 : angle on
Maximum shear strain Mohr’s circle

Ymax = 2R = & — &

« Intersection with ¢—axis — principal strains (y = 0)
« Top and bottom points — maximum shear strain (£¥../2)
* Rotation of element by 6 corresponds to rotation of 26 on the circle.

Figure 3.7 Mohr’s Circle for Plane Strain.

An important property of Mohr’s circle is that a physical rotation of the material element by an
angle 6 corresponds to a rotation of 26 on the circle. This graphical interpretation considerably
simplifies strain transformation analysis.

Mohr’s circle is extensively used in structural mechanics, material science, fracture mechanics,
and finite element analysis because it provides a direct visualization of the deformation state
inside materials.

6.2 Mohr'’s Circles for Three-Dimensional Strain State

In three-dimensional problems, the strain tensor contains three principal strains:

€1,€2,&3
generally ordered as:g; > €, > &5
The geometrical representation of the strain state in three dimensions requires the
construction of three Mohr’s circles instead of a single one(Figure 3.8). These circles are formed
using the following pairs of principal strains: (&4, €;), (&3, €3), (€1, €3). Each circle represents the
strain transformation between two principal directions.
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. &1+& ExtE &1t+e€
The centers of the circles are:C;, = ===, (3 = 2=, (13 = —
2 2 2
The radii are given by:
_ E1—&y _ Epr—E&3 _ E1—E&3
R12——2 »Rz3——2 » Rz = >
The largest circle corresponding to (&q,€3), represents the maximum shear strain in the
material:,
Vmax = €1 — €3
3D strain element Mohr’s three circles for strain

Ymax = 2Rl3 =v€y=:&3

(Maximum shear strain)

* Three circles represent all possible strain states in 3D.
* Largest circle (between &, and &3) gives the maximum shear strain.
* Points where circles cut the é—axis correspond to principal strains (y = 0).

Figure 3.8 Mohr’s Circles for Three-Dimensional Strain State.

In three-dimensional analysis, Mohr’s circles provide a complete graphical description of all
possible strain states acting at a point. They are particularly useful in advanced elasticity,
plasticity, geomechanics, and material failure theories. The graphical representation also helps
engineers identify the most critical deformation directions and understand complex multiaxial
loading conditions.
Applications of three-dimensional Mohr’s circles include:

e pressure vessel analysis,
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e aerospace structures,

e underground structures,

o geotechnical engineering,

o finite element simulations,

o failure prediction of materials.

7. Strain compatibility equations

The infinitesimal strain tensor is defined by:

&j = %(Ui,j +Uji)
If the displacement field U(X, t) is known, the strain tensor can always be calculated.
However, the inverse problem is more complex:if the strain tensor is known, can we always
determine a displacement field?
The answer is not always. The strain field must satisfy certain conditions called the
compatibility equations.
A strain field is said to be compatible if there exists a continuous and single-valued
displacement field associated with it. For infinitesimal deformations, the compatibility
equations are:
€1122 T €2211 — 281212 =0
€123 + €2311 — €31,21 — 1231 = 0
€2233 1 €3322 — 282323 =0
€2231 F €3122 — €1232 — €2312 = 0
€2231 T €3122 — €1232 — €2312 = 0
€3311 1 €1133 — 263131 =0
€3312 1 €1233 — €2313 — €3123 = 0
These equations guarantee the continuity of the material after deformation.
8. Measurement of strains

Theoretical formulations in elasticity and continuum mechanics make it possible to determine
the distribution of strains inside deformable bodies. However, in practical engineering
applications, it is often necessary to measure strains experimentally in order to validate
analytical models and numerical simulations. Experimental strain measurements also provide
essential information about the mechanical behavior of structures subjected to external loads.

Strain measurement techniques are widely used in structural engineering, aerospace
engineering, mechanical design, and material science. They allow engineers to monitor the
integrity of structures, detect the initiation of cracks, evaluate fatigue damage, and estimate
stresses indirectly through constitutive relations.

In civil engineering, strain measurements are commonly performed on bridges, dams,
pipelines, and high-rise buildings in order to ensure structural safety during service conditions.
In aerospace applications, strain sensors are installed on aircraft wings and fuselage
components to study deformation under aerodynamic loading. Similarly, in mechanical
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engineering, strain measurements are employed to analyze the behavior of machine
components subjected to complex loading conditions.

Modern strain measurement methods range from simple mechanical devices to highly
advanced optical and electronic systems capable of providing extremely accurate full-field
deformation measurements.

8.2 Mechanical Extensometers
Mechanical extensometers are among the oldest and simplest devices used for strain

measurement. These instruments determine strain by measuring the variation in length
between two points of a deformable specimen during loading (figure 3.9).

Figure 3.9 Mechanical Extensometer.

.. ) AL
The normal strain is defined as: € = -

where L is the initial length and AL represents the change in length produced by deformation.
In tensile testing, extensometers are generally attached directly to the specimen in order to
measure elongation with high precision. Clip-on extensometers are widely used in laboratories
because they are easy to install and provide accurate displacement measurements over small
gauge lengths.

Mechanical extensometers possess several advantages, including simplicity of operation, low
cost, and satisfactory accuracy for standard laboratory tests. Nevertheless, these devices are
limited to local measurements and are generally unsuitable for high-speed dynamic loading or
large deformations.

Despite the development of advanced electronic and optical methods, extensometers remain
widely employed in mechanical testing laboratories because of their reliability and ease of use.

8.3 Electrical Resistance Strain Gauges

Electrical resistance strain gauges are the most commonly used sensors for experimental strain
measurements. Their operating principle is based on the variation of electrical resistance
caused by mechanical deformation.

When the material deforms, the strain gauge bonded to its surface undergoes the same
deformation, producing a change in its electrical resistance. This variation is proportional to

the strain experienced by the structure.

The sensitivity of a strain gauge is characterized by the gauge factor:GF = AR/R

where AR is the resistance variation, and R is the initial electrical resistance.
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Figure 3.10 Electrical Resistance Strain Gauge.

In practical applications, strain gauges are generally connected to a Wheatstone bridge circuit,
which converts very small resistance changes into measurable voltage variations. The resulting
electrical signal is then amplified and processed using data acquisition systems.

Electrical resistance strain gauges offer numerous advantages, such as high sensitivity, compact
dimensions, relatively low cost, and easy installation. Consequently, they are extensively used
in structural analysis, fatigue testing, experimental mechanics, and vibration analysis.
However, accurate measurements require careful installation procedures because improper
bonding, temperature variations, and electrical noise may introduce significant experimental
errors.

8.4 Strain Gauge Rosettes

In many engineering situations, the principal strain directions are not known in advance. Under
such conditions, a single strain gauge cannot provide sufficient information to completely
characterize the strain state. For this reason, several strain gauges are combined into
configurations known as strain gauge rosettes.

A strain rosette consists of two or three strain gauges mounted at different orientations on the
same surface. The most common configurations are the rectangular rosette, the delta rosette,
and the three-element rosette.

A

: 3 % 120°
Loy &N
@ 4y < -
' 60°

' 120°
o ©

Figure 3.10 Strain Guage Rosette configuration.

By combining the measurements obtained from different orientations, it becomes possible to
determine the principal strains, principal directions, and maximum shear strain at a point.
Strain gauge rosettes are extensively used in experimental stress analysis, especially in regions
subjected to complex multiaxial loading conditions.
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8.5 Optical Methods for Strain Measurement

Recent advances in experimental mechanics have led to the development of non-contact optical
methods capable of measuring strain fields with very high precision. Unlike conventional strain
gauges, optical techniques provide full-field measurements over large surfaces.

Among the most widely used optical methods are Digital Image Correlation (DIC), laser
interferometry, moiré techniques, and photoelasticity.

Digital Image Correlation is based on tracking the displacement of a random speckle pattern
applied to the surface of the specimen(Figure 3.11). By comparing images captured before and
after deformation, displacement and strain fields can be computed with high accuracy.

IR i
LLTLRTR Y (R LR (AR TR ITR R
TR A

EE Use of cross cor

wer time determine displ ent from displ

Figure 3.11 Digital Image Correlation.

Optical techniques possess several important advantages. They eliminate physical contact with
the specimen, provide full-field strain distributions, and are suitable for complex geometries
and large deformations. Consequently, these methods are extensively used in research
laboratories, aerospace engineering, and advanced material characterization.

8.6 Fiber Optic Sensors

Fiber optic sensors constitute one of the most advanced technologies for strain measurement
and structural health monitoring. These sensors use light propagation inside optical fibers to
detect mechanical deformation.
Among the different technologies, Fiber Bragg Grating (FBG) sensors are the most widely used.
In these sensors, deformation modifies the reflected wavelength of light, allowing strain to be
determined with high precision.

3,

core with Bragg cladding coating
grating

= |
5
i
£ e —
[HI
reflected light
m—— ‘g_,_
wavelength
b) change of the Bragg grating
due to temperature or strain
Alrg

2
ﬁ‘ s——=I1IITII *03
reflected light

wavelength

Figure 3.12 Fiber Bragg Grating sensor.
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Fiber optic sensors present numerous advantages, including immunity to electromagnetic
interference, high sensitivity, long-distance monitoring capability, and resistance to harsh
environmental conditions.

These characteristics make fiber optic sensors particularly suitable for monitoring bridges,
pipelines, dams, aircraft structures, and smart composite materials.

9. Conclusion

This chapter presented the fundamental principles of the theory of strain state used to describe
the deformation of continuous media under mechanical loading. The kinematic descriptions of
motion using the Lagrangian and Eulerian approaches were introduced, followed by the
deformation gradient tensor and the Green-Lagrange strain tensor. Under the small
perturbation hypothesis, the linearized strain tensor and the definitions of normal and shear
strains were established. The strain-displacement relations were developed in Cartesian,
cylindrical, and spherical coordinate systems for different engineering geometries. Principal
strains, principal directions, and the decomposition into spherical and deviatoric parts were
also discussed to better understand volumetric and distortional deformations. Mohr’s circles
provided a graphical interpretation of strain transformations in both two-dimensional and
three-dimensional cases, while compatibility equations ensured the continuity of deformation
fields. Finally, several experimental techniques for strain measurement, including
extensometers, strain gauges, optical methods, and fiber optic sensors, were presented,
highlighting the strong connection between theoretical analysis and practical engineering
applications.

Exercises

Exercise 1 — Displacement Field and Cauchy Deformation Tensor
A homogeneous continuous medium undergoes the following transformation:

X = Xo + 2ay,
Y=DYo
Z=Z0

Determine:

2. The displacement vector {u}
3. The deformation gradient tensor|[F]
4. The Cauchy deformation tensor [C]

Exercise 2— Green-Lagrange Strain Tensor
Consider a motion described by the following equations:

)
x—x0+3
Y=o
Z =Zj

Calculate:

e The deformation gradient tensor [F]

e The Cauchy deformation tensor [C]

e The stretches A in the three directions (x,y,z)
e The angle between the axes (x,y)

e The Green-Lagrange strain tensor [E]
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e The stretch and Green-Lagrange strain in the direction
1/1
{n}=3|2
3\2

Exercise 3— Rotations and Principal Strains
A homogeneous and isotropic elastic medium undergoes a planar configuration change
described in two coordinate systems as follows:

e The infinitesimal strain tensor|[¢]

X = ax,

Reference Frame (1) : {y = (2 — @)y,

Reference Frame (2) : {x :;C(’_-I_yZby % The parameters a and b are positive constants.
- Jo

1) Determine for both cases:

a) The displacement field (u)
b) The rotation tensor (Q)
c) The linearized strain tensor (&)
d) The scalar invariants of strain
e) The principal strains
2) Deduce the relation between the constants a and b

Solutions

Solution to exercise 1
1)Displacement Vector

{u} = {x} = {xo}

Xo + 2ay, Xo 2ay,
u= < Yo - yO) = 0 )
Zy Zy 0

2) Deformation Gradient Tensor
1 2a 0
[F]=10 1 0

0 0 1

1 0 011 2a O
21 0|0 1 O

0 0 1110 0 1

3) Cauchy Deformation Tensor

[C] = [F]"[F]=

1 2a 0
[C] = [Za 40’ + 1 0]
0 0 1
Solution to exercise 2

Given the motion:

Yo

= + —
X=X +3
Yy=DXYo
Z=Z0

1) Deformation Gradient Tensor
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rdx Ox  0x

dx, 0dy, 0z, 1
mo | o oy |t 30

dx, 0dy, 0z, 0 1 0

dz 0z 0z 0 0 1

[0xy 0y, 0z

This tensor completely describes the local transformation of the material.
2) Cauchy Deformation Tensor

1
] = [FI"[F —%00150
c1=1F1"F =2 1 o||, 3,
0 0 1llo o0 1
2a O
O
1

[C] = [2a 4a% +1
0 0

3) Stretches in the Three Directions

10
Ax) =C =1, A(y) = Cyy = 3’ AMz)=0Cyp=1

4) Angle Between the Axes (x,y)

The angle variation between two initially perpendicular axes is determined using:

y(x,y) = arccos(—=—)
V CixCyy
Substitute the components:
l
Yy = arccos(—) ~ 0.32rad

10
1)(?

y = 18.43°
This indicates that the initially orthogonal axes become distorted after deformation.
5) Green-Lagrange Strain Tensor

) 1 % Of 1 o o
[F]=3cl - iD= 2 2 g —[0 1 0]
2o oo

[ 1 ol

e

=1 1
¥
0 0 0

This tensor measures finite deformation while accounting for nonlinear geometric effects.

6) Stretch and Green-Lagrange Strain in Direction n

a)Stretch in Direction n
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L 1
1 [ 3
A(n) =nTC =§(12 2)|1 10
9
0

3
0

A(n) = 1.09
B) Green-Lagrange Strain in Direction n

1
eu(n) =n'En = (n) =z(122) F

[e>Ne)Y

EGL(n) = 0098
Solution to exercise 3
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Chapter 4: Constitutive Laws

1. Introduction

2. Generalized Hooke’s Law
3. Effect of temperature

4. Strain energy

5. Conclusion

1. Introduction

Constitutive laws represent the fundamental relationships between stresses and strains in
deformable materials and constitute one of the main pillars of continuum mechanics and
elasticity theory. These laws describe the mechanical response of materials subjected to
external loads, thermal variations, or other physical effects. In civil engineering, constitutive
models are essential for predicting the behavior of structures such as beams, columns, bridges,
pavements, and concrete elements under service conditions. Among the most important
constitutive relations, Hooke’s law provides the basis for linear elastic analysis of isotropic
materials. The incorporation of thermal effects allows engineers to evaluate thermal
deformations and stresses generated by temperature changes. Furthermore, the concept of
strain energy plays a crucial role in structural stability, energy methods, and finite element
analysis. This chapter presents the fundamental principles of constitutive laws together with
their mathematical formulations and engineering applications in structural mechanics.

2. Generalized Hooke’s Law

The generalized Hooke’s law in three dimensions describes the relationship between the stress
tensor and the strain tensor for isotropic linear elastic materials. Unlike the one-dimensional
form, this formulation accounts for multidirectional stresses and deformations that occur in
real engineering structures. It constitutes one of the fundamental equations of elasticity theory
and is extensively used in structural mechanics, continuum mechanics, and finite element
analysis.

2.1 Classical Hooke’s Law

Classical Hooke’s law is the fundamental constitutive relation used in linear elasticity. It
establishes a proportional relationship between the normal stress applied to a material and the
resulting normal strain, provided that the material remains within its elastic limit. This law is
widely used in civil engineering to analyze the behavior of structural elements such as bars,
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cables, columns, and reinforcement steel under axial loading. Hooke’s law forms the basis for
more advanced constitutive models used in solid mechanics and finite element analysis.

2.1.1 One -Dimensional State of Stress
In the one-dimensional case, Hooke’s law describes the behavior of a bar subjected to axial
tension or compression.
The relationship between stress and strain is expressed as:
o=Ee
Where

e o :normal stress (Pa or MPa)
e E:Young's modulus or modulus of elasticity
e ¢&:normal strain

» Normal stress is defined as the internal force distributed over the cross-sectional area:

F
9=

Where: F: axial force, a : cross-sectional area

> Normal strain measures the relative deformation of the material:
AL

L
Where: AL : change in length, L, : original length

&

» Young’s modulus is a mechanical property that measures the stiffness of a material. It is

defined by:

o
E=-
&

A material is said to behave linearly elastically when:

e Stress is proportional to strain.
e The material returns to its original shape after unloading.
e Deformations remain small.
The stress-strain curve in the linear elastic domain is a straight line whose slope equals Young'’s

modulus.

Classical Hooke’s law is widely applied in civil engineering for:

Steel bars in tension,reinforced concrete structures,bridge cables,truss members,columns
under compression,deformation analysis.

2.2.2 Two-Dimensional State of Stress in Principal Axes

Let us consider a rectangular material element with a uniform thin thickness, subjected to a
plane stress state characterized by the stresses o1 and o2 (Figure 4.2a).

Under the action of o; alone, the rectangle elongates uniformly in direction 1 and contracts
uniformly in the transverse direction 2 (Figure4 .2b). Therefore, it remains rectangular due to
the isotropic nature of the material. The same behavior occurs under the action of 62 alone, or
under the combined action of 61 and 62 according to the principle of superposition.

The element therefore undergoes no variation of the right angles, no shear distortion, and
consequently the principal directions of stress (1 and 2) are also the principal directions of
strain. This important property is generally no longer valid for anisotropic materials.

e (a)Action of 61 and 62
e (b) Deformed shape under o1 alone
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e (c) Deformed shape under 62 alone
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Figure 4.2 Plane stress state in principal axes
Let us now calculate the principal strain €1.
Under the action of o1 alone, the following elongation appears (Fig. 1b):
%
& =7
Under the action of 62 alone, the lateral contraction phenomenon appears (Fig. 1¢):
" 02
€& = &lat = _Vf

where v is Poisson’s ratio.
By superposition, when cland 62 act simultaneously:
01 — V0O,
E
Applying the same reasoning in direction 2 leads to a second equation of similar form. Together
with the first one, they give the two-dimensional Hooke’s law:

g =¢&+¢ =

& = E (01 —v0oy), &= E (02 —voy)

-7 I 7161

N
Compliance Matrix

In matrix form

and inversely,

0y =—— (& tve

0y = (&2 +veq)

1 —v2
o} ===0 1
02 1—v2ly 11L&
The matrix above is called the stiffness matrix.

Remark : This law corresponds to the plane stress state and not to the plane strain state.

2.2.3 Three-Dimensional State in Principal Axes
By using a similar reasoning, the three-dimensional Hooke’s law is obtained:

1

& = I [01 — V(0 + 03)]
1

£ % [0, — V(o3 + )]
1

&3 = i [03 — V(01 + 03)]
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€1 11 —v —V](%
&2 = r2 i 1 —v|[y92
&3 -v —v 11103
where the matrix is called the compliance matrix.
Or, by solving with respect to the stresses:

0, = A+vd -2 [(1=Vv)e +v(e; + &3)]
O = A+ -2 [(1=v)e; +v(ez + &)
03 [(1=Vv)es +v(er + &)

T A +v(d-2v)

04 E 1-v) v v &
{02}:(1”)(1—21/) ’ A=-v) v {82}

03 v 1-v)|\&

The matrix above is called the stiffness matrix.

2.2 Generalized Hooke’s Law in Three Dimensions

For isotropic materials, the constitutive law is written in compact tensor form as:
O'ij = /1£kk6ij + 2,Ll€ij

[ Yoy - Yaz]
Oxx  Txy Txz Vxx 2 yz
— — | 2= vz
Where O'ij = Tyx Uyy Tyz , gij = I 2 Syy > I
sz sz O-ZZ l Yzx Yzy J
2 2

The symbol 8ij is called the Kronecker delta,
The constants A and p are called Lamé elastic constants given by :
Ev
A=
1Q+v)(1-2v)
E
21 +v)
e The parameter A is associated with volumetric deformation and compressibility of the
material.
e The parameter p is the shear modulus or modulus of rigidity, It measures the
resistance of the material to shear deformation.
Physical Interpretation of the Equation
o First Term Agy; 6;; represents : volumetric deformation,hydrostatic effects,and uniform
expansion or compression.
o Second Term 2u¢;;jrepresents: distortional deformation,shear effects,and shape change
of the material.
Expanded Form of the Constitutive Equations
Normal Stress Components :

u==aGag=

Oxx = AM(Exx + Eyy T £72) + 21Exx

Oyy = A(Exx + &)y + €5,) + 2uey,y,

Ozz = A(Exx + Eyy T €2) T 2UEy,
Shear Stress Components:
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Tyy = 2UExy

Tyy = 2UEy,

Tyz = 2UExy;
2.3 Shear modulus
Consider the particular plane stress state called pure shear. It is characterized, on a rectangular
element, by the principal stresses:

o,=0 and o0, =—0

and, on a square element whose sides are oriented at 45°to the principal directions, only by
tangential stresses of magnitude:

T

Figure 4.3 Pure Shear configuration.
Let us study the deformation of the square ABCD. Its sides do not change length since they are
subjected to no normal stress( Figure 4.3). The diagonal AC elongates by the same amount that
the diagonal BD shortens, due to the isotropy of the material. Moreover, introducing:
0, =0 and o0, = —0
into relation (5), we obtain:
o(1+v)

€ac = —€Bp = —F
The deformed configuration of the square therefore becomes a rhombus: only the right angles
change. Consequently, pure shear produces sliding deformation (Figure 4.4).
According to Hooke’s law, there must be proportionality between the shear stress t and the

shear strain y. By analogy with relation of classical Hooke’s Law(1D), we write:

T
T = Gy, y=5

The elastic constant G, which has the dimension of stress (like E), is called the shear modulus
or Coulomb modulus.

Where:

G: shear modulus ,y: shear strain (sliding deformation)

Figure 4.4 Deformation Due to Tangential Stresses.
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£
dxy

v/2
v
¥/2

Figure 4 - Mohr’s Circle of Strain in Pure Shear

However, since only two elastic constants are sufficient to characterize an isotropic Hookean
solid, there must exist a relation linking E, v, and G. Furthermore, the fact that a state of pure
shear (Figure 4.4) can be extracted from a state where only normal stresses act (Figure 4.3)
proves that such a relation must exist.
On the faces of square ABCD, only the half-shear strains y/2 act (Figure 4.4), and the Mohr strain
circle is centered at the origin (Figure 4.5). Along the principal direction x; , the normal strain
is therefore:
o=t
2

Moreover, in pure shear:

o0=1 and o0, =-T

Thus, Hooke’s law may be written along direction x;:

y 1
& = 2 = E(Q —Vv0y)
1 T(1+v)
=z (t+vr) = —F
From this relation, we obtain:
E
T2a+w’
and by comparison with t = Gy,y = %:
E
C=2a v

One important application of the shear modulus is the experimental determination of Poisson’s
ratio v. The direct measurement of v is delicate, whereas measuring G is relatively simple,
particularly through a torsion test. Equation of G then allows accurate determination of v when
both E and G are experimentally measured.

2.4 Isotropic hooke’s law in non-principal axes
Tangential stresses produce only shear deformations without volumetric expansion, while

normal stresses produce only dilatations without shear deformation. Therefore, due to the
isotropy of the material, there is no coupling between these two types of deformation.

2.4.1 Isotropic hooke’s law

For each plane(x;, x;) with(i # j), Hooke’s law between the shear stress and the shear strain is:
Txy = nyyTyz = nyszz = GV

and, in a three-dimensional Cartesian coordinate system (x,y,z), the generalized Hooke’s law is

written as:
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1

E [Uxx - V(ny + Gzz)]

1
Eyy = E [O'yy - 1/(O_Zz + Gxx)]

1

€2z = E [azz - 1’(axx + ny)]

Txy Tyz Txz
Yxy = Tyyz = Tyxz = ?

The previous equations may be written in matrix form as:

Exx r 1 -V -V 0 0 0 (o-xx\
(gyy] -V 1 i % 0 0 0 ny
€27 1f—v —v 1 0 0 0 Ozz
exy?:E 0 0 0 2(1+v) 0 0 Oy
Exz 0 0 0 0 2(1+v) 0 Oxz
&) lo o o 0 0o 20+wlla.)

This matrix is called the compliance matrix.

Using index notation, the six equations (12) may be written in the compact form:

&ij = %[(1 +V)0i; — VO 6y5]
where: §;; is the Kronecker delta, gy is the trace of the stress tensor.
The volumetric strain is obtained by setting i=j and summing:
1—-2v

E
By writing: ¢;; = %00 , where g, is the mean stress;the Bulk Modulus appears:
E
K=3sa—2

The bulk modulus characterizes the resistance of the material to volume variation.

&y =& = Oii

2.4.2 Inverse Hooke’s Law

The inverse constitutive relations are:
E

% T (- 2v) [

) [(1 =gy, +v(es, + ex0)]

(1= Vg +v(eyy + €22)]

VT A+ v = 2v

% = Tr Az [TV (et ey

Txy = nyyTyz = nyzrxz = nyz
The matrix representation becomes:

1 —v v v 0 0 0
v 1—v % 0 0 0
o £
Gxx v v 1—v 0 0 0 (Sxx\
yy 1—=2v yy
Ozz | E 0 0 0 > 0 0 €2z
Oxy (1 + V)(l - ZV) 1—2v Exy
| oz | 0 0 0 0 0 |||
1—-2v
0 0 0 0 >
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This matrix is called the rigidity matrix or stiffness matrix.

In Index Form :

v
0ij = 2G(&;j + 7 &xxbiy)
which can also be written as:

Oij [(1 - ZV)Eij + ngk(sij

T A+va-2v)

Instead of the engineering constants E, v, and G, one may use the Lamé coefficients:
vE E

/1 = , = G =
T+wna-2v) * 2(1+v)
Then Hooke’s law becomes:

O-ij = /‘{Skké‘ij + Z,LLEL']'

2.4.3 Deviatoric Form of Hooke’s Law
Using the deviatoric stress tensor s;; and the deviatoric strain tensor e;;, Hooke’s law may be
written as:

sij = 2Gey;j
and

Ok = 3K ek
Where: s;; : deviatoric stress tensor, e;; : deviatoric strain tensor.
The equation s;;describes shape distortion without volume change, The Equation oy
represents the volumetric deformation condition.
The table relating all these elastic constants is given below:

Table 4.2 Relations Between Elastic Constants

1= Ev
T (14+v)(1-2v)

(E,v) > () First Lamé coefficient

(E, v) » (0= G) Shear modulus (second Lamé coefficient) | u=G =

2(1+v)
31+ 2
& w - (E) Young’s modulus E = ,u(—u)
A+u
(& W~ (v)  Poisson’s rat _r
e d =
, 1 \Y oisson’s ratio v 2T D
2
(A, w) - (K)  Bulkmodulus K=2+3
9KG
K, G)—> (E Y ’ dul E =
( ) - (E) oung’s modulus TN
b d R
; \Y oisson’s ratio ; 2GR T 0
(E, G) » (v) Poisson’s ratio v = % -1
E
(E, v) - (K) Bulk modulus K = m
(K, v) - (E) Young’s modulus E =3K(1-2v)
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(K, E) - (v) Poisson’s ratio

2.5 Hooke’s Law in Orthotropic Material Case

An orthotropic material is a particular type of anisotropic material whose mechanical and
physical properties are different along three mutually perpendicular directions called the
principal material directions.

These three orthogonal directions are planes of material symmetry, meaning that the material
behavior remains unchanged when observed with respect to these planes.

Typical examples of orthotropic materials include:Wood,Plywood,Fiber-reinforced composites
Laminated materials,Rolled metal sheets.

The constitutive relation becomes:

1 V21 V31
— - —— 0 0 0
E; E, E;
v 1 Vv
12z - -32 0 0
81 El EZ E3 0'1
() . (o)
& s Yz 20 g 9 o] o2
A O B
Yas [ 1 T3
ly31| 0 0 0 P 0 0 lT31|
) 23 )
V12 1 T12
0 0 0 0O — 0
Gy
0 0 0 0 0 !
G,

2.6 Hooke’s Law in Anisotropic Material Case

An anisotropic material is a material whose mechanical properties depend on the direction
considered.Unlike isotropic materials, the elastic behavior changes with orientation. Therefore:

e Stress and strain directions are not necessarily identical.
e The material may deform differently along different axes.
e Coupling between normal and shear components may exist.
The most general linear elastic constitutive law is:
0ij = Cijki €kt
where: C;j; is fourth-order stiffness tensor
The inverse relation is:
&ij = Sijki Okl
Where:S;ji; = Ci;,il is compliance tensor

Using Voigt notation, the Matrix Form of 3D constitutive law becomes:

01 C11 Cip Ciz Ciu Cis Cigl &
03 Ciz Gy Cuz Cyy Cys Gyl &2
03 | _|Ciz Cy3 C33 C34 C35 Cs6)) &3
Tz [Cia Coy Ca Cay Cas Cugl|V2s
T31} Cis Cys G35 Cus Css Cse 7’31)
T12 [C16 Ca6 (36 (a6 Cs6 Ceel V12

The most general anisotropic material possesses 21 independent elastic constants.
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3. Effect of temperature

Under the effect of heat, materials generally undergo thermal expansion. Let us consider a
continuous medium subjected to a temperature field. When the temperature variation AT
inside the material is continuous and uniform within the considered element, this variation
mainly affects the strain tensor.

The relationship linking stresses, strains, and temperature is expressed by the following
constitutive equation, in which the stress tensor depends linearly on both the strain tensor and
the temperature variation:

o=0y+A:¢— K0

where:

e 0, :initial stress tensor
o A: fourth-order elasticity tensor
e 6 =T —T,: temperature variation between the reference configuration at temperature
T, and the current configuration at temperature T
e K@:thermal stresses generated by the temperature change
This formulation is valid for small temperature variations satisfying:
T—Ty LT,
3.1 Linear Isotropic Thermoelastic Constitutive Law

For a linear isotropic thermoelastic material, the previous relation simplifies into the classical
thermoelastic law:

o = ool + 2ue + Atr(e)l — KOI
where:

e Aand p: Lamé coefficients
e K:thermal coefficient
e 0yl: initial stress tensor
e tr(g): trace of the strain tensor
e [:identity tensor
The term K61 represents the thermal stresses induced by temperature changes.

3.2 Inverse Thermoelastic Relation

Conversely, the strain tensor can be expressed as a function of stress and temperature

variation:

1+v
E

v
e =gyl + o— Etr(a)] + abl

where:

E: Young’s modulus

v : Poisson’s ratio

a: coefficient of thermal expansion

&o : initial strain tensor

The initial strain under zero stress and zero temperature variation is given by:
(1-2v)

&y = — T ()

The thermal expansion coefficient is defined as:
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K
*= 31+ 2u
Physical Interpretation

o When temperature increases, most materials expand, producing additional strains called
thermal strains.

o Ifthermal expansion is restrained, thermal stresses develop inside the structure.

o Thermoelasticity studies the coupling between mechanical deformation and thermal
effects.

Common Civil Engineering Materials and Their Mechanical/Thermal Properties resumed in the
table 4.2

Table 4.2 CommonMaterials and Their Mechanical/Thermal Properties.

Material Young’s Modulus Poisson’s Ratio Coefficient of Thermal
(E) (GPa) v) Expansion (cc)((lO‘6 /°C))

Structural Steel 200 - 210 0.27 - 0.30 11-13
Stainless Steel 190 - 200 0.27-0.30 16-18
Aluminum 68 - 72 0.32 - 0.35 22 - 24
Cast Iron 100-170 0.21-0.30 9-12
Reinforced Concrete 25-40 0.15-0.25 10 - 14
Plain Concrete 20-35 0.15-0.20 9-12
High-Strength Concrete 40 - 55 0.18 - 0.25 10-13
Prestressed Concrete 35-50 0.18-0.22 10-12
Timber (Parallel to Grain) 8-16 0.25-0.40 3-6

Glass 60 - 80 0.20-0.27 8-10
Brick Masonry 5-20 0.15 - 0.25 5-8

Granite 40-70 0.20-0.30 7-9

Limestone 20 -50 0.20 - 0.30 4-8

Asphalt Concrete 1-10 0.30 - 0.45 20-35
Copper 110-130 0.33-0.35 16-17
PVC 2-4 0.38-0.42 50-80

4. Strain energy

Strain energy is the internal energy stored within a material or structure when it deforms under
the action of external forces. When a body is subjected to loading, stresses and strains develop
inside the material, and the work done by the applied forces is transformed into elastic
potential energy. As long as the deformation remains within the elastic range, this energy is
recoverable when the loads are removed.

The concept of strain energy is fundamental in elasticity, structural mechanics, and continuum
mechanics because it provides an energetic interpretation of deformation and mechanical
behavior. It is widely used in the analysis of beams, plates, shells, machine components,
aerospace structures, bridges, and advanced engineering materials. Strain energy methods are
also essential in modern computational approaches such as the finite element method (FEM).
For a simple linear elastic system subjected to a gradually applied force P producing a
displacement §, the strain energy stored in the body is:

U—1P6
2

This relation corresponds to the area under the load-displacement curve in the elastic domain.
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4.1Mathematical Formulation
In elasticity theory, strain energy may be expressed in terms of stress and strain components. For a
uniaxial loading case, the strain energy stored in a body of volume V is given by:

U—1 4
=508

where:
e 0 isthe stress,
e ¢gisthe strain,
e Vis the volume of the material.
The strain energy per unit volume is called the strain energy density:
1

u=-0¢
2

For a three-dimensional elastic body, the general tensorial form becomes:

1
u = Eo-ijgij

and the total strain energy of the body is:
1
U= —jaijsij av
2 14

These expressions are fundamental in continuum mechanics and energy-based formulations.

4.2Applications in Structural Mechanics

Different loading modes generate different forms of strain energy. For an axially loaded bar, the strain
energy is expressed as:
P2L
U=24F
where L is the length of the bar, A is the cross-sectional area, and E is Young’s modulus.
In beam bending problems, the strain energy due to flexure is:

L
M?(x)
U—f SE] dx
0

where M(x) is the bending moment and | is the moment of inertia.
For torsional loading, the strain energy becomes:

L
_[rw
U—j 2G) dx

0

where T(x) is the torque, G is the shear modulus, and J is the polar moment of inertia.

Strain energy methods are closely related to Castigliano’s theorem:

5 _ U
‘T ap,

which allows the calculation of displacements and rotations in structures.

Strain energy plays an essential role in structural analysis, fracture mechanics, vibration analysis, and
finite element modeling. In fracture mechanics, regions with high strain energy density often
correspond to crack initiation zones. In FEM, strain energy principles are used to derive stiffness
matrices and numerical formulations for complex structures.
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The concept is widely applied in civil engineering, aerospace engineering, renewable energy systems,
composite materials, and biomechanics. Understanding how materials store and release energy helps
engineers design safer, lighter, and more efficient structures.

Overall, strain energy provides a direct connection between forces, deformations, and energy storage,
making it one of the most important concepts in elasticity and modern engineering mechanics.

5. Conclusion

This chapter presented the fundamental constitutive laws governing the mechanical behavior
of deformable solids and established the relationship between stresses and strains in elastic
materials. The generalized Hooke’s law was developed progressively from one-dimensional
loading conditions to two-dimensional and three-dimensional stress states, highlighting the
importance of elasticity theory in continuum mechanics. Special attention was given to
isotropic, orthotropic, and anisotropic materials, showing how material symmetry and
directional properties influence mechanical response. The chapter also introduced the inverse
and deviatoric forms of Hooke’s law, as well as the role of the shear modulus and Lamé
coefficients in elastic formulations. Thermoelastic effects were examined to demonstrate the
influence of temperature variations on stress and deformation fields in materials and
structures. Furthermore, the concept of strain energy was presented as a powerful energetic
approach for analyzing deformation, structural behavior, and stability problems. The
mathematical formulations and engineering applications discussed throughout this chapter
constitute essential tools for structural analysis, finite element modeling, fracture mechanics,
and advanced material design. Overall, constitutive laws provide the theoretical foundation
necessary for understanding and predicting the mechanical behavior of engineering materials
under various mechanical and thermal loading conditions.

Exercises

Exercise 1 One-Dimensional Hooke’s Law
A steel bar of length L=2m and cross-sectional area A = 500mm? is subjected to a tensile force
P=50kN. The material has Young’s modulus: E=210Gpa, Poisson’s ratio: v=0.3
Determine:

1. The normal stress.

2. The normal strain.

3. The elongation of the bar.

4. The lateral strain.

5.
Exercise 2 Two-Dimensional Plane Stress State
An isotropic elastic material is subjected to the following stresses:

o, = 120 MPa, o, = 120 MPa

The material properties are: E=200 Gpa, v=0.25.
Determine:

1. The strain &,

2. The strain ¢,

Exercise 3 — Three-Dimensional Hooke’s Law
A material element is subjected to the following stresses:
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01 = 150 MPa, 0, = 80 MPa, g3 = 40 MPa
The material properties are: E=210 Gpa, v=0.3\nu=0.3v=0.3
e Determine the strains: ¢;, €,, &3

Exercise 4 Thermoelasticity
A steel rod is fully restrained at both ends and subjected to a temperature increase:
AT = 60°C
Material properties: Young’s modulus: E=200GPa, Thermal expansion coefficient: a =
12x107%/°C
Determine the thermal stress generated in the rod.

Exercise 5 Strain Energy in an Axially Loaded Bar

A steel bar has a Length L=1.5m ,Cross-sectional area: A = 400 mm? ,Young’s modulus:
E=210GPa

The bar is subjected to an axial tensile load:P=80 kN

Determine the strain energy stored in the bar.

Exercise 6
Consider the following stress tensor:
4 2 0
o= [2 30
0 0 1

Knowing that E=125Mpa and p=45 Mpa, determine the components of the corresponding
strain tensor.

(MPa)

Exercise 7
The following strain tensor is defined:
0 0 -1
s=[0 2 2]><10—2
-1 2 2
Deduce the stress tensor at point M, knowing that: E = 21 x 10* MPa,v = 0.28

Exercise 8

Consider a block composed of two cylindrical parts with axis (x—x), cross-sectional area S, and
lengths [;and [, respectively. Both parts are made of the same linear isotropic thermoelastic
material characterized by (E,v,a). These two parts are held between two fixed plates and
separated by an expansion joint of thickness A .

Initially, the stresses are zero (natural state), the temperature is T,, and body forces are
neglected. A uniform temperature increase is imposed: 6; = T; — T,

1.Determine the value of T; corresponding to the contact between the two parts.

Numerical data: T, = 20°C, E = 2.1 X 10° Mpa,v=03,1;=10m, I, =7m, 4 =5mm
2.Another temperature increase is then imposed: 8, = T, — T;. Calculate the resulting stress
Oy in the two parts.

Numerical data: 68, = 10°C .
The constitutive relations are: 0 = A (tre)l + 2ue — K01, ¢ = 1;_1/0 - % (tro)l + abl
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Solutions
Solution to exercise 1
1. Calculate the normal stress
The normal stress is given by:o = g

Convert the area:
A =500mm? = 500 x 10~® m?
Convert the force:
P=50kN =50x 103N

Substituting:
50 x 103
o= 500 x 106 100Mpa
Step 2: Calculate the normal strain
Hooke’s law in one dimension:
o
‘TE
100 x 10° i
&= m =4.76 X 10
Step 3: Calculate the elongation
The elongation is:
AL = €L

AL =476 X 107* x 2 = 0.952mm
Step 4: Calculate the lateral strain
€lat = —VE
glar = —03%X476x107* = —-1.43 x 1074
The negative sign indicates contraction.
Solution to exercise 2

For a plane stress state:

1
& = E (01 —voy)

& = E (0, —voy)
Calculate &, and\varepsilon_2

Substitute the values:

= — (120 x 10° — 0.25 x 50 x 10°) = 5.375 x 10™*
200%X10

1
= 6 _ 6y — —4
& = 55575 (50 X 10° = 0.25 X 120 X 10°) = 1.0 x 10

&

Solution to exercise 3

The three-dimensional Hooke’s law is:
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1
&3 = I [03 —v(01 + 03)]

= _[150 x 105 — 0.3(80 X 10° + 40 x 10°)] = 5.43 x 10~*
&1 = 210 % 109 ( + )]

1
T 210x10°

& [80 X 10° — 0.3(40 X 10° + 150 X 10%)]= 1.1 x 10~*

40 x 10 — 0.3(150 x 10° + 80 x 10%)] = —1.38 x 10~*

En = —m——
3= 210x 10° |
The negative sign indicates contraction.

Solution to exercise 4

For a fully restrained rod, the thermal stress is:

o = EaAT
Substitute the values:
0 =200x%10°%x 12 x 107° x 60 = 144Mpa
The stress is compressive because the expansion is prevented.
Solution to exercise 5

The strain energy for axial loading is:
P?%L
U=2aE
Convert the quantities: P = 80 X 103N, A =400x10"°m?2, E =210 x 10° Pa
Substitute into the formula
(80 x 10%)?2 x 1.5
U= X200 106 x 210 x 109

=57.14]

This value represents the elastic energy stored in the bar during deformation.

Solution to exercise 6
Consider the following stress tensor:
_ 4 2 0
o= [2 3 0
0 0 1

Determine the components of the strain tensor knowing that: E = 125 MPa, u = 45 MPa
The generalized Hooke’s law is:

(Mpa)

1+v v
€ij = 5 01j ~ 7 01j0kk

The trace of the stress tensor is:

Ukk:tr(0_'>:O'11+O'22+O'33:4'+3+1:8Mpa

Using:
E
K=2a+v)
we obtain:
E 125

-1=0.39

=——1=
V= o 2 % 45
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Normal strain components

1+v v
€11 = Tan - E(Tkk
—1+0'394 0-39 8) = 1.952 x 1072
1= (W -5 ®) =
_1+o.393 0398 0.84 x 10-2
€2 =15 B~ ®) =
—1+0391 0-39 8 1.38 x 1072
€3 =55 D15 ® =
Shear strain components
1+v 1+0.39

€12 =~ 01 —1—(2)—222><10 2
because §;, = 0.
€13=0, &3=0
Therefore:

=12.22 0.84 0 |x107?

[1.95 2.22 0
0 0 -1.38

Solution to exercise 7
The strain tensor at point M is:
] 0 0 -1
s=[0 2 2]><10—2
-1 2 2
Determine the stress tensor knowing that: E = 21 X 10* Mpa, E = 21 x 10* MPa

The constitutive law is:
0;j = A;jexk + 2ug;
Lamé coefficients:
E 21 x 104 4
K= 00Ty 20 t0z28  >2x10
B VE B 0.28 x 21 x 10* B .
A= ATy d—2x028)d+028)  [044x10

Components of the stress tensor

Fori=1, j=1

011 = (A + 2/1)811 + 1822 + 1633
Since ¢, = 0:
011 = AEpy + £33) = 4 X 1072 x 10.44 x 10* = 41.76 x 10% Mpa

Fori=1, j=2
O1p = 2§4€1, = 0
Fori=1, j=3
013 = 20&13 = 2 X 8.2 %X 10* X (—1) X 1072 = —16.4 x 102 Mpa
Fori=2, j=2

052 = A&y + (A + 2p) ez, + Aess
Oy =2 X 1072(10.44 X 10* + 2 X 8.2 X 10%) 4+ 10.44 x 10* X 2 X 1072 = 74.56 X 10%> MPa
Fori=2, j=3
O3 = 2UEpz = 2 X 8.2 %X 10* x 2 x 1072 = 32.8 x 10> Mpa

authored by: Dr Guesmi mohamed year 2025/2026 77




Elasticity

Fori=3, j=3
033 = Ae1y + A&z + (A + 2p)é33
033 =2x1072(2 x 10.44 x 10* + 2 X 8.2 X 10%) = 74.56 x 10%> MPa
therefore:
] 41.76 0 —-16.4
o= [ 0 74.56 32.8 ] x 10?2 (MPa)

—16.4 32.8 74.56
Solution to exercise 8

1. Determination of 7; corresponding to contact between the two parts
We consider a uniaxial stress state:

] O 0 O

o= [ 0 O O]

0 0 O
The strain tensor is:

: 1+v: v \ - i}
£= O'—E tro |1 + afl

E
Thus:
[Zxx ]
l? + CZB 0 O |
- V0.
£ = I 0 — E"" + ab 0 I
I Vo I
| o 0 — E"" +af |

The expansion joint allows free expansion without stress:
A#0=0, =0

Hence:
Exx = by
For part 1:
Aly = gxxly
For part 2:
Aly = g4y
Contact occurs when:
Al = exxl;y
Therefore:
Exx(ll + lz) =4
ad, (L, +1,) =4
a(ly —-To)(lL+1) =4
Hence:

A
RRCOEIA A
Substituting the numerical values:
5x 1073
h=17% 10-6(10 + 7)
2. Stress resulting from an additional temperature increase 6,
After contact, the two parts can no longer elongate:
Exx =0

+ 20
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Thus:

O-xx

—— 6, =0

E +a 2
Therefore:

Oxx = —EaB,
Substituting:

Opxx = —2.1 X105 x 12 x 107 x 10 = —25.2Ma (Compression stress.)
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Chapter 5: General Equations of Linear

Elasticity

1. Introduction
2.Navier-Cauchy equation

3. Beltrami-Michell equations
4. Saint-Venant Principle
5. Conclusion

1. Introduction

Linear elasticity constitutes one of the fundamental pillars of continuum mechanics and solid
mechanics. It provides the mathematical framework used to describe the behavior of
deformable solids subjected to external loads while remaining within the elastic domain.

The term “linear” refers to the proportional relationship between stresses and strains,
commonly expressed through Hooke’s law. This assumption is valid when deformations are
sufficiently small and when the material behavior remains elastic.

The theory of elasticity generally assumes that materials are homogeneous and isotropic. A
homogeneous material possesses identical properties at every point, whereas an isotropic
material exhibits identical mechanical behavior in all directions. Although real engineering
materials may not always perfectly satisfy these assumptions, they provide sufficiently accurate
approximations for many practical applications.

The unknown quantities in elasticity problems may be expressed either in terms of
displacements or stresses. Depending on the chosen formulation, different systems of
differential equations can be established. Among the most important formulations are:

e Lamé equations, expressed in terms of displacement components.
e Beltrami-Michell equations, expressed directly in terms of stresses.
These equations constitute the general equations of linear elasticity and form the basis for

analytical methods, numerical techniques, and finite element formulations.

The formulation of elasticity problems also requires the specification of boundary conditions.
Two principal categories exist:

e Displacement boundary conditions, where the displacements are prescribed.
e Traction boundary conditions, where surface forces are specified.
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A complete elasticity problem consists of:

The governing differential equations

Constitutive relations

Compatibility conditions

Appropriate boundary conditions

In practice, solving elasticity equations exactly is often difficult because of the complexity of

geometries and loading conditions. Consequently, approximate numerical techniques such as
the finite element method (FEM) have become essential tools in modern engineering analysis.
The present chapter introduces the fundamental equations governing linear elasticity.
Particular attention is devoted to Lamé equations, Beltrami-Michell equations, and Saint-
Venant’s principle. These concepts constitute the theoretical basis for advanced methods used
in structural analysis and computational mechanics.

The chapter also emphasizes the physical interpretation of elasticity equations and their
engineering significance. Understanding the derivation and application of these equations
allows engineers to model structural behavior accurately and to design safer and more efficient
systems.

2. Navier-Cauchy equation
2.1General Concept

The governing displacement equations of isotropic linear elasticity are commonly called the
Navier-Cauchy equations; they involve the Lamé parameters A and p. These equations describe
the equilibrium of an elastic body in terms of displacement components rather than stresses or
strains.

This displacement-based form is especially useful because once the displacement field is
known, strains and stresses can be obtained directly from the kinematic and constitutive
relations. For a three-dimensional Cartesian system, the displacement vector is

u=(uvw)

Where u, v and ware the displacement components in the x, y, and z directions, respectively.
The derivation is based on:

e Equilibrium equations.
e Strain-displacement relations.
e Hooke’s law for isotropic linear elastic materials.
By eliminating stresses and strains in favor of displacements, one obtains a system of second-

order partial differential equations.
2.2 Equilibrium Equations
For a body subjected to body forces (fy, fy, f;) ), the static equilibrium equations are
00yy OTxy 0Ty,
+ +£=0
0x oy 0z fx

ot do ot
yx %%y , Tlyz
0x dy 0z

+£,=0

0T,y N 01,y N da,,

ox Yoy Toz TS0

These equations express the balance of internal stresses and external body forces in an
infinitesimal material element.
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2.3 Strain-Displacement Relations

For small deformations, the normal strains are
Jdu dv aw

xS xSy Ty

The engineering shear strains are

_6u+6v
Yxy =3y " ox
_c')v_l_c')w
Yyz = 3 dy
_6w+6u
Vax = 9x T 0z

These relations connect the displacement field to the deformation field. They are valid under
the assumptions of small strains and small rotations.

2.4 Constitutive Relations

For isotropic linear elastic materials, Hooke’s law can be written in terms of the Lamé constants
as
Oij = A(Sijgkk + Zﬂgij

The Lamé constants are related to Young’s modulus E and Poisson’s ratio v by
Ev E

A= a+v)(1-2v) K= 2(1+v)

These parameters characterize the elastic response of isotropic materials.

2.5 Derivation of the Governing Equations

Substituting the strain-displacement relations into Hooke’s law and then into the equilibrium
equations yields the displacement form of linear elasticity:
A+wWV@-uw) +uVu+f=0

where:

e U -uisthe divergence of the displacement field.
e V2uis the vector Laplacian.
e fisthe body force vector per unit volume.
This is the standard form of the Navier-Cauchy equations for static isotropic elasticity.

The expanded cartesian form of this equations become

0 Oou OJv .
()l+/,t)—(—+$+—)+/u7 u+f,=0
Ju OJ0v Ow 5
(A+M)—(—+@ Z)+/¢l7 U+fy=0

Ju Jv
,u—— —+—)+uVw+f, =
A+uw)=—( ay+ )+ V2w +f, =0
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These equations govern the displacement field inside an elastic solid.

Physical Interpretation

The term involving V(V-u) is associated with volumetric deformation, while the term V?u is
associated with distortional or shape-changing deformation. Together, they describe how
internal elastic forces balance external body forces.

The equations also show coupling between the displacement components. A displacement in
one direction can influence deformation in other directions through Poisson effects.

Special Cases

a)Plane Stress :For thin plates subjected to in-plane loading, the stress normal to the thickness
is negligible: 0,, = 0

This reduces the 3D elasticity problem to an effective two-dimensional formulation.

b) Plane Strain : For long structures where deformation along one direction is negligible:
€, =0

This assumption is commonly used in geotechnical engineering, tunnel analysis, and dam or
retaining wall modeling.

c) Axisymmetric Problems
When the geometry and loading are symmetric about an axis, the governing equations can be
written in cylindrical coordinates, which simplifies the analysis.

2.6 Engineering Applications

The Navier-Cauchy equations are widely used in:

Structural mechanics.
Pressure vessel analysis.
Tunnel engineering.
Geomechanics.
Finite element analysis.
Aerospace structures.
e Mechanical component design.
Their displacement-based form makes them especially suitable for numerical methods such as

the finite element method.

Modern finite element methods are largely built on displacement formulations derived from
linear elasticity. In most structural simulations, nodal displacements are the primary
unknowns, and stresses and strains are recovered afterward.

These equations also form the theoretical basis for elastic wave propagation, vibration analysis,
and dynamic behavior of structures.

3. Beltrami-Michell equations

The Beltrami-Michell equations are an important formulation in linear elasticity, written
directly in terms of stress components rather than displacements. They are especially useful
when the stress field is the primary unknown and when one wants to enforce both equilibrium
and compatibility in a stress-based formulation.

These equations were developed through the work of Eugenio Beltrami and John Henry Michell,
who made major contributions to classical elasticity theory.
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In many engineering problems, stress is the key quantity because failure criteria are usually
expressed in terms of stress limits. Typical examples include:

Yielding of metals.

Cracking of concrete.

Fracture mechanics.

Fatigue analysis.

Pressure vessel design.

A stress formulation can be useful in analytical elasticity because it gives direct access to stress

distributions without first solving for displacements.

3.1 Compatibility Conditions

Compatibility conditions ensure that the strain field corresponds to a continuous displacement
field. In three-dimensional elasticity, they are derived from the strain-displacement relations.
One of the classical compatibility equations is
2 2
028,y N gy _ 077y,
dy? ox?  0xdy

This relation is correct when Vay is the engineering shear strain. More generally, the full three-

dimensional compatibility system contains six independent equations. If compatibility is not
satisfied, the strain field may be mathematically possible but physically impossible because it
cannot come from a single-valued displacement field.

3.4 Derivation of the Equations

The Beltrami-Michell equations are obtained by combining:

e equilibrium equations,

e Hooke’s law,

e strain compatibility conditions.
For homogeneous isotropic linear elastic materials without body forces, a standard form is lamé
equation is

de,
(A+@5;+6Wu+@=0

de, 5
(/1+G)E+GV U+Fy:0

de, )
(/1+G)E+GV W+FZ=0
where:
_ _Ou, v ow o 9% 9 9
sv—exx+eyy+ezz—ax+ay+ 5 %4 _ax2+ay2+az2
Under the effect of temperature variations, the equations become:
1+ 6) 2 4 G af _0UT) k-0
( ) ox R o
1+6) 2 4 G of _0UT) g _o
( ) dy T dy o
aE 9(4T)

Il
o

A+Ga%+GW
( )az W10 oz z
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By differentiation of Lamé equations respectively with respect to x, y, and z, assuming that the
body forces are constant (Fi—constant)

G—(VZ )=0
2
A+ G) =+ G—(Vzv) =0 5.1
(/’L+G) o’ +G—(l72w)—0

By adding those equations term by term, we obtain:

When the body forces are constant, the Laplacian of the volumetric strain is zero.

0%e, 0%, 0%, ou ov

A+ 6)( + + ) + \72(— — a—W)—O
0x? = 0dy? 0z? 6y dz”

(A+26)V?%e, = 0; VZe, =0
It is therefore necessary to transform the strains in equations into stresses. For this purpose,
Lamé’s equations are used. Applying the Laplacian operator to these equations gives:
(V2 (00x) = AV%(g,) + 2GV?(ey) V2(0yy) = AV2(&,) + 2GV (e ) V2 (0,,)
= AWW2(&y) + 2GV?(e5,) = {VZ(0xx) = 2GV?(exy) V?(0yy) 5.2
= 2GV?%(gyy) V2(0,,) = 2GV?(e,,)

According to the generalized Hooke’s law, we have:

9:O'xx+0'yy+O'ZZ:(3/1+26)€v=>81,:3/1+—26

Differentiating this previous equation twice with respect to %, y, and z, we obtain:
%, 1 9%
dx2 (31 + 2G) 0x?

5.3
2%e, 1 9%0
dy?2  (31+2G) dy?

%, 1 9%
022~ (31+2G) 072

We must now substitute equations (5.3) and (5.2) into equations (5.1). This yields the
Beltrami-Michell equations:

29 62
(1+v)V2(0o,,) + 3z = 0; (L+VV?(Tyy) + 2= x ay
29 62

(1 +v)V?%(oyy) + a_yz =0; (1+V)V?(1y,)+ Txds

29 62
1 2 —=0; 1
( +V)V (O-ZZ)+aZZ 0) ( +V)V (TyZ)+ayaZ

5. Saint-Venant Principle
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Saint-Venant’s principle is a principle of linear elasticity which states that the effects of the
initial distribution of stresses over a small region of a material gradually vanish as one moves
away from that region. In other words, at a sufficiently large distance from the load application
zone, the elastic behavior of a material is essentially determined by the boundary conditions
rather than by local details.

Saint-Venant compatibility equations are a set of equations that describe the compatibility of
strains in an elastic material. These equations are named after the French mathematician and
engineer Adhémar Jean Claude Barré de Saint-Venant, who formulated these relations.

In the mathematical theory of elasticity, the Saint-Venant compatibility condition defines the

relation between the strain tensor € and a displacement field u by:
1 ou; OJy o
eijzz(a—xj+a—xi), 1<i,j<3
For second-order tensor fields, the Saint-Venant compatibility equations written in index
notation become:
92 0 a a 0
Fxpdx, + 9x,0%, Ekk — o (a—xkr‘?ik) ~ Fxox,

=0, 1<ij<3

Where: ¢, = tracelg],

e The repeated index k implies summation (Einstein summation convention).
e The two non-repeated indices i and j each vary from 1 to 3.

4. Conclusion

The general equations of linear elasticity constitute the mathematical foundation for analyzing
deformable solids subjected to mechanical loading. These equations combine equilibrium
conditions, constitutive relations, and compatibility requirements to provide a complete
description of stress, strain, and displacement fields within elastic materials.

Among the various formulations, Lamé equations occupy a central position because they
express elasticity problems directly in terms of displacement components. Their displacement-
based formulation is especially important in computational mechanics and finite element
analysis, where nodal displacements are the primary unknowns.

The Beltrami-Michell equations provide an alternative stress-based formulation of elasticity.
These equations are particularly useful in analytical elasticity and stress concentration
problems, where direct knowledge of stress fields is essential. Their relation to Airy stress
functions and biharmonic equations has enabled the development of many classical elasticity
solutions.

Saint-Venant’s principle introduces an essential engineering approximation that simplifies
complex loading conditions. By recognizing that localized stress effects diminish with distance,
engineers can replace complicated load distributions with equivalent simplified systems. This
principle forms the basis of many structural theories and numerical approaches.

Exercises

Exercise 1
The three displacement components U, V, and W at a point P of an elastic solid are given by:
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U=kt e Skyv =2k ﬁkW—O
W =glx—ghkyV =gkx—ZrkyW =

where k is a non-zero constan

The solid is assumed to have an isotropic linear elastic behavior characterized by: E =
210000MPa;v = 0.25

1.Determine the strain tensor [g].

2.Determine the stress tensor [o].

Exercise 2 Lamé Equations
Ahomogeneous and isotropic elastic body is subjected to body forces neglected in all directions.
The displacement field is given by:

u = ax?v = by?,w = cz?

where a, b, and c are constants.
For an elastic material characterized by Lamé constants A and p:

1. Determine the strain components.

2. Determine the stress components using Hooke’s law.

3. Verify whether the displacement field satisfies the Lamé equations in the absence of

body forces.
Exercise 2 Beltrami-Michell Equations
Consider a two-dimensional stress field in an elastic plate:
ox = 6y,0, = 4x, Ty, = 2x + 3y

Verify whether this stress field satisfies the Beltrami-Michell compatibility equation.

Exercise 3 — Saint-Venant Principle
A prismatic steel bar of cross-sectional area:A = 500mm?Zis subjected to an axial tensile force:
P=50 kN
Two loading cases are considered:
Case 1: uniformly distributed load over the entire cross section,
Case 2: concentrated load applied over a small region of the cross section.
Using Saint-Venant’s principle:
1. Determine the normal stress far from the loaded end.
2. Explain the difference in stress distribution near and far from the load application
region.

Solutions

Solution to exercise 1
1)Determination of the strain tensor
The strain tensor can be expressed in matrix form as:
[E(P)]P,(i,j)el = [gxx Exy €xz Eyx Eyy Eyz Ezx Ezy €22 ]
Ju 1 (au 617) 1 (au OW) ov 1 (av 6W> ow
y

“lax2\6y Tax) 2\az T ax) VM 5y 2 Fr

2

0z * E
Thus:
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5 1 1 1 V7
TS5 005 (——k)——kOOOO

[e] =
2) Determination of the stress tensor
The stress tensor is obtained from the constitutive relation:

[c(M)] = Atr[e(M)][I] + 2u[e(M)]
where the Lamé coefficients are:
Ev E

A=A mary T Ty

Finally:
[6] = 21000k | (15 — V7) —% 0 —% (5-3V7)000 (5—-+7)

Solution to exercise 2
1) Determination of Strains

The normal strain components are:
__du __0v __ow
Exx = 55 gyy_ai €2z = 5,
Thus
Exx = 20X, €,, = 2CZ €,, = 2CZ

The shear strains are:
ou ov
yxy_a a—O,VyZ—O,sz—O

e=1[2ax0002by0002cz]

2)Determination of Stresses
Hooke’s law for isotropic elasticity is:
O'ij = /16ijgkk + 2‘LlSij

The volumetric strain is:
&k = 2ax + 2by + 2cz

Thus:
xx = A(2ax + 2by + 2c¢z) + 4uax

oyy = A(2ax + 2by + 2cz) + 4uby
0., = A(2ax + 2by + 2cz) + 4ucz

The shear stresses are zero: 1y, = Ty, = T, =0

3) Verification of Lamé Equations
The Lamé equations without body forces are:
A+ WV -u) +uV?u=0
V-u=2ax+2by+ 2cz
Thus :V(V - u) = [2a 2b 2c]
The Laplacian of the displacement vector is:V?u = [2a 2b 2c ]

Substituting into Lamé equations: (A + p)[2a 2b 2c | + u[2a 2b 2c | = (A + 2u)[2a2b 2¢c ] =0
Thereforea=b=c =0

authored by: Dr Guesmi mohamed year 2025/2026 88




Elasticity

Hence, the given displacement field satisfies Lamé equations only for the trivial case.
Solution to exercise 3
Ox = 6Y,0y, = 4X, Ty, = 2x + 3y

For plane elasticity, the compatibility equation is:
020, N d%a, _ 01y
dy? = 0x? 0x0y

Compute the Second Derivatives

doy 0%0, —0
dy  9y®
doy 0%a, 0
ox © 0x?
02T,y
dx0dy -

The stress field satisfies the Beltrami-Michell compatibility equation.
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Chapter 6: Solution of Plane Elasticity Problems

1. Introduction

2. Plane strain problems

3. Plane stress problems

4. Fundamental Equations of Plane Elasticity
5. Airy stress function

6. Conclusion

1. Introduction

Plane elasticity problems are a class of two-dimensional elasticity problems in which the stress
and strain fields depend only on two spatial coordinates, usually x and y. They arise when the
geometry, loading, and deformation of a body can be idealized as planar, which makes the
analysis much simpler than the full three-dimensional case. In classical elasticity, the two main
plane formulations are plane stress and plane strain.

These problems are important because many practical engineering structures can be modeled
accurately using 2D elasticity, such as thin plates, long tunnels, retaining structures, and parts
with geometric symmetry. A major advantage of plane elasticity is that it allows the use of the
Airy stress function, which reduces the governing equations to a single biharmonic equation
under appropriate assumptions. This makes the chapter a central bridge between classical
analytical elasticity and modern computational mechanics.

In plane elasticity, the main objective is to determine the stress field and, when needed, the
corresponding displacements and strains. The choice between plane stress and plane strain
depends on the thickness, geometry, and boundary conditions of the body. These idealizations
are not exact for every structure, but they are widely accepted because they often capture the
dominant mechanical response with good accuracy.

2.Plane strain problems

If we consider a case in which the displacement w is zero and the displacements u and v are
independent of z, it follows that the strain components are defined by:
10ui+6uj 1<ii<3
i ==(=—+=), <ij<
&ij 2 ax] axi J

and:
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Ez7 = Exz = Eyz = 0

The strain components &,,, £,,and &, are independent of z, which defines a state of plane
strain.
According to Hooke’s law:

€2z = E [azz - 1/(O_xx + O-yy)]

Since the material is not free to deform along the z-direction, the stress component is given by:

Oz = V(Oxx + ayy)

Therefore, the strain and stress tensors reduce to:

[e] = [€xx €xy 0 €xy €4y 0000],  [0] = [Oyy Oy 004y 0y, 0000, |
We observe that the strain state is biaxial (plane strain), whereas the stress state is triaxial,
meaning that it contains three non-zero principal stresses.
By replacing o,,with its value v(gy + 0y,), it is nevertheless possible to write a two-
dimensional form of Hooke’s law

Oxy

_ ’ _ ’ _

{gxx - E (Gxx -V ny) Eyy - E (ny -V Gxx) Exy - 2”
. . . . E

with the effective elastic moduli: E’ = — v = 11_’—1/

3.Plane stress problems

A plane stress state can be defined by the following conditions:

Ozz = Oxz = Oyy = 0

or equivalently, the stress components o,y, 0,, and oy, are independent of z.
According to Hooke’s law:

Oxy

{&xx = E (Oxx = VOyy) &yy = I (Oyy — VOxx) Exy = I

Considering the third coordinate z, we obtain:
%
€2z = _E (Oxx + O-yy)'gxz =0, Eyz = 0

Therefore, the stress and strain tensors reduce to:

[0] = [04x Oxy 004y 05, 0000 ], [€] =[xy €xy 0 &xy £, 000 &,, |
This is a biaxial stress state (with two non-zero principal stresses), whereas the strain state is
triaxial.

4.Fundamental Equations of Plane Elasticity

The fundamental equations of plane elasticity (plane strain problems and plane stress
problems) may be grouped as follows.
4.1 Equations of Static Analysis
a) Equilibrium Equations
In the absence of body forces, the equilibrium equations are:
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00y 00y, 00y 00y,

dx oy ’ dx oy 0

b) Boundary Conditions
{X = oyl + oxymY = 0yl + 0,ym

Where n = (I, m) is the outward unit normal vector to the boundary, making an angle 6,, with
the x-axis.

4.2 Equations of Geometrical Analysis

Cauchy Strain Equations (Extensions and Shear Distortions) are :
ou dav Ju OJv

Exx = ﬁieyy = @’yxy = @-I_a_x
And Saint-Venant Compatibility Equation is
026, 0gyy 02ny
dy2  0x2  0xdy

So the equations of Physical Analysis are
e Hooke’s Equations mentioned previously the plan stress or strain problems

Plane Strain Plane Stress
1 , 1
Exx = E (Oxx —V ayy) Exx = E (Oxx — Vayy)
1 , 1
&y = F (Oyy = V'Oxx) &y =% (Oyy = VOyxx)
| Oxy | Oxy
| 72 L %73

e  Lamé Equations

Plane Strain Plane Stress
(Oxx = (A+26) ey + Agyyy, Oxx = 2GEyy + A&,
! oyy = (A4 2G)eyy + Aeyy Oyy = 2Geyy, + g,
Oxy = GVxy Oxy = GVxy
L £y = Exx + &y &y = Exx + Eyy + &7

5.Airy stress function

Several methods exist for solving plane elasticity problems, each adapted to specific geometries
and boundary conditions. For simple geometries and well-defined boundary conditions,
analytical solutions may sometimes be obtained using Airy stress functions.

For both plane strain and plane stress conditions, the same two-dimensional Hooke’s law of
plane strain can be written, formally analogous to the three-dimensional law, provided that
effective elastic moduli are used.

For plane strain: E' = N E =, V' = ~
-V 1-v
For plane stress: E' = E, v =v
In both cases, elastic equilibrium in the absence of body forces(div o = 0)is written as:
00y 00y, 00yy 0oy, 0
ox dy ' ox dy
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These equations are automatically satisfied if one can find a scalar function @(x, y), called the
Airy stress function (Airy, 1862), such that:
0% 0% 0%
Oxx = a—yz,O'yy = W,O'xy = —%

For plane problems, the compatibility condition may be written in terms of stresses (Maxwell,
1868) as:
A(Oyx +0,y) =0

In terms of the Airy stress function, solving a plane elasticity problem reduces to finding a
biharmonic function satisfying the boundary conditions:
24P (x,y) =0

or equivalently:
' 42 0 N 0
dx* dx?dy? 0y*

=0

The boundary conditions are given by Equation :
{X = oyl + 0x,ymY = 0yl + 0,ym

It should be noted that when the boundary conditions are expressed in terms of stresses, both
plane states admit the same stress-field solution. The strain and displacement fields differ only
by the effective elastic moduli.

Thus, any biharmonic function satisfies the equilibrium equations, Hooke’s law, and the
compatibility equation. Under the assumption of small deformations, the solution to an
elasticity problem is unique. Consequently, the Airy function & satisfying the boundary
conditions provides the unique solution of the problem.
We now consider the more general case where body forces F derive from a potential V such
that:
av av

F=TVV, X—a, Y—@

The equilibrium equations then become:
00yy  00xy OV 00y, 00y, OV

+ _— =
{ dx dy 0x 0x dy 0y
These equations are satisfied if the stresses derive from an Airy function ®:
0% 0% 0%
{O'xx =a—yz+VO'yy =W+V0'xy = —m
The stress potential function must then satisfy a biharmonic equation.
For plane strain: 44¢ = — 1__2vaV

For plane stress: 44® = (1 —v)AV

5. Conclusion

In this chapter, the fundamental methods used for solving plane elasticity problems were
presented and analyzed. The concepts of plane strain and plane stress were introduced to
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model two-dimensional elastic behavior under different physical assumptions. The governing
equations of elasticity, including equilibrium, compatibility, and constitutive relations, were
established as the basis of the analysis. The equations of static and geometrical analysis were
also discussed to describe stress, strain, and displacement fields in elastic solids. Particular
attention was given to the Airy stress function, which provides an elegant and powerful method
for satisfying the equilibrium equations automatically. Finally, these formulations constitute
essential tools in solid mechanics and engineering applications for the analytical treatment of
structural and mechanical problems.

Exercises

Exercise 1

Consider a cantilever beam with a narrow rectangular cross-section B AlP
(whose width is taken as unity), bent by a force P applied at its free end . i z > x
The self-weight is neglected. e g D

Yy

Demonstrate that the function @(x,y) = ZL

= (3¢? — y?) is an Airy stress function.

Solutions

Solution to exercise 1
For @(x,y)to be an Airy stress function, three conditions must be satisfied.
1. The Function Must Be Biharmonic

pap = (2 DN (02 00,
“\ox? ay?)\oxz " oay?)

o' o' N ‘o
ox* ~ Tox20y? " 0yt

0

After differentiation, we obtain:
ot oo oo

=0 Gaar = GpE =
Hence: AA® = 0 Therefore, the function is biharmonic.
2.The Function Must Generate a Stress Distribution
Using the Airy relations:
0% %P 0%
Oxx = a_yz'ayy T 9x2 0 T " oxdy

we obtain:
0% 3Px N 3Pxy _3Px
Txx dy? 2c¢2  2¢3  2c3 =9

_ 0*o 3P 3P , ) "
Txy = axay_z(:zy ac3” —463(cy v

Thus, the function generates a valid stress field.
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3.The Stress Distribution Must Satisfy the Boundary Conditions

3P 3P 3P 3P
{Xzaxxl+0xym=(——x+7xy) ( — )m Y =0yl + 0yym

2c27 " 437
3P 3P
(ZCZy_4c3y )l

e For free faces AB and CD: 7(0,—1) ,7(0,—1) \ and y = —+¢
X =0, Y = 0 This is an unloaded surface.

e For faces AD:7(1,0) ; x=I
X=0Y=-—

3P 3P
2c? 20277 4¢3 yred

The face is loaded only along the y-direction by the distributed force P.
The resultant force is:

2¢ 2 3p 3P
f Ydy = 5 Y t iy )dy
0 0

[ 3P y? 3Py32€
| 2c2 2 4c33

=—-3P+2P=-P
Displacement Boundary Conditions

Face BC (Fixed End) n(—1,0),x =0,—c <y <c

3P 3P 3P 3P
{X:—TZ-FTZ}/ Y=—y—— 2

We now calculate the reactions along the x- and y-directions and the moment at the fixed
support.
Reaction Along the x-Direction

]26 Xd _JZC 3Pl 3Plyd 3Pl +3Ply
0 y_ 0 ( 2 ) _[ 2C2y 2C3 2]0 -
R, =0
]ZC Yd —jzc < 3P +3P Z)d = 3Pyz+3py3zc— 3P+4P =P
. Y=, 2027 Tac3Y )Y T | T2 a3 | T -
R,=P

The moment at the fixed support is:

jzc Xyd —jzc ( 3Pl+3ply) ay <[22 3P b=
, YT 22" 2¢3)7% 7272 T233 T B

Hence, the moment at the fixed end is: M = Pl
Therefore, @(x, y) is an Airy stress function.
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Chapter 7: Beam Bending

. Introduction

. Euler-Bernoulli Beam Theory
. Timoshenko Beam Theory

. Conclusion

_ W N =

1. Introduction

Beam bending is one of the most important topics in the theory of elasticity and structural
mechanics. Beams are structural elements designed to support transverse loads, which produce
internal stresses and deformations. The analysis of beam bending allows engineers to
determine stresses, deflections, and stability conditions in structures such as bridges, buildings,
machine components, and aircraft structures.

The study of beam bending is based on simplifying assumptions that make it possible to model
the mechanical behavior of slender structural elements. Among the most important beam
theories are the Euler-Bernoulli beam theory and the Timoshenko beam theory, which are
widely used in engineering analysis and design.

2. Definitions
A beam is a structural element designed to support loads acting perpendicular to its
longitudinal axis. It is characterized by a length that is much greater than its cross-sectional

dimensions, which allows it to resist bending effects efficiently. The centroid of the beam
sections forms a reference curve called the neutral axis or mean line of the beam.

Beams are widely used in engineering structures because they can transmit loads safely from
one point to another while limiting excessive deformation.

-

Neutral axis
(mean line)

< L »

L: length of the beam (L >> D)  D: characteristic cross-sectional dimension

G: centroid of the cross-section
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Figure 7.1 schematic representation of a beam.

Main Characteristics of Beams

e The beam length is generally much larger than its width or height: L>D

o Beams are subjected mainly to transverse loads.

o Internal stresses appear due to bending moments and shear forces.

e The geometry of the cross-section strongly influences the beam resistance and
stiffness.

Some frequently used beam sections are: Rectangular section, Square section, Circular section;
Hollow circular section, I-section (steel beams),T-section and channel section

o p——t
b a
(a) Rectangular (b) Square (c) Circular (d) Hollow circular
h]i h]V hI L
o C e—— pom——|
b b b
(e) I-section (f) T-section (g) Channel section

b: width h: height D: outer diameter d: inner diameter

Figure 7.2: Examples of common beam cross-section

3. Euler-Bernoulli Beam Theory

The Euler-Bernoulli beam theory, also called the classical beam theory, is one of the earliest
and most widely used models for beam bending analysis. This theory assumes that plane cross-
sections remain plane and perpendicular to the neutral axis after deformation. It also neglects
the effects of shear deformation, making it particularly suitable for long and slender beams.
The theory establishes a direct relationship between the bending moment and the curvature of
the beam. It provides accurate results for small deflections and is extensively applied in civil
and mechanical engineering. The Euler-Bernoulli model forms the foundation of many
structural analysis methods and remains essential in the study of elasticity and strength of
materials.

3.1 Fundamental Assumptions

The Euler-Bernoulli beam theory, also known as the classical beam theory, is one of the most
important models used in structural mechanics and elasticity. This theory assumes that
transverse shear deformations are negligible compared with longitudinal deformations. It is
mainly applicable to long and slender beams where bending effects dominate the structural
response.

The theory is based on the following assumptions:

e Plane cross-sections remain plane after deformation.

o Cross-sections remain perpendicular to the neutral axis during bending.
e The material is homogeneous, isotropic, and linearly elastic.

o Deflections and rotations are small.

o Shear deformation effects are neglected.
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Because of these simplifications, the Euler-Bernoulli model provides an efficient and accurate
approximation for many engineering structures such as bridges, building beams, and machine
elements.

3.2 Governing Equation of Beam Bending

The fundamental differential equation governing the deflection of an Euler-Bernoulli beam is:
2

Eld g M
dxz - (X)

where:

e w(x): vertical displacement (deflection) of the beam,
e E:Young’s modulus of the material,

e I: second moment of area of the cross-section,

e M(x): bending moment distribution along the beam.

This equation establishes the relationship between the applied bending moment and the
curvature of the elastic line of the beam.

Stress Components

According to Euler-Bernoulli theory, the dominant stress component is the normal bending
stress:

d?w
Oxx = —Ey dx?
while the transverse normal stress and shear stress are neglected:
{ayy =0
Ty =0
Strain Components
The corresponding strain field is given by:
d?w
Exx = _yﬁ
with:
{gyy =0
Yy = 0

These relations indicate that longitudinal strains vary linearly through the beam thickness,
while transverse and shear strains are neglected.

4. Timoshenko Beam Theory

The Timoshenko beam theory was developed to improve the limitations of the Euler-Bernoulli
model, especially for short and thick beams. Unlike the classical theory, Timoshenko theory
takes into account the effects of shear deformation and rotational inertia. This leads to more
accurate predictions of beam deflections and stresses when the beam geometry or loading
conditions make shear effects significant.

In this theory, cross-sections remain plane after deformation but are not necessarily
perpendicular to the neutral axis. The inclusion of shear deformation makes the Timoshenko
model more suitable for modern engineering applications involving composite materials,
sandwich structures, and dynamic analysis. Consequently, it is widely used in advanced
structural mechanics and finite element modeling.
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4.1 Fundamental Assumptions

The Timoshenko beam theory was developed to overcome the limitations of the Euler-
Bernoulli model, particularly for short and thick beams where shear deformation becomes
significant. Unlike the classical theory, Timoshenko theory incorporates both transverse shear
effects and rotational deformation of the cross-sections.

The principal assumptions of this theory are:

e Cross-sections remain plane after deformation.
o Cross-sections are not necessarily perpendicular to the neutral axis.
e Shear deformation is included in the analysis.
« Rotational effects of the beam sections are considered.
e The material behavior remains linear elastic.
This theory is especially suitable for beams subjected to heavy transverse loads, sandwich

structures, composite beams, and dynamic structural analysis.

4.2 Governing Equation

The governing equation of the Timoshenko beam model can be expressed as:
£l d*w d? dw
W-l- G]E(a = —M(x)

where:

¢ G: shear modulus of the material,

e J: polar moment of inertia of the section,

o the remaining quantities retain their previous definitions.
This equation reflects the contribution of both bending and shear deformation to the beam

behavior.
Stress Components
In Timoshenko beam theory, both normal and shear stresses are taken into account:

d?w
Oxx = _Eyﬁ
d*w

kay =G dx?

The transverse normal stress may also appear depending on loading conditions and beam
geometry.

Strain Components

The deformation components are expressed as:

d*w
Exx = _yw
d*w
Py = =52

These relations demonstrate that the Timoshenko model accounts for both bending strains and
shear strains, providing a more realistic description of beam deformation.
Stress Components:

d?w G d*v d?w
=B =Ty =0
Strain Components:
d?w 1d%v d*u
G T Tz YT T og T T
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5. Conclusion

Beam bending theory plays a fundamental role in elasticity and structural engineering because
it provides the tools required to analyze the behavior of structural elements subjected to
transverse loads. The Euler-Bernoulli beam theory offers a simple and efficient model for
slender beams where shear deformation can be neglected. In contrast, the Timoshenko beam
theory introduces the effects of shear deformation and rotational inertia, allowing a more
realistic representation of thick and short beams. Together, these theories constitute the basis
of modern beam analysis and are essential for the safe and efficient design of engineering
structures.

Exercises

Exercise 1

Consider a beam fixed at one end and simply supported at the other end, subjected to a
concentrated load at its midpoint.

Calculate the normal stresses and normal strains at the midspan section of the beam.

Exercise 2
The beam has a rectangular cross-section of height 2h and width b. It is subjected to pure
bending (shear neglected), and it is assumed that a cross-section normal to axis x;remains
plane. The material behavior is elastic (E,v). “

Epaisscur b

Ch It
Determine the stress and strain distributions in elasticity. “( S )'

Solutions

Solution to exercise 1
The vertical displacement at the middle of the beam is:
PL?
 48EI
The normal stresses g,, and normal strains ¢,, can be calculated from bending according to

v

Euler-Bernoulli beam theory:

o= My oY
XX I ) XX R
The bending moment M at the middle of the beam due to the concentrated load is:
V= PL
4
The radius of curvature R is related to the bending moment by:
_EI
M

Solution to exercise 2

In pure bending, the stress state is uniaxial. The displacement u,, therefore ¢,, and o,,, are
proportional to x5 (origin of axes at the neutral axis).

The stress and strain tensors become:
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o M Q
< O
q

[e)
-—

0 0 -——

c 0 O /
[e]=({0 0 0], [e] = 7 0 |
0 0 0 Vo /
The moment equilibrium equation is:

+h
M =f X30,,b dx;
~h

Assuming: g,, = kx3
X3~ 2bh®

Oxy =0 = — I =

I’ 3

The maximum stress is:

3M X3
Omax = Om = 5757 o(x3) = (F)O-m
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Chapter 8: Study of Thin Plates

1. Introduction

2. Fundamental Assumptions

3. Kinematics of a Thin Plate

4. Deformation of a Thin Plate

5. Stress Tensor and Constitutive Law
6. Equilibrium Equations of a Plate

7. Conclusion

1.Introduction

Thin plates are structural elements widely used in engineering because of their high strength-
to-weight ratio and their ability to resist transverse loads. A plate is considered thin when its
thickness is very small compared to its other dimensions, such as length and width. Thin plate
theory is essential in structural mechanics, aerospace engineering, shipbuilding, civil
engineering, and mechanical design.

The study of thin plates aims to determine the displacement, stresses, strains, and stability of
plate structures subjected to different loading conditions. Classical thin plate theory, also
known as Kirchhoff-Love plate theory, provides a simplified mathematical model suitable for
small deflections and elastic behavior.

Applications of thin plates include floors, bridge decks, aircraft wings, machine components,
and storage tanks. Understanding the behavior of thin plates allows engineers to design lighter,
safer, and more efficient structures.

A plate is a flat structural element whose thickness is very small compared to its length and
width. The middle plane of the plate is called the mid-surface.
Depending on the ratio between thickness and other dimensions, plates may be classified as:
o Thin plates
e Moderately thick plates
o Thick plates
A Cartesian coordinate system is generally used:
e xand y: coordinates in the plane of the plate
e z:coordinate through the thickness
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The displacement of the plate mainly occurs in the transverse direction and is denoted
by w(x, y). Thin plates differ from beams because bending occurs in two directions instead of
one.

2. Fundamental Assumptions

The classical theory of thin plates is based on several simplifying assumptions that reduce the
complexity of the three-dimensional elasticity problem.
1. Small Thickness Assumption : The thickness h of the plate is much smaller than its in-
plane dimensions: h < a, h < b, where a and b are the plate dimensions.
2. Small Deflection Assumption : The transverse deflection w is small compared to the
plate thickness. Therefore, geometric nonlinearities can be neglected.
3. Normality Assumption : Straight lines normal to the mid-surface before deformation
remain straight and normal after deformation.
4. Negligible Transverse Shear Deformation: The transverse shear strains are assumed
negligible: y,, =v,, =0
5. Linear Elastic Material : The material obeys Hooke’s law and behaves elastically within
the working range.
These assumptions form the basis of Kirchhoff plate theory.

We also consider the following two principles:

a) Saint-Venant's principle: The behavior at any point in the material is independent of the
manner in which the forces are applied (provided that this point is sufficiently far from the
point of application), and can therefore be modeled by a resultant system of internal forces at
that point.

b) The principle of superposition: The order in which external loads are applied to the body
is not important; that is, regardless of the order of application of the loads, we obtain the same
final state. This principle makes it possible to decompose a complex loading into a sum of
elementary loadings (tension, compression, shear, torsion, bending).

3. Kinematics of a Thin Plate

The kinematics of thin plates describes the displacement field and motion of points inside the
plate during deformation.
According to Kirchhoff theory, the displacement field is (Eq. 8.1):
u(x,y,z) = —Z%, v(x,y,z) = —Z%, w=w(x,y)
where:
e uand v are in-plane displacements
e w is the transverse displacement
The rotations of the normal are (Eq. 8.2):
0w 0w
0, = —ag 0 = _E
The displacement field shows that in-plane displacements vary linearly through the thickness.
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4. Deformation of a Thin Plate

We can consider the linearized Green-Lagrange strain tensor to model this deformation as a

function of displacement.

This tensor is symmetric, and its components written using Voigt notation are defined by (Eq.

8.3):

—

‘<m Rm

Sege
_/

Q

M
Q
NO‘J
N

™M
NES)

—
Rm Nm

Sege
\___

N

The strain tensor are (Eq. 8.4) :

p

gJ _1
Y2

gyz =

&

)

9

XZ

ouy ou(x,y,z)
0X; 0x
ou, ov(x,y,z)
X, dy
dus ow(x,y,z)
6_X3 B 0z
1 auz 6u3 h 1<av(x' Y Z) + aw(x, Y, Z)>
2 (6_)(3 a_Xz) 2 0z dy
1 (aul 0u3) 1<0u(x, Y, Z) + aw(x, Y, Z)>
2\0X; 0X; 2 0z ox
l(% 4 %) 1/0u(x,y,z) N ov(x,y,z)
2\0X, 0dX; 2 dy 0x
duy(x,y) 20, (x,y)
g __"0 y
A P
gg — avo(x,)’) — 5 aex(x;Y)
vy dy dy
g _ aWo(xJ’)
zzZ 0z
_ 1 avo(x,y) aWO(x:Y)
2 <a— ~ Oxboy) + 5
1 /0uo(x,y) owo(x,y)
- §<T+ A2

26, (x,y) B 20, (x,y)

[auo(x. y) N v (x,y) N Z(
0x

ay

The strain tensor in Voigt notation (Eq. 8.5)

1
2

dy dx

20, (x,
, L (x,y)

ouy(x,
ol }’)+

0x
dvy(x,
(%, y) n
dy

1{0owy(x,y)
2 dy

1({0owy(x,y)
2 0x

(

dy 0x

We can decompose this global strain tensor to reveal:
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e The membrane strain tensor (Eq. 8.6):

au'O (x' J’)
0x

v,y (x,y)

\
| |
k auo(x y)y dvo(x, y))/l

90, (x,y)
f |
J

e The bending strain tensor (Eq. 8.7):

0x

Ko 90, (x,y)

&y = (Kyy> Ty
k 90y (x,y) 06y (x y)

2 < dy )

e The shear strain tensor (Eq. 8.8):

yx aW()a(X;Y) + Hy(x,y)\ O
& = (Vy) - owy(x,y) e y)/ - (O)
oy v

The deformation tensor for the thin plate — modeling both membrane deformations (in-plane
translation (x, y)) and bending (rotation about the x and y axes) — is defined as follows : (Eq.

8.9):
55?;( €xx Kox
g9 = Sfy = (eyy> +z (Kyy> =egntze
&9 €xy Kxy
xy
Or (Eq. 8.10)
ouy(x, 20, (x,
( efx — Oa(x y) +z ya(x y)
) . v (x,y) 09 (X, Y)
vy dy dy
9 (f'?uo(x ,Y) 6vo(x, y)) L1 (69y(x, y)  90,(x, y))
\ Y2 dy ox 2 dy ox

5. Stress Tensor and Constitutive Law

The stress tensor for a thin plate is expressed as follows (Eq. 8.11):

Opx (X, Y) ny(x: y) 0y =0 Oux (X, Y)
0= ny(xfy) Uyy(x’y) Oyz = 0 0 = O-yy(x’y)
7z =0 Ozy = 0 o0,=0 ny(x' y)

According to Hooke's law expressed as a function of E and v, the relation between the stress
tensor o and the strain tensor € takes the following matrix form (Eq. 8.12):

Oxx E 1 v 0 Exx
Oy |=7—z(v 1 0O Eyy
Oxy 0 0 1—v/ \&y

Considering the linearized Green-Lagrange strain tensor established in equation (8.9), the
constitutive law for the thin plate becomes (Eq. 8.13):

authored by: Dr Guesmi mohamed year 2025/2026 105




Elasticity

( E

Oxx = 12 (sxx t ZKyy + VEyy + vzrcyy)
E
\ Oyy = 1-2 (vexx + VZKyy + €y + ZK'yy)
E
\ Oxy = 1_+V (5xy + Zny)

We thus have the following inverse relation between the strain tensor € and the stress tensor o
(considering Hooke's law for the thin plate) in matrix form (Eq. 8.14):

Exx 1 1 —v 0 Oxx
Exy 0 0 1+v/ \Oxy
6. Equilibrium Equations of a Plate

Consider an element dx dy of the uniformly loaded plate shown in following figure.

oM .,
My+—dy  Q,+—=2dy
ay dy

aQ,

Figure 8.1 - An element of the uniformly loaded plate

The distributed stresses through the plate thickness produce bending moments, torsion
moments, and vertical shear forces. The resultants (moments and forces) per unit length can
be written as (Eq. 8.15):

M, nz o, g, 0 h2 g
My = O-y Z dZ' x = ( ) dZ
Qy lyz
Mxy —h/2 O-xy —h/2
The differential equation of equilibrium for thin plates takes the form (Eq. 8.16):

0*M, o 0%M,,, N 9*M,, -

d0x? dxdy  dy?

The differential equation governing the bending of plates can be obtained as (Eq. 8.17):

0w 'w  d*w p
+2 to—==
ox* 0x%2dy? dy* D
Where:
e w is the deflection.
3
e The parameter D is the flexural rigidity of the plate: D = %}ivz)
This equation, presented by Lagrange in 1811, can be written in compact form as (Eq. 8.18):
p
Viw = —
YD

The Lagrange equation is the governing differential equation of thin plate bending.
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The strain energy is defined as the sum of the membrane strain energy and the bending strain
energy. The strain energy of the thin plate is given by (Eq. 8.19):

1 Eh 1 v 0 Eh3 1 v 0
W =-— T T
> gml—vz v 1 0 8m+£b—12(1—v2) (1) Ov &y | dx dy
A¢

v
0O 0 1—v 0 1-—
8. Conclusion

The study of thin plate theory establishes a rigorous mechanical framework by decomposing
the global strain tensor into membrane, bending, and shear contributions, enabling a clear
description of both in-plane and out-of-plane behavior. The linearized Green-Lagrange strain
tensor, combined with Kirchhoff-Love kinematic assumptions, reduces the three-dimensional
problem to a two-dimensional one governed by mid-surface displacements and rotations.
Through Hooke's law, the constitutive relations link the stress tensor to these deformation
components, yielding explicit expressions for bending, torsion, and membrane stresses across
the plate thickness. The integration of stresses over the thickness introduces the resultant
moments and shear forces, whose equilibrium leads to the governing biharmonic equation —
the Lagrange equation — relating the deflection field to the applied transverse load. The
flexural rigidity parameter D, dependent on the elastic modulus, Poisson's ratio, and plate
thickness, emerges as the key mechanical property controlling the plate's resistance to bending.
Finally, the strain energy formulation, unifying membrane and bending contributions in a single
variational expression, provides the foundation for numerical methods such as the finite
element analysis of thin plate structures.

Exercises

Exercise 1 Simply Supported Rectangular Plate Under Uniform Load
Consider a rectangular thin plate of dimensions a X b and thickness hh h, simply supported on
all four edges and subjected to a uniform transverse load p, . The material has elastic modulus
E and Poisson's ratio v.
1. Write the Lagrange governing equation for this plate.
2. Propose a solution for the deflection w(x, y) in the form of a double Fourier sine series.
3. Determine the maximum deflection w,,,, atthe center of the plate.
4. Express the flexural rigidity D.
Exercise 2 Membrane and Bending Stress Distribution Through the Thickness
A thin plate of thickness h=10 mm, elastic modulus E=210GPa, and Poisson's ratio v=0.3is
subjected simultaneously to:
o A membrane strain state: e, =5 x 107*, e, =2x107*, e,, =0
o Abending curvature state: i, = 0.01 m™!, k, =0.01 m™, Ky, =0
1. Write the total strain components 7, and 85?3, as functions of z.

2. Compute the stresses o, and o,,,, at the top surface z = +h/2 and the bottom surface
z=-—h/2
3. Identify which contribution (membrane or bending) dominates at the outer fibers.

Exercise 3 Computation of Strain Energy of a Thin Plate Strip
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Consider a thin plate strip of width b, length a, and thickness h, clamped at x=0 and free at x=a,
subjected to a uniform bending moment M, applied at the free edge. Assume plane strain
conditions in the y-direction (k,, = 0,e,, = 0, e,, = 0).

Determine the curvature k,, from the moment-curvature relation.

Write the bending strain energy W), using equation (8.19).

Compute W, numerically for: a=0.5 m, b=0.2 m, h=8 mm, E=200 GPa, v=0.3, M, = 500N - m/m.

Solutions
Solution to exercise 1
The governing Lagrange equation is:
o*w o*'w  d*w  p,
Viw = 2 =—
W axt + d0x?0y? + dy* D
For simply supported boundary conditions, the deflection satisfying w=0 and M=0 on all edges

is proposed as:
- - . mnx | nmy
w(x,y) = z Z Wmnsm—smT
m=1 n=1 a

The uniform load is similarly expanded:

z . mmx | nmy
= sin sin——
pO mel a b
m=1 n=1
where the Fourier coefficients for a uniform load are:
16 po .
Pmn = — for m,nareodd, p,, =0 otherwise
3. Substituting into the governing equation gives:

pmn

m2 n?
D Caz +52)°

Winn =

The maximum deflection at the center (x=a/2, y=b/2) is dominated by the m=n=1term:
16 p, 1
Winax = 6D "1 1

2z’

4. The flexural rigidity:
Eh3
D=5a—w
Solution to exercise 2
1. the total strains are:
el.(2) = ey + Zkyy =5%X 10744+ 0.02 z
eyy(2) = eyy + 2Ky, =2x107* 4+ 0.01 2

2. Using the constitutive law :

g g
Oy = & +ve
xx 1 —v2 ( xx vy
E
_ g g
Oyy = =2 (e, + eyy)

9
With — = 222 = 230.77 Gpa

o Atz =+h/2 =+0.005:
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el =5x107* + 0.02 x 0.005 = 6 x 10™*

ey, =2x107*+0.01 X 0.005 = 2.5x 107*
oLoP = 230.77 x 10° (6 X 10™* + 0.3 X 2.5 X 10~*) = 155.8 Mpa
o, 97 =230.77 X 10° (0.3 X 6 X 107* + 2.5 x 10™*) = 99.6 MPa
e Atz=—-h/2=-0.005:
e, =5x107"*—-10"*=4x10"*
£y =2x107* = 05x107* = 1.5x107*
oLot =230.77 X 10° (4 x 107* 4+ 0.3 X 1.5 X 10~*) = 106.5 Mpa
0Pt =230.77 x 10° (0.3 x 4 X 10™* + 1.5 X 10™*) = 62.3 MPa
3. The bending contribution z k,,varies linearly through the thickness and reverses sign. The
difference in stress between top and bottom (40,, = 49.3) reflects the bending contribution,
while the average (= 131) reflects the membrane contribution. In this case, membrane

stresses dominate since e, is large relative to h K, /2

Solution to exercise 1
1. Under the given conditions, the bending moment resultant is:

M, = D K,
So the curvature is:
M,
Kxx = F
With D = —2%
12(1-v?)

2. With k,,, = Ky, = 0, the strain energy reduces to:

1 ra jb 3 (1 v 0
sz—f eg-—z v 1 0 |e& dydx
2J), ; 12(1 —v?) 00 1—v

Since only k,, # 0:
10e (P 1
sz—f f Dk, dydx ==Dk2.ab
2J, 0 2
Substituting k., = My/D
M2 ab
2D

Wb:

3. Numerical evaluation:
B 200 x 10° x (0.008)3 B 200 X 10° x 5.12 x 1077

= = 9380 N
12(1 - 0.09) 10.92 /m
_(500)?x05x02 _25000x01 _
b= 2 x 9380 = 18760 0133

This represents the total elastic strain energy stored in the plate strip under uniform bending,
recoverable upon unloading.
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General Conclusion

This course has provided a comprehensive and rigorous treatment of the theory of elasticity,
progressing systematically from the mathematical foundations of continuum mechanics to the
analysis of specific structural configurations. The journey from index notation and tensor
algebra through the governing equations of linear elasticity, constitutive modeling, and
structural applications reflects the unified character of the discipline and its indispensable role
in modern structural engineering.

Summary of Core Contributions

The first part of the course established the essential mathematical and physical concepts
upon which all subsequent developments rest. The introduction of vector and tensor analysis,
index notation, and the Einstein summation convention provided the formal language needed
to express field equations in compact, coordinate-independent form. The classification of elastic
materials according to their symmetry properties introduced the conceptual spectrum from
isotropic to fully anisotropic behavior, establishing the framework for constitutive modeling.
The theory of the stress state developed in Chapter Two revealed how internal forces are
distributed within a continuous medium and introduced the Cauchy stress tensor as the
fundamental mathematical object for describing this distribution. Key results including
Cauchy's theorem, the differential equations of equilibrium, principal stresses, stress
invariants, and Mohr's graphical representation collectively constitute the core of stress
analysis. These tools are applied daily in engineering practice for failure assessment, design
verification, and structural optimization.

The complementary theory of the strain state examined in Chapter Three established the
kinematic foundations of deformation analysis. The Green-Lagrange strain tensor in finite
deformation, its linearization under the small perturbation hypothesis, and the resulting
infinitesimal strain tensor together describe how material elements elongate, contract, and
distort under loading. The compatibility equations, ensuring the existence of a continuous
displacement field, and the presentation of modern experimental measurement techniques
including digital image correlation and fiber optic sensors, demonstrated the essential
connection between theoretical analysis and experimental validation.

Chapter Four bridged the gap between kinematics and statics through the constitutive laws
of elasticity. The generalized Hooke's law, expressed in terms of Lamé constants and
engineering elastic moduli, provides the relationship between stress and strain for linear
isotropic materials. Extensions to orthotropic and anisotropic materials, the thermoelastic
constitutive law, and the concept of strain energy enriched this framework and demonstrated
its applicability across a broad range of engineering materials and loading conditions.

The general equations of linear elasticity assembled in Chapter Five—the Navier-Cauchy
displacement equations and the Beltrami-Michell stress equations—represent the complete
mathematical formulation of the elasticity problem. These partial differential equations,
combined with appropriate boundary conditions, govern the mechanical response of any elastic
solid. Saint-Venant's principle provided an important engineering insight allowing complex
local loading conditions to be replaced by simpler equivalent systems at distances sufficiently
far from the point of application.
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Structural Applications

The second part of the course demonstrated how the theoretical framework of linear
elasticity is applied to practical structural problems. Plane elasticity theory, through the
formulations of plane stress and plane strain, reduces the three-dimensional governing
equations to two-dimensional problems that can be addressed analytically using the Airy stress
function. The biharmonic governing equation resulting from this approach has enabled the
derivation of classical closed-form solutions for beams, plates, and structural components with
simple geometries.

Beam bending theory, presented in Chapter Seven through both the Euler-Bernoulli and
Timoshenko models, illustrates the power of structural idealization in simplifying complex
three-dimensional problems. The Euler-Bernoulli model, with its assumption of plane sections
remaining plane and perpendicular to the neutral axis, provides accurate and computationally
efficient results for slender beams. The Timoshenko model extends this capability to thick
beams where shear deformation is significant, making it essential for modern finite element
analysis. The comparison between these two theories underscored the importance of selecting
appropriate assumptions based on structural geometry and loading conditions.

The study of thin plates in Chapter Eight extended the principles of bending analysis to two-
dimensional structural elements. The Kirchhoff-Love plate theory, with its assumptions of
small deflections and negligible transverse shear, yields the governing biharmonic Lagrange
equation, whose solutions describe the deflection field of plates under transverse loading. The
decomposition of plate deformation into membrane and bending contributions, and the
formulation of the flexural rigidity parameter, provide the basis for both analytical and
numerical approaches to plate analysis.

In conclusion, the theory of elasticity remains as relevant today as when it was first
formulated by the great mathematicians and engineers of the nineteenth century. Its
integration of mathematical rigor, physical insight, and engineering applicability makes it an
enduring cornerstone of structural analysis. Students who have mastered its principles are
equipped to approach complex engineering problems with confidence, to use advanced
computational tools critically, and to contribute to the continued advancement of the discipline.
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